Upper Bounds on the Rate of Convergence of
Truncated Stochastic Infinite-Dimensional
Differential Systems with H-Regular Noise

H. Bessaih® and H. Schurz P2

& Department of Mathematics, University of Wyoming, 1000 East University
Avenue, Laramie, WY 82071-8036, USA

b Department of Mathematics, Southern Illinois University, 1245 Lincoln Drive,
Carbondale, IL 62901-4408, USA and
Department of Mathematics and Statistics, Texas Tech University, Lubbock, TX
79409-1042, USA

Abstract

The rate of H-convergence of truncations of stochastic infinite-dimensional systems
du = [Au + B(u)]dt + G(u)dW,u(0,-) = up € H

with nonrandom, local Lipschitz-continuous operators A, B and G acting on a sep-
arable Hilbert space H, where v = u(t,z) : [0,7] x D — R? (ID c R?) is stud-
ied. For this purpose, some new kind of monotonicity conditions on those opera-
tors and an existing H-series expansion of the space-time noise W are exploited.
The rate of convergence is expressed in terms of the converging series-remainder
h(N) = ;:OON 41 a? belonging to the trace of related covariance operator @ of W
with eigenvalues a,, € IR! of Q. An application to the approximation of semilinear
stochastic partial differential equations with cubic-type of nonlinearity is given too.
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1 Introduction

Consider Ito-type infinite-dimensional stochastic differential systems of the form

du = [Au+ B(u)]dt + G(u)dW

(1)
u(0,7) = uo(z) € H,u = u(t,z),t > 0,r € D C R?

where p(ID) < 400 of given nonrandom, open, connected subset ID C IRY. Suppose
that A, B,G are appropriate (pseudo-)differential operators acting on a separable
Hilbert space H with scalar product < .,. >p (and set of scalars from R') and
satisfying the hypotheses (HO) — (H6) from below among possibly further conditions
such that a unique strong solution u = u(t, x) of (1) with IE ||u(t, -)||% < +o0 exists on
[0, 7] x ID where ID C IRY. Let (2, F, (F;)o<i<T, IP) be a filtered complete probability
basis and W an H-valued Wiener process in time with some conditions as given in
detail below. The driving space-time noise W is supposed to be H-regular such that

W= W () () = f ulBu(t)en() @)

with 3% a2 < +oo, where a,, € IR! are the eigenvalues of related trace class covari-
ance operator @), (3, are standard independent Wiener processes and {e, : n € IN}
forms an orthonormal system of the separable Hilbert space H. Furthermore, B(S)
denotes the o-algebra of Borel sets of inscribed set S and u is the Lebesgue-measure.

Now, consider truncations of (1). For this purpose, suppose that u possesses a H-
converging series representation, and let HY = span{e,, ...,ex} such that

“+oo

u(t,z) =) cat)en() (3)

n=1

can be truncated by

ut(t,x) = Z:l ey (t)en(@) (4)

where ¢ =< u" e, >p. Also the H-valued space-time noise W is substituted by

W = WY (1)) = 3 auh(ten(s)



where (3, are independent standard real-valued Wiener processes. Suppose that the
nonlinearity part B needs to be truncated by BY as well. So the truncation of system
(1) is governed by

du = [AuY + BY (uM)]dt + G(u™)dWwN

uN(0,7) = u) () e H

(5)

where W is the natural finite series truncation of W governed by (2).

2 Main assumptions and an auxiliary result

Suppose that

(HO)

(H1)

(H2)

ug = u(0,x),u)) =ul(0,2) € H are Fy-measurable, I [||uo||% + ||ud'[|%] < +o0,
and the initial well-posedness ug, ul € D(A) N D(B) N D(BY) N D(G) where
D(+) denotes the domain of definition of inscribed operators.

W (t) as the space-time Wiener process takes its values in its own separable
Hilbert space U C H and it has a trace class covariance operator () : U —— U
with E[W(s) @ W(t)] = (t A s)Q, where @ : U — U is a positive definite,
self-adjoint, bounded operator with finite trace. Moreover, if we denote by a4
the eigenvalues of @ then the trace of Q is 3727 a2 and we may write

W(t) = Jio a,Bnen
n=1

as an expansion of W (t) where the (3,’s are independent standard real valued
Wiener process. The convergence is guaranteed with respect to the naturally
induced metric on U. Furthermore, there is a function h : IN — ]R}r satisfying
lmy_yoo R(N) =0 and 2321, a2 < h(N).

