Mathematics 4255
Midterm 2 with solutions

April 2nd, 2009

Partial credit will be awarded for your answers, so it is to your advantage to explain your
reasoning and what theorems you are using when you write your solutions. Please answer
the questions in the space provided and show your computations.

Good luck!
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[. (10points) The joint density function of X and Y is given by

r+y 0<zr<1,0<y<1

f(:r,y)Z{ 0

otherwise
1. Are X and Y independent?
2. Find P(X +Y < 1).

Solution:

1. For0<z <1

o) = [ " flaay)dy = / (e + y)dy
= (:L"y+y2/2)|é:x+1/2.

Andfor0 <y <1

fy(y) = /_OO f(x,y)dx:/01($+y)dx
= @2+ ay)i=y+1/2.

Hence
fx(@) - fy(y) =(@+1/2)(y +1/2) # (x +y) = f(z,y).
Thus, X and Y are not independent.

2. Let

C={(z,y) € (0,1)* z+y<1}={(z,y), 0<z<1, 0<y<1l-—uz}.

PIX+Y <1} P{(X,Y)GO}:/Ol/ol_x(:rnLy)dydx

_ /0 (1= 2) + (1 — 2)2/2)de = 1/3.



I1. (10points) Assume X and Y are independent exponential random variables with common
parameter .

1. Find the probability density function of Z = X 4+ Y.
2. Find P(Y <t|X +Y > s), for some s > 0 and ¢ > 0.

Hint: Recall that X is an exponential random variable with parameter A if its probability
density function is given by
Ae Mgz >0
ro={ 0 iz

z <0

Solution:

Ae M x>0
fx(x) = { 0 otherwise

and
e MY y>0

fr(y) ={ 0

Since X are Y are independent, the joint density function of X and Y is given by their

otherwise

product
Me @) 1 >0, y >0
Frvlay) = { 0 otherwise
Let
C = {(z,y), 220, y>0, v+y < a}
= {(I7y)7 OSISG_Q; Oéyﬁa}
For a > 0
Fxiy(a) = P(X+Y <a)=P[(X,
- //fXY . yda:dy—v// M) gy
= )\2/ / ef}\IefAydxdy — 1 _ e*)\a(l + )\a/)
0o Jo
Hence a > 0
d
fxiv(a) = %wa(@)
d
= % (1 _ 6—/\(1(1 _|_ Aa))
= MNae ™



Hence
Pxrla) = { 0 otherwise

PY<t,X+Y >5s)

PY <t X+Y =
Y <t|X+Y > s) P XTS5
Pl(X,Y) € (4]
P[(X,Y) € 02]
Where
G, = {(zy), 220, y>0, y<t, v +y>s}
= {(‘riy)7 0<y<t, $>S—y}
Gy = {(ty), 220, y>0, 24y > s}
= {(127:(/), 0<y7 $>S—y}
t o0
P[(X,)Y)eCy] = )\2// e A drdy
0 Js—y
= e .
and
P[(X,Y) e Gy = /\2/ / e =) drdy
0 s—y
= A\
Hence

PY <t{X+Y >s)=te .



III. (10points) Let X be a normal random variable with mean 12 and variance 4. Find the
value of ¢ such that P(X > ¢) = 0.10.

Solution:

By assumption, X ~ N(12,4). Let Z := % then 7 is a standard normal random variable.

010 = P(X >c)

X —12 c— 12
- P( 5~ 32 )
_ P(X_12 6—12>
_ P( c—12>
_ ¢<C_12>

€” 12) — 0.90.
2

— 7

Looking at the table we get that

c—12

5 ~ 1.28 = ¢ >~ 14.56.




VI. (10 points) The joint probability mass function of the random variable X, Y, Z is given
by

1
Find E[XY Z].
Solution:

EXYZ] = ) xyzp(z,y,2)

:E7y7z

1
= 3(1:2:3+2.2:1+2:3-2)

1
= 5(6+4+12)=22/3.



V. (10 points)

1. Let X be uniformly distributed over (0,1). Let Y := X", n > 1 is an integer. Find
the Probability density function (pdf) of the r.v Y.

2. Let X be a continuous random variable with probability density function fx. Let
Y := X2 Find the probability density function of the r.v. Y.

Solution:

1. By assumption X ~ U(0,1) and Y := X". Hence for 0 <y <1,

Fy(y) = P(Y <y)

= P(X"<y)
= P(X <y
= FX (yl/n) )
hence the pdf is given by
d d .
frly) = dy (Fy(y) = dy (Fx (y'"))

= ) ).

Hence
Lyt 0<y<1
_ [y <y<
Iy (y) { 0 otherwise

2. By assumption, X is a continuous random variable with density fx, then y > 0,

Iy(y) =

Hence, diffentiating in y, we get that

1

fY(y) = ﬁ

(fx(VY) = fx(=vy))-
Thus,

2
0 otherwise

fr(y) = { e (e (VD) — fx(=vB) w20



