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Abstract
In this paper we consider the motion of a continuous medium con-
sisting of two components, for example pure and salt water, with a
diffusion effect obeying Fick’s law. We prove, for small data and ex-
ternal force, the regularity of the solution in the Hilbert space H*, with
k > 2, and the exponential asymptotic convergence to the solutions of
the homogeneous Navier-Stokes equations.

1 Introduction.

In this paper we consider the motion of a viscous fluid consisting of two
components, for instance, saturated salt water and water. The equations of
the model are obtained, for example in [5]. Let us give a brief sketch. Let pq, ps
be the characteristic densities (constant) of the two components, v!(¢, z) and
v%(t, z) their velocities and e(t, z), d(t, x) the mass and volume concentration
of the first fluid. The mean density of the mixture is

and we introduce the mean-volume and mean-mass velocities

o(t,z) = d(t, z)v' (t,z) + (1 — d(t, 2))v*(t, x),

1



w(t,x) = e(t,z)v' (t,z) + (1 — e(t, z))v*(t, z).
Then the equations of motion are given by

p(w+ (w.V)w — f) — pAw — (u + ¢/ )Vdivw = =V,
dive = 0, (1.1)
p ~+ div(pw) = 0.

On the other hand, Fick’s diffusion law gives
w=uv—Ap 'Vp.

By eliminating w in the preceeding equation one gets, after some calculations,

p(i + (0.V)v) — pAv = N(0.V)Vp + (Vp.V)0]

+2[(Vp.V)Vp — L(Vp.Vp)Vp + ApVp] =

—Vptof in Qr,
p+v.Vp—AAp=0 in Qp,

divy =0 in Qr, 12)
v =0 on 2T7

% =0 on ET7

]¢=0 = vo() in Q,

pli=o = po(z) in Q,

where Q is a bounded domain in R? locally situated on one side of its bound-
ary I', regular manifold, Q7 = (0,7) x Q, X7 = (0,7) x I'and 0 < T < oo.
Here p is the density of the fluid, v the velocity, fthe external (assigned) force
and p = p(p) the pressure which is assumed to be a known function of the
density. i and X\ are respectively the viscosity and the diffusion coefficient.
Finally vo(x) and po(x) are the initial velocity and density respectively. The
significance of the boundary conditions is that the fluid is isolated, i.e. there
is no flux through the boundary.

In (1.2) and in what follows, we will use the notations

. Ov . Op B 5. Ov
=5 ’075’ (U.V)v—;vlam.
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Let us introduce the following functional spaces:

Hﬁ—{aer(Q),gfL—OonFand /Qa(x)dx—()}, k> 2.

V={velCFQ),divv=0in Q}.
H= {v € L*(Q),divo =0in Q, v.n =0 on F}.
Vv ={ve Hj(Q), divo=0o0n Q}.

H and V are the closures of V in L*(Q) and H} () respectively.

We will denote the norm in H*() (the usual Sobolev space) by || . [l
(I w = Sy || Dl 3 where || D |3= So | D% [R) for & € N, the
norm in LP((0,7); H*(Q)) by || . ||px for 0 <p < oo, k€ N and 0 < T < oo,
The norm in L*>°((0,7"); X) and in C((0,7); X) are denoted in the same way,
where C'((0,7"); X) is the space of continuous and bounded functions from
0, 7] to X.

Moreover, it is useful to remark that the norms || o ||z and || Do ||y are
equivalent in HY and that || v ||z, || D¥v ||o are equivalent in V N H*(Q) (see

Necas [6]).
We set
m = inf po(), (1.3)
M = sup po(), (1.4)
€
and .
Further
plt,a) = alt,a) + 7. (1.6)
We assume that m > 0.
Obviously one has
m<p<M. (1.7)

We denote by kq, ks,..., ¢, Co, C1,..., K1, K5, K3 positive constants depend-
ing at most on ) and on the parameters p, A\, m, M, p. For convenience,
we sometimes denote differents constants by the same symbol ¢, even in the



same equation.