The linear (unbounded) operator A : D(A) C H ~— H is self-adjoint and
generates a strongly continuous semigroup {S(¢) : ¢ > 0} of bounded oper-
ators on H such that there are nonrandom, nonnegative coefficient functions
CbAs Cma,€a 1,42 € LY([0,T), B([0,T]), 1) satisfying

< Au),u >p < —cpa(t)llullfy — ear @) AV (W),
< Afu=v),u=v>g < —cpa(t)|lu— vl — cap®)IAY*(u — v)|%

for all u,v € D(A). (Note that one may take ¢4 = ¢4 and €41 = €42 due to
the imposed linearity of A.)

The local Lipschitz-continuous nonlinear operator B : D(B) C H —— H to-
gether with its Lipschitz-continuous truncation BY : D(BY) C HN —— HY are



well-defined and possess nonrandom coefficient functions cg, CbB; CmB>EB1,EB2 €
LY([0, 7], B([0,T1), u) satisfying

<B(uw),u>n < c5(t) + as®)|ullfy + e ()|AY (W),
<BY(u),u>n < cg(t) + con(t)l|ullfy + epa ()| A2 (w)|I7,
<B(u)~B(v),u=v>p < cup(t) [u—vllf+epa() AV (u—v) |7,
<BN( )= BY(v),u=v>g < cup(t) |lu—vlf+epa (0| AV (u—v)|F,
B(u) =B (v), u=v>p < cup(t)[u—vllf+epa(t) AV (u—v) |5

_|_
_|_

for all u,v € D(B) N D(BY) (usually BY such that D(B) C D(BY)).
(H4) The local Lipschitz continuous, linearly bounded functional G : D(G) C H

IR! possesses nonnegative, nonrandom coefficient functions ¢y, ma, €6.1,66.2 €
LY([0, 7], B([0,T1), u) satisfying

IG()7 < act)@ + llullf) + eca (A (w17,
1G(u) = Gl < cma®lu = vl + e A (u - )l

for all u,v € D(G).
(H5) ¥n > Ny > 1Vt € [0,T] we have

+o00

N
2e40(t)—2epa(t)—eq1(t) Z ai—eag(t) Z ai >0 and
n=N+1

28,41() 2531 6G1 ZO& >0
(H6) Initial regularity of the approximation problem holds, i.e.
1
N2 2
B lug — I3 < SOV + s, B uct, ) )
It may be noted that conditions (H0) — (H5) also guarantee the existence of a global

unique strong solution v € H of system (1) and its truncation (5) with finite second
moments IE ||u(t,-)||% < +oo. For details, see [7,8], [10], [24], [27], [31] and [33].

Theorem 2.1 We assume that hypotheses (HO) - (H5) are satisfied. Then, for any
strong solution u of (1) or (5), we have

VO<t<T 2 Bult, )l < (B0, )7 + Ko(T)) exp(K1(T)) (6)

where Ky > 0, K, : [0,T] — R are in L'([0,T], B([0,T]), 1) and satisfy

s [ P

+o0
2¢5(s) + > aicbg(s)] ds and
n=1



T
/ —cpa(s) + cuB(s Z a,cha(s )
0

(nondecreasing in T') where [z], denotes the positive part of inscribed expression z.

PROOF. Suppose that (H0) is satisfied. Apply It6 formula to system (1) (See [15]).
This implies that

+o0
dllul|f =2(< Au,u>p+<B(u),u>p)dt +2<Gu)dW,u>g+>_ a2 ||G(u)|3dt.

n=1

It is not difficult to see that [j < G(u)dW,u >y forms a square-integrable martingale
with zero expectation. Taking expectation under hypothesis (HO) - (H4) leads to the
differential inequality

dIE ul}; < — |2(ca1(t) — e5a(t)) — caalt Za]EHAWuH%{dH

+2 [—ch(t)Jrch + = Za it ]IEHUHHdYij
chO +ZO¢ o (t ]

Suppose that (H5) is satisfied. Then, the maximum solution v(t) > IE |Ju(t, -)||% of
above differential inequality is bounded by

v(t) < (v(()) / s)ds + Z /ch ds) exp (KQ(T))

