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1. Introduction

We are concerned with the dissipative Euler equations for an incompressible fluid
perturbed by a multiplicative noise, in an open bounded domain D of R2 with a
smooth boundary ∂D which satisfies the locally Lipschitz condition see [1], i.e.

∂u

∂t
+ (u · ∇)u = −∇p− χu + f + G(u)ζ, (1.1)

where u is the velocity of the fluid, p the pressure, f the external force, ζ is a
Gaussian random field white noise in time, subject to the restrictions imposed
below and G is an operator acting on solution. The constant χ will be called the
sticky viscosity. u is subject to the incompressibility condition

∇ · u(t, x) = 0, t ∈ [0, T ], x ∈ D, (1.2)

the boundary condition

u · n = 0 on ∂D, (1.3)

n being the external vector. When χ = 0, (1.1) is the classical Euler equation.
For an additive noise, existence of strong solutions (in the probabilistic sense) has
been proved in [3] for a bounded domain, in [15] in the whole space and in [8]
on the torus. For a multiplicative noise, existence of martingale solutions can be
found in [4] and [7].
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2. Notations, hypothesis and main result

Let V be the space of infinitely differentiable vector fields u on D with compact
support strictly contained in D, satisfying ∇ · u = 0. We introduce the space H of
all measurable vector fields u : D −→ R2 which are square integrable, divergence
free, and tangent to the boundary

H =
{

u ∈
[
L2(D)

]2
; ∇ · u = 0 in D, u · n = 0 on ∂D

}
.

The space H is a separable Hilbert space with the inner product inherited from[
L2(D)

]2, denoted in the sequel by < ., . > (norm |.|). Let V be the following
subspace of H

V =
{

u ∈
[
H1(D)

]2
; ∇ · u = 0 in D, u · n = 0 on ∂D

}
.

The space V is a separable Hilbert space with the inner product inherited from[
H1(D)

]2 (norm ‖ . ‖). Identifying H with its dual space H ′, and H ′ with the
corresponding natural subspace of the dual space V ′, we have the standard triple
V ⊂ H ⊂ V ′ with continuous dense injections. We denote the dual pairing between
V and V ′ by the inner product of H.

Let b(·, ·, ·) : V × V × V −→ R be the continuous trilinear form defined as

b(u, v, z) =
∫

D

(u · ∇v) · z.

It is well known that there exists a continuous bilinear operator B(·, ·) : V ×V −→
V ′ such that

< B(u, v), z >= b(u, v, z), for all z ∈ V.

By the incompressibility condition, we have

< B(u, v), v >= 0 and < B(u, v), z >= − < B(u, z), v > .

Let K be another separable Hilbert space. Denote by L2(K, H) the set of
Hilbert-Schmidt operators from K to H.

Let p > 1 and m a nonnegative integer, Wm,p are the Sobolev spaces. When
p = 2 then Wm,p will be denoted by Hm. Let 0 < α < 1 then Wα,p(0, T ;H) is the
Sobolev space of all u ∈ Lp(0, T ;H) such that∫ T

0

∫ T

0

|u(t)− u(s)|p

|t− s|1+αp
dtds < ∞.

We impose throughout the paper the following conditions:

1. W (t) is a K-cylindrical Wiener process.
2. f ∈ V .

let us assume that

(G1) G : V −→ L2(K, V ), is globally Lipschitz continuous
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(G2)

{
|G(u)|2L2(K,H) ≤ λ0|u|2 + ρ0,

|∇ ∧G(u)|2L2(K,H) ≤ λ1|∇ ∧ u|2 + λ2|u|2 + ρ1, ∀u ∈ V

where∇∧u = D1u2−D2u1 and λ0, λ1, λ2, ρ0, ρ1 are positive constants independent
of u.

Now let us give the following definition of stationary martingale solution

Definition 2.1. A martingale solution of the equation (1.1) is a filtered probability
space (Ω,F , {F}t≥0 ,P), a K-cylindrical Wiener process W and a progressively
measurable process u : [0,∞)× Ω → H, with P-a.e.paths

u(., ω) ∈ C([0, T ], D(A−α/2)) ∩ L∞(0, T ;V )

for all T > 0, and α > 1 such that P-a.s. the identity

< u(t), v > +
∫ t

0

< B(u(s), u(s)), v > ds + χ

∫ t

0

< u(s), v > ds

=< u(0), v > +
∫ t

0

< f(s), v > ds+ <

∫ t

0

G(u(s))dW (s), v > (2.1)

holds true for all t ≥ 0 and all v ∈ V. The space D(A−α/2) will be defined in the
next section.

Moreover, a stationary martingale solution of equation (1.1) is a martingale
solution such that the process is stationary in H.

Remark 2.2. A function belonging to C([0, T ], D(A−α/2))∩L∞(0, T ;V ) is weakly
continuous in H. Hence, for every t ≥ 0, the mapping ω → u(t, ω) is well defined
from Ω to H and it is weakly measurable. Since H is a separable Banach space, it is
strongly measurable see [18] pp 131. Therefore, it is meaningful to speak about the
law of u(t) in H. The stationarity of u in H introduced above has to be understood
in this sense.

The existence of martingale solutions has been proved in [4] and in [7]. Here,
we are interested in stationary martingale solutions.

Theorem 2.3. In addition to the assumptions (G1) and (G2), assume that

χ >
3
2
λ0 and χ >

λ1

2

then (1.1) has a stationary martingale solution.
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3. The dissipative Navier-Stokes approximation.

For every ν > 0, we consider the equation of Navier-Stokes type
∂u
∂t + (u · ∇)u +∇p = ν∆u− χu + f + G(u)∂W

∂t , in (0, T )×D
∇ · u = 0, in (0, T )×D
∇∧ u = 0, on (0, T )× ∂D
u · n = 0, on (0, T )× ∂D
u|t=0 = u