In [5] Kazhikov and Smagulov consider the simplified system obtained
from (1.2);, by omitting the term containing A\*. Moreover, they assume that
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0< A< .
M —m

(1.8)

Under these conditions Kazhikov and Smagulov state the existence of a lo-
cal solution in time. They also prove in the two dimensional case, that the
solution is global in time.

Local existence in the general case (i.e. with the A\*-term), without as-
suming (1.6) was proved for inviscid fluids (¢ = 0) in [3]. In [1], Beirdo da
Veiga considers the full equations (viscous fluids), without the restriction
(1.6), and proves (i)the existence of a (unique) local solution, (ii) the ex-
istence of a global solution in time for small initial velocities and external
forces, (iii) the exponential decay (when t — 00) of the solution (p,v) to the
equilibrium solution (p, 0), if f = 0. The proof, specific for viscous flows, re-
lies essentially on a balance estimate obtained by taking the inner product in
H of the projection of the main equation (1.2); into H, with © + eAv (where
Av = PrA), and by choosing € > 0 in a convenient way.

In the present work, we are concerned with the regularity and the as-
ymptotic behaviour of the solutions of the problem (1.2).

2 Main results.

The Theorem 2.1 below generalizes to an arbitrary k& > 2 results proved in
reference [1] for k£ = 0. The particular case k = 1 requires some modifications
and, for brevity, we will not present it here. Hence we will assume in the
sequel that k > 2 be a fixed integer.

Theorem 2.1 Let vy € V N H"2(Q), pg € HY, f € L>((0,T); H*()),
f e L((0,T); H*1(2)). Then exists Ty €]0,T] such that problem (1.2) is

uniquely solvable in Qr,. Moreover
v e C((0,Th); VN H2(Q)) N L*((0,T1); H*(Q)),
0 € L®((0,Th); H*(9)) N L*((0, Th): H*(92)),
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p € L=((0,T1); HM()) N L*((0, T1); H*2(Q2)),

and
m < p(t,x) < M.

Moreover, there exist positive constants ki, ko (depending at most on €, u, A
and on the mean density p) such that if

lvo lise + 1 po = 7 [[ig2< ku, (2.1)

and .
H f Hio"([),oo;HkJrl) + H f ||%°°((),00;H’“*1)S k27 (22>

then the solution is global in time. Moreover, if f = 0 then the solution (p,v)
decays exponentially to the equilibrium solution (p,0), ie

Ho s + 1 0= 7 o< ks (I vo 712 + | po = B llRss) e 7™, (2.3)
for every t > 0.

The next theorem generalizes the Theorem 1.4 in reference [2](see Theorem
5.2 below).

Theorem 2.2 There exist positive constants ks and kg such that, if (2.1)

and (2.2) hold and moreover the conditions

2
(1o 12 + 1| Ao =) 2)” < s, (2.4)

and
1 f 117 (0,00i22) < K (2.5)

are satisfied, then for each r = (k + 2) — 0k, 0 €]0,1], there exist positive
constants k; and kg such that

I (p(t) = B) lI+< kze™" || (0o =) |13 - (2.6)

If moreover (U,7) is another solution of (1.2) with initial data (v, Go) satisfy-
ing (2.1) and (2.4) then for eachry = (1—0)(k+2)+s6, 0 €]0,1], s € [0,1],
there exist positive constants kg and kiy such that

| v(t) = T(t) ||, < koe ™00 ¥t > 0. (2.7)
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In particular, if (w,0) is a solution of the homogeneous Navier-Stokes equa-

tions
p(w+ (w.V)w) — pAw = =Vr +pf in Qr,
divw =0 in Qr,
w =70 on X,
Wl = wo(x) in .

with initial data wy satisfying || wo ||i < ks, then
Fo(t) = w(®) llny + 1 o(t) = 7 [l < kue™,

for each t > 0.

3 The linearized equations.

We start by proving the following theorem:

Theorem 3.1 Let p(t,z) be a measurable function satisfying
0<m<pt,z) <M, aein Qr,

p—peC0,T; H*2(Q)) N L*(0, T; H*(Q)),
p € L=(0,T; H* () N L0, T; H**(Q)),

(2.8)

(3.1)

and let F € L*(0,T; H*2(Q)), F € L*(0,T; H*'(Q)) and vy(x) € VNH"*2,

Then there exists a (unique) strong solution v of the problem

pv — pAv =F in Qp,

dive =0 in Qr,
v=20 on X,
V=0 = vo(x) in Q.