0 0

T
/ CbA —f— CbB + Z «@ CbG )
0

Consequently, the assertion of Theorem 2.1 is confirmed. ¢



3 General theorem on rate of strong H-convergence

This section establishes our main result under the hypotheses (HO) — (H6) and
conditions that guarantee the existence of strong solutions of (1).
Theorem 3.1 We assume that the hypotheses (HO) - (H6) are satisfied. Then, for
any strong solution u of (1), we have

YN > NoVO<t<T : Elult,-) —u™(t, )% < H(N)Co(T)exp(CL(T))  (7)

where imy_, oo h(N) = 0, and the constants C;(T) can be estimated uniformly by

Co(T) < (1+ max I u(t, ) ) - (1+ / (b)),

0<t<T

| /\

T | +oo
/ —Cma(8) + cmp(s) + = Za cma (s )d
0

(nondecreasing in T') where [z], denotes the positive part of inscribed real number z.

PROOF. Subtract equation (5) from (1) to obtain the differential equation

d(u—u") = [A(u—u") + B(u)— BN (u")]dt + (8)
+G(u)d(W =W + (G (u)—Gu™))daw?™.
Recall that W — WV = Sy 41 0nfBne, and WhN = Zﬁle ., Ope, are independent
and orthogonal on (H, < -,- >g). Now, apply Ito-formula to (8) in order to find the
differential of ||u — uV||%. This yields that

dlju—u||% = {2 <A(u—u™),u—u" >p +2 < B(u)—BY (u™), u—u® >H} dt +
+2 <GW)d(W W) u—u® >z 42 <(G(u )—G( MNAWN u—uN >+

“+o00

HIGWIlE > andt+[|G(u) HHZa dt. (9)

n=N-+1
Obviously, < G(u)d(W —WN) u—u > + < (G(u) — G(u™)dWN u—ul >p are
square-integrable martingales with vanishing expectation. Now, take the expectation

at both sides of (10) and apply the monotonicity conditions (H2) - (H4) to get to the
estimates



dIE [lu—u"[3 (10)

g—[@m,g(t)—%sz ~e0a0) 3 ai—saalt) Y2 BIAY -l v+

n=N-+1

+

A Cmalt) +Cmsl) +5 Za o)) IE|u— uN\|H+Za et + B ul|2 )]

n=N+1

Recall hypothesis (H5) for n > Ny. This leads to the differential inequality

1 N
2( = ema(t) + cmp(t) + 3 > atema(t))on(t)dt
duy(t) < oo =
2 2
+n§+1 o2 (t) (1+ ma I u(t, 3 ) dt

for vy (t) = E |Ju(t,-)—u™(t,)||%. Its maximum solution is bounded since, by Gron-
wall-Bellman-technique, we obtain

un(t) < (UN<O) + +ZOO (1 + max ]E||u I3, /ch S) - exp (C’l(t))

n=N-+1

where
Cu(t) <2 [ ([~emals) +cun(s) + 5 >~ aleuc(s): Jds

Suppose that vy (0) < h(N)(1+maxo<i<r E ||u(t,-)||%)/2 as required by (H6). There-
fore, the truncation error v(t) satisfies

on () < h(N)Co(t) exp (2 / ([=Coa(s) + coup(s) + = Za emc(5)]4)ds)

where ,

Colt) < (1 + pax T Ju(s, -)||§,) (1+ [ csa(s)ds).
0
Hence, the assertion of Theorem 3.1 is proven. ¢

Remark 3.2 Theorem 3.1 is important in order to control the total error of numeri-
cal approrimations of SPDEs since it says how to truncate the infinite-series solutions
of SPDEs by finite-series solutions of SPDFEs with finite-dimensional noise. The re-
maining problem is to find the coefficients cN(t) in truncation u™ defined by (4).
Often the latter task leads to the approximation of inifinite systems of ordinary SDEs
whose L*-error can be controlled by general theorems from [30]. For more details on
numerical approzimations of finite-dimensional systems of SDE, see [29].



Remark 3.3 For numerical approximations, by Theorem 3.1, we obtain the control
on the rate of convergence by taking h(N) = (1/N)Y or h(N) = (1/In(N))? with rate
v > 0 in the above assumptions. A similar estimate of the space-error for numerical
approzimations of parabolic SPDEs could be found in [18] (p. 36). There the approxi-
mation error in space was found to be controlled by the leading remainder eigenvalue
Ani1 of operator A, hence this case corresponds to the special case h(N) = |Ayi1]™27
for operators with monotonically decreasing eigenvalues Ayy1 < 0 such as A = A.