Moreover

v e C(0,T);VnH2(Q)NL*(0,T); VN H(Q)),

0 € L((0,T); H*(Q)) N L*((0,T); H*2()),

(3.2)

and there exists positive constants Cy, Cy, Co for which the following estimate

holds



10 Moo + 110 e krz + 110 kg2 + 1 0 155

Colll vo 742 exp CrT 1| 7 13k +( F 13 kil 6 12 sis + 11 3 442)
<L+ expCiT || & [34) + 7016 o isz + 17 [5okin)

x(1+exp CiT || 0 [134) + 1l 9o I + 11 F 113 51

+ I F v A+ 116 50k + 16 2 p)

I F i (16 Bopsn + 116 Noopsn + 116 115 k41)

I E 35 (10 psr + 16 I3 p4)]

exp Cofl| 0 3 4sr (14 116 o pgs + 1 Noonrn)

+T(1 7 o + 117 Moo + 116 Moo

116 kil & Popra + 16 1ol 7 3 £1)] (3.3)

Before making the Proof of the above theorem, we need some lemmas.

Lemma 3.2 One has the following estimate

I D20 |5 + I D*2Av [3< Cs(Il F i + 11 6 sl 0 117
+ 16 el 01 + 116 1Rl F 1Ry (3.4)

Proof: We apply the operator D* to equation (3.2); we obtain

D*(pv) — pD*Av = D*F  in Qr,

dive =0 in Qr,
v=20 on X,
D*v|i—g = D*vy(x) in .

We take the inner product of (3.5); with (D¥9 — ¢gD¥Awv), ¢y being an arbi-

trary positive constant. We integrate on {2 and we obtain

/ D*(50) Do + peo | D*Aw |2= e / D*(50) D Aw
Q Q

+u / D*oDEAv + / D*F Dy — ¢ / D*FD*Av,
Q Q Q

but one has

DM(po) = D*pir + pD*o + D*'(poy).
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Using (3.1) to estimate p in the second term at the right hand side of the
above equality, one gets

m || Do lls + peo || D*Av [3<]| D& Jloll ¥ [l2ll D*o o
+ [1D*1(p0) ol D™ [lo +eo | D*(p0) [loll D*Av g
+ || DA ol D*o llo + | DUF o]l D™ [lo
+ || DF [lo]| D*Awv |lo -

On the other hand (see the appendix Lemma 6.2), one has
| DE71(50) [lo< ¢ || D& [looll © k-2 + || DG [le—2]l © [|oo,

and
| D(50) lo< ¢ || D& |looll © llk=1 + || D& |51l © [loo -

Since H?*(Q2) < L*°() and

. He€o % .
Il DEAw foll DV o 52 1| DFAw [+ | DY I,

and by choosing ¢y = %“, one obtains the following estimate

I D% I3 + 1| D*Av s < Calll & Ikl o 112

+ a5 R+ 1 F 7). (3.6)
Now we write (3.6) at the order (k+ 1) and (k + 2), we obtain

I D0 |5+ I DM Av 15 < Calll & jgall o 3
+ el ol + 11 F k), (B7)

and

I D20 |I§ + | D*2Av 1§ < Calll & [ipall 0 13
+ 1G5l 0 e + 1 F lipa)- (3:8)

Finally we use (3.7) to estimate || 0 |2, in (3.8), and the fact that k > 2,
and we obtain (3.4).0



Lemma 3.3 One has

d .
= | BID* e | DA B G ()| DAV |

+ I DM2E G+ 1 7l v MRy + 16 IRgall 0 17). (3.9)
Proof: We take the inner product of the equation (3.5);(at the order k+ 2)

with D¥20, we integrate on €2 and we obtain

/ FDN2y D2y — ,u/ DF2 Ay DF 2y —
Q Q

/Q(Dk+2F — DF255 — DR (o). DF 2y,
By integrating by parts the second term on the left hand side, one has

M/ D2 Ay, D2y 1 M/ | DFF2V |2 =< 4, D *2V0, 5o DF 20 >
Q Q

—11.
272

In addition

1d 1 7.
SDF24 DE+2, — = & [ 5 k2 2_7/ S Dk+2,)2
[ D 2R = 2 [ gD — o [ Dk,
and
DEY2Ty 112]] DRy [12< 3p DEF2yy |2 Q D2y, (|12
| v |l vllos | v [l o I v lly-
since

| < 1D*2V0,5DM2% > 1 | < C || D2V [y DM |,

1
’2

and || D*2v ||, and || D¥™Vu ||y are equivalent norms in H*™3(Q), and

using k > 2 one obtains (3.9).0

Lemma 3.4 One has
d . ) . . .
%/qu)%y% | DV 3< Colll F I3y + || DV |I}

I F IR WG IR + 16 )+ T F Nz (10 ga + 17l
1 F ey (16 legr + 116 [140)
ol (o i + 16 e + 10 &

10 1l & lier + 106 R+ 16 lRa

116 Ikl 6 iya + 116 kgl & 1142))- (3.10)



Proof: We take the time derivative of the problem (3.5). We set v = v and
obtain the following problem

pD*i — pD*Au = +D*F — D¥(ju)
—D¥pis — D*(pir)  in Qr,

divu =0 in Qr, (3.11)
u =0 on X,
D¥*uli—g = DFug(x) in Q.

We take the inner product of (3.11); with D*u and we make the same cal-
culations as before, we obtain

d .

= | AP a4 | DV [3< Co()l D"V |}
FNDE 2+ 16 Bl 415

1 w0+ 15 I3 + 15 o 1),

Moreover 1
U= j(uAu%—F—('}u).
P

Hence estimating @, using (3.4) and finally returning to v, we obtain (3.10).0
Proof of Theorem 3.1: Now we are able to proof the Theorem 3.1. Note
that the existence of the solution was proved by Beirdao da Veiga [1], we will
only prove the estimate (3.3).

By adding (3.4) and (3.10) multiplied respectively by 2Cs and 1, so that
| DEV ||? will be eliminated in the right hand side of (3.10), one gets

d [k . .
afgp\D'“v!%r I D20 [[§ + | D2 Av [[5< Crlll F 7oy + | F 1l

L E R A6 R0+ 116 B+ T E Ry (16 70+ 116 i

116 i)+ 1 F s (16 R + 116 lkia)

ol N [P (R (e o (o R o (R WA o

+ 1o Rl & esn + 1o il & i + 116 Tk

+ 16 Rex + 110 [kl & ke + 117 ligall & liyo)] (3.12)

By Gronwall’s Lemma one obtains

I D0 flooo < Csl(ll o l1& + 11 F 155y + 1 F 113012
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I E 1k (6 1o gn + 116 I ps0)

1 F 2 (16 sorsn + 116 ook

1 Poms ) 1 F g (16 i + 16 12 x)
exp Cr([| & 551 (1 116 [Ber + 116 5 ks0)

(16 ooprr + 117 Ioonro + 16 s ki

116 Mooser + 110 o kiall & 12 x4

+ 116 Nooksr PO lsoniall 0 5 k42))]- (3.13)

Now adding (3.4) and (3.9) multiplied by 2C5 and 1 respectively, so that
| D*2Vv ||; in the right hand side of (3.9) is eliminated, one gets
d
= | DR || D2 | + || D2 |3
Coll o Il v ke + 117 kgl @ 1+ 1 F 172
16 el 9 1%+ 10 Rl F 1) (3.14)
Using Gronwall’s Lemma, one obtains
v 2 k2= Crolll vo llie +T 110 12k (16 Noosa + 116 13 k42)
+ 110 Wopsrll F 2 pss + 1 F 22 exp CoT || 6 154 - (3.15)
We integrate (3.4) on (0,¢), we obtain
10 15 kpe + 10 15 ka< Cs(ll 6 13 ksa ] E 15 54
+ | F ||§,k+2 +T || ¥ ||gok (Il o “io,k-l—Z +lc IIim)) (3.16)

Finally by adding (3.13), (3.15) and (3.16), and taking into account (3.13)
to substitute || 0 ||2, , in the right hand side of (3.15), one obtains (3.3).0
Now we take the following linearized problem in o

0— Mo =09.Vo in Qr,

Von=0 on X, (3.17)

0i=0 = oo(x) on Q.