4 Application to approximation of equations with cubic nonlinearity

For modelling nonlinear dynamics in spatio-temporal optical chaos (laserdynamics,
nanotechnology), one encounters noisy reaction-diffusion equations of the type

du = [a*Au + u(1 — ||u||32)]dt + G (u)dW; (11)
w(0)=uy € H = L2 (D)

loc

where D C IRY and a > 0 a certain diffusivity constant. Often the noise intensity
G(u) can be modelled by

G(u) = g + o1||ul| 2 + o[ (—=Au)?| 12 (12)

with real constants ;. The existence and uniqueness of strong solutions of (11) is
clear from [31]. Now, one is interested in studying the effect of truncation W¥ of
the space-time noise W and truncated initial data u{’ on the error u — u. For this
purpose, one can easily apply our main result of Theorem 3.1. For its application, one
needs to check its assumptions (HO) - (H6). Doing this, we may take

Au=d*Au, B(u)=u(l—||u||}), BY(uw) = B(u)

with the domain of definition D(A) C H?(IR?). Let us check the assumptions (H2)-
(H4) whereas the assumptions (HO)-(H1) are rather obvious. (H2) is satisfied by the
observation

< Au,u >p =—a’||Vul|}
where the linearity of A gives the other estimate on continuity. Assumption (H3) is

verified by

< B(u),u >g =||ullf — lully < lully
and



< B(u) = B),u—v >g=llu—vll— <|[ullfu—lJol][jv,u—v >y

=Ju—vlff; =3[l —vl[f; < Jlu -l
where 7 is an intermediate value between

min(|[ul|a, [|v][r) < 7 < max(|[ulg, |[v]|x).

It remains to check (H4). We have

|G ()3 < 307 + 30| |ul |3 + 303 (—Au) /2[5,
and
1G(u) — G)[|5 < 207 [u — |3 + 203 || (= Au) /> — (Av) /2|3

for all u,v € D(G) C H = L} (IR?) with compact support. Now, we may set

loc

ean(t) =a®, ca(t) =0, cpa(t)=0, eaa(t)=ad

CO(t) = 07 CbB(t) = ]-7 6B,l(t) = 07 CmB(t) = ]-7 €B,2<t> = 07
ac(t) = 3max{og, 07}, eqi(t) =305, cma(t) =207, egalt) =203
Thus, (H5) reads as

400 N +00
20> — 305 > a2 —203Y a2>0 and 2a*—305) al > 0
n=N+1 n=1 n=1

which exhibits the interplay between diffusivity and noise intensities. Recall that «,
are the eigenvalues belonging to the covariance operator of W. Suppose that (H6) is
satisfied. Consequently, all assumptions (HO)-(H6) can be fulfilled. Therefore, we may
apply our basic result on the upper estimate of rate of convergence of approximations
(e.g. Galerkin or other finite-dimensional approximations) and this rate is controlled
by h(N) which is essentially determined by the rate of convergence of the covariance of
the driving noise W. Notice that (H5) is trivially satisfied whenever oy = 0, otherwise
extreme care is needed (even the existence of strong solutions is problematic restricted
to sufficiently small o9 in this case).

Remark 4.1 (On Numerical Methods for SPDEs) Approzimations of SPDEs
have been studied from quite different perspectives. [2], [3] and [16] considered split-
ting techniques, [6] and [32] for parabolic SPDEs, [9] and [23] by Galerkin-type ap-
proximations with time-dependent noise, [11], [12] and [18] by lattice approximation,
[17], [18] and [19] for stochastic evolution equations, [28] by difference schemes for
hyperbolic equations, and [34] in R! by semi-discretization through difference meth-
ods using discrete Sobolev space techniques. To the best of our knowledge, we are not
aware of any publication other than ours where the rate of convergence of the L*-error
of approximations of general stochastic evolution equations is studied under the above
fairly general hypotheses (HO) — (HG). Our main result can also be understood as a



little contribution to understand better how truncations of noise terms, initial data
or nonlinearities occurring in stochastic evolution equations effect the total L*-error
caused by numerical approximation procedures.
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