We set A = 9.V5. We apply the operator D¥ to problem (3.17), we obtain

DFG — AD¥Ao = DFA in Qr,
Von=0 on X, (3.18)
D¥*a|i—g = D¥o(z) on .
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In order to get a sufficiently strong estimate for the linearized equation
(3.17)1, and as for the estimate (3.3), we will introduce a balance parameter
e > 0.

Theorem 3.5 Let v € C((0,T); H*2(Q)) N L*((0,T); H*2(Q)),

v € C((0,7); H*(2)) N L*((0, T); H’““(Q)) 6 € C((0,T); H***()) N
L2((0,T); H**(Q)), & € C((0,T); H*(Q))NL*((0,T); H***(2)) and o(x) €
HYP2(Q). Then there exists a (unique) strong solution o of the problem
(3.17). Moreover

o € C((0,T); Hy™(Q) N L*((0,T); Hy™ (),

¢ € L=((0,T); H*(Q)) N L*((0,T); H**(Q)),

and there exist positive constants C11,Cha such that the following estimate
holds

I D¥6 |50 + || D20 |50 + || D26 |50 + | DM?A0 |55<

Cu([] o0 ||k+2 +T || v ||oo K42 (I || k2 T | & ||oo k+2>

+[1 +T( 6 3o + 116 ||ook+1)”|| G0 7 + 119 13,6l 0 151
AT 0 2 ll 0 e vz + 10 [oosra (1G ez + 117 12

+ 116 ers))]exp CraT (|| 6 13 + 11 2o k41))- (3.19)

Before proving this theorem, we will establish some lemmas.

Lemma 3.6 One has

I D26 |5 + || D***Ac [3< Cus(ll 6 [l (16 7z + 11 6 [lis0)
16 il Al + 1A k). (3.20)

Proof: We make the inner product of (3.17); with (D*(p¢) — eD¥Ac). We
integrate on 2 and we obtain

/D%.Dk(ﬁd) 4 e || D*AG |2= —I—e/ D*6.D*Ao
Q Q

A / D*(j6).D" Ao + / D*A(D*(j6) — eD*Ao).
Q) Q
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Using
D¥(po) = D"po + pD¥6 + D* 1 (po),
and
m<p<M,

one has the following estimate

m || D¢ |2 +Xe || D Ao |12<

C(e || D*& [loll D*Ac [lo +A || D*Ac [lol| D*(p6) [l

+ || D*A ||l D*(p6) llo +e || DA Jlo|| D*Ac [l

+(|| D*p6 [lo + || D¥1(56) [lo) I| D*6 o). (3.21)

Besides, one has

1l D oll Do o< < || DG [ 45 1) DF IR,
and (see the Appendix lemma 6.2)

I D(po 15< CI VA 113l 6 My + 1 VA il & 11%).

Since H?(2) — L>(f), one gets

m € ) e
(5 = 5) I D5 I3+ 1| DA 3=

e Rl o1z + 1Al +1é 1516 1)
By choosing € so that (% — f) > (, one obtains

I D% I3+ || D*Ac |l < Cus(ll o Izl & |3
HI AT+ e lI500 ) (3-22)

We rewrite (3.22) at the order (k + 1) and (k + 2), one has

I Do |5+ | D Ao 5 < Cus(ll 6zl o 113
Hl Al + e 56 7). (3-23)
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and

I D2 |5 + || D**Ac [I3< Cs(ll & llisall 0 113
AR + 16 506 k). (3.24)

Finally, using that & > 2 and taking into account (3.23) to substitute || & ||7_,
in the right hand side of (3.24), one obtains (3.20).0

Lemma 3.7 One has
d ) . . ;
7 | D*6 |5 +X || D*Vo [5< Cua(l| D*6 |5 + 11 A [I7). (3.25)

Proof: We take the time derivative of (3.18);, we make the inner product
with D¥&, we integrate on €2 and we obtain

d )
/ DF L5 Dhe — )\/ DFAG.DR = / DFA.D.
o dt Q Q
By integrating by parts the second term on the left hand side, one has

-1
2

/ D*Aé.D*6 + / IDFVG[2 =< 7o (D*V6), 70D 6 > (3.26)
Q Q

SIS

Estimating the other terms and using the equivalence norms, one obtains
(3.25).0

Lemma 3.8 One has
d
7 | D |5 +X || D*°Vo [5< Cus(|| D*°Vo |IF + || A l7,2).  (3:27)

Proof: We make the inner product of (3.17); with D*s and we integrate on
Q2. Making the same calculations as before, we obtain (3.27).0

Proof of Theorem 3.5: Now, we are able to proof the Theorem 3.5. By
adding (3.20) and (3.25) multiplied respectively by 2C14 and 1, such that
| D*2¢ ||2 will be eliminated in the right hand side of (3.25), then using
Gronwall’s Lemma we obtain

I D" |1%0= Crolll 60 i + Il A ll34 T(I A 1% s2
16 ekl Al k1)) exp CrrT ([ & 15 g2 + 11 G I3 k41)-(328)
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Adding (3.20) and (3.27) multiplied respectively by 2C}5 and 1, such that
| D**4o ||2 will be eliminated in the right hand side of (3.27), then integrating
on (0,7) one obtains
I D*26 1|2, 0= Cs(ll 00 ke T 0 ok (17 50 k2
1 Noms ) 1 A okiz + 11 Tkl Alfoisn))- (329)
Now, integrating (3.20) on (0,7) one gets
I D26 150 + | D*?A0 [130< CroT (| & 120 psall A 12 k4
1A eksz + 10 ook (1G e prz + 11 loorsn)): (3.30)
On the other hand, one has that A = 9.Vé and A = 0.V + ©.V4, hence by
using the Lemma 6.2 (in the appendix) and H? — L, one gets
I D*ANS < Coolll 0 M7l 6 [1F+ 110 11311 6 114
+lolEle I+ 1o lkl o 115, (3.31)
and
I D*AS< Cou(ll @ 3N & IR + 112 RN & 113). (3.32)
Finally, adding (3.28), (3.29) and (3.30) and taking into account the estimates
(3.31) and (3.32), one obtains (3.19).0

4 The nonlinear problem. Local existence.

In this section we solve (1.2) by proving the existence of a fixed point (p,v) =
(p, ) for system (3.2), (3.17).
Take 0 < T' < oo and define
Ry = {(p,0), € L=(0,T; H***(Q)) N L*(0,T; H*(Q)),
v € L=(0,T; H*(Q)) N L*(0,T; H*2(Q)),
&€ L>(0,T; H***(Q)) N L*(0, T; H*(Q)),
&€ L=(0,T; H*(Q)) N L*(0, T; H*2(Q)),
| © Hiok + o Hgo,k—i—Q + v ||g,k+2 + o ’|§,k+4§ B,

’l7|t:0 = UU(ZL’), 1~)|F = O, divo = 0 on QT:

16 2ok + 116 Waekra + 10 13552 + 116 13 504< B,
~ ~ m ~
Glizo = 0o(2), || & — 00 ||ec< L Va&.n|r = 0}. (4.1)
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Consider now the map ¢ defined in Ry in this way,

2R ({]75) - (va)a
where v and p are the solution of (3.2) and (3.17) respectively with
F(p,0) = —p(0.V)o+ MN(@0.V)Vp+ (Vp.V)D]
A2 I R e
+;[(VP.V)VP - E(Vp-Vp)Vp + ApVp]
—ppVp+pf,
o _ d
p=0+p, oo=po—p, and p,= f-
»
We want to prove that ¢ has a fixed point in Rp. This point will clearly be a

solution of problem (1.2). We evaluate the H*+*(Q) norm of F(p,0) and the
H*(Q) norm of F(p, 7).

IF ipe < Billl o 5l 0 155all © ks + 16 1iiall @ 150109 13
+ 116 Mkgall 0115+ 11 6 (120 1%+
115 15010 ke2ll & lkss + 115 150 6 1130 & ks
+ 116 IRyl & ks + 117 l310 & 15 + 116 117
+ 11 1506 lke + 116 lsll & lligs + 115 s

116 W5+ 16 lsa + 11 i + 2 ezl & 174).

IE IR < Ba(llo 1310 Mk + 1 o lz-2ll @ 150 @ 113
+ 116 510 ksl ka4 16zl 2 151 115
ol R ([l T o e (e[
~ |2 ~ |12 20 5112 o2 = 12 ~ |2
F G el ol + 1o il @ e + o llell & llivall & [l
o Ikl e + 1o Tkl & Tkl & 1k
+ 1o Rl o s + 1o lEN & lxeall & 115
1 lRI G i + 10 e+ 1a ke + 1 F Ik
sl A i e o (A [ e 9

16



Consequently one has
I F (5442 Ma(BYVT (U || pp [Ewsa) + T+ || f lldgsn)s  (42)

and
| F 551 < ha(BYT (14 [ pp IEwer)+ 1| f llin),

I F 35y < ha(B) T+ || pp I8e) + VT+ || £ 115y
+ I f Hi,k—l + 1 f ”gk—l)

In addition ' ‘ '
161360 VT || 6 llookll 7 ll2r2,

1
S 12< - 2 F(0) |I12

oo lli< — (1l vo 742 + 1 FO) 117),

and
IEO) 1 < (lvo lzeall o0 lies + [ oo ol vo 17 + [ oo s

+ 1 00 lzrall o0 s + 1 2o 1261 00 7 + 1| £(0) [12)-

Hence, if we take
B>max { 2C0(2] 0o [[f2 + | Voo [[7), 2Co((1 + p/m) || vo [[742

+ || o0 ||i+1|| 0o ||;%+1 + || oo ||i+2|| vo [l + || oo ||?‘;+2
+ 1 oo lisall o0 ags + 1l 2o 1861l 00 11 + | £(O) 1)}, (4.3)

and T small enough, we get

10 15 + 10 o pra + 110 2 pyo + 0 1I5414< B, (4.4)
Il 3ok + 1o ks + 16 1okia + 11 o 5 444< B. (4.5)

The estimate for the sup norm of (¢ —oy) in Q7 is proved in [1]. By choosing
a small value for 7" one gets || 0 — 0¢ ||o< 5.

Now we utilize Schauder’s fixed point theorem. Clearly Ry is a convex, com-
pact set in X = L*(0,T; L*(Q)) x L*(0,T; L*(2)). Since p(Rr) C Ry, it is
sufficient to prove that ¢ : R — Ry is continuous in X. Suppose that

(Bn,50) € Ry, (Bn,82) — (9,6) in X,
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and set

(675’) = @(ﬂm&n)v (U,O’) = 90(7775->'
Take the difference between the equations for (v,, 0,,) and (v, o), multiply by
(v, —v) and (o, — o) respectively, and integrate in €. By an energy argument
we prove that (v, 0,) converges to (v,0) in X. Hence ¢ is continuous and it
has a fixed point which is the solution of problem (1.2) in Q7.

5 Global existence. Asymptotic behavior.

Now we return to the nonlinear problem, with F' = F(p,v) and A = (v.V)o.
We add (3.9), (3.10), (3.25) and (3.27) with some appropriate constants so
that || D2Vo |11, | D*Vo [[i, || & [IF, || D***6 |5, and || D*o |7 are
eliminated in the right hand side of the inequality.

If we set

o(t) =l VoD 0 3 + | VpD* v [l + | D*6 |5 + | Do |5, (5.1)
and
Y(®) =00 ke + 110 e + 116 oo + 10 kg (5-2)
we obtain the following estimate
d
20 v < K (L) ®(1) + @*(1) + 2°(1))
+ K (I f e 0 F IR+ 1 F1R) . (53)
Obviously one has

Lemma 5.1 Let I' € C**2, (v,0) be the solution of (1.1) in Qr. Suppose
that

o(0) < L, 7€, 12, (5.5)
Ky
: 15K,
I Woeksr + 1 F opaa= Vel (5.6)
Then for all tin [0,T]
f)/

d(t) < —. .

)< (5.7



Proof: By the absurd.O
On the other hand, from Sobolev embedding theorem H**2(Q) — C(), one
sees that there exists a constant K3 small enought such that,

O(t) < K,

then

SIE

3 _
<o(t,r)+p< g € Q. (5.8)

We can prove now the existence of a global solution of (1.2), under the
condition that the initial data and the external force are small enough. We
can apply again the theorem (local existence), and we find a solution in
[T™,2T*], since v(T*,x) and o(T*, z) satisfy the same estimates than vg(x)
and og(x). We can repeat this argument in each interval [0,nT*], n € N and
consequently we obtain the existence of a global solution.O

Now we suppose that f = 0, then we obtain from (5.3)

d
%q’(t)

IN

—p |1 = Ky(0(t) + ®2(t) + 9°(t))]
< QKL (B() + (1) + 9°(1)) — 0,

According to (5.7) and the fact that K; > 1 and v < %, one has

Ky (1) + 93(t) + 89(1)) < éi

On the other hand, by (5.4) one gets the following inequality

d 15K,
teR", —o@) <- Pt .
this implies .
d(t) < d(0)e 552! vt e RT. (5.10)

Using the equivalence norms and m < p(t,z) < M, we obtain (2.3).0
Proof of theorem 2.2 We will use the following result proved by Beirao da
Veiga (see [2], Theorem 1.4).
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Theorem 5.2 Under the assumptions (2.4)-(2.5), and by eventually choos-
ing a smaller constant ky, one has

() 13< kre™" || oo(t) |13 - (5.11)

If moreover, (0,G) is another solution of problem (1.2) with initial data
(Vo, 00) satisfying (2.4) then

| v(t) — o(t) [|+< ke ™10, Wt >0, (5.12)
for each fized s € [0, 1].

By an interpolation result one has that
o) I.< C [l o) k32l o) llz - (5.13)

Using (5.13) and (5.7), one easily gets (2.6).
Now, by the same interpolation result we have

Fo(t) = 9(t) < C [ o(t) = o(t) [72] v(e) — o) |3 (5.14)

Using (5.14) and (5.7), one obtains (2.7). In order to prove (2.9), under
the assumptions of theorem 2.2, it is sufficient to note that the solution of
problem (2.8) are just particular solutions of (2.1) corresponding to the case
in which the initial density po(x) is constant (equal to p).0

6 Appendix.

For the reader’s convenience, we state here some useful results. Here € is
the n-dimensional torus, an open bounded regular subset of R", R" itself, or
R} ={z = (2/,2,), x,>0}.

Lemma 6.1 Let be ro > n/2, 0 <1 <y, I <1; <1y for i=1.m, and
ll+—|—lm:l+(m—1)7’2 Then

| freefm e CN Mo A Fon Ml (6.1)
Lemma 6.2 Let be |o| <. Then
I D*(f9) o< C (1D flso | 9 li-1 +lgloo [ DS lli-1) - (6.2)
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Lemma 6.3 Let ¢ € C™(R; R), ro > 1. Then, there are increasing funtions
By € C®(Ry; RY) and By € C®(Ry x R§; RT) such that

I D*%(g) 1I6< Bi(lglee) I 9 117, (6.3)

and

I D¢ (g) — D*%(f) 115 Ballgloos | Floo) I 9 117, (6.4)

for each o, 1< |a| <.

Proof: For the proof of the previous lemmas see for instance [2] (the appen-

dix)
Theorem 6.4 Let be Q) € C%' bounded and let
W ={ve L2(Q)", divo € L}(Q)}.

Then

(i) W is a Hilbert space,

(ii) D(Q)™ is dense in W,

(#i) the application v, such that

Yo W — H2(D)

v = U= YU

is continuous. Moreover Yu € H'(Q),

(6.5)

11 .
2°2

/ v.Vu +/ udive =< v,v, You >_
Q Q

Yo being the trace operator that maps H*(Q) into L*(T).

Proof: see [7] (Theorem 1.2, page 9).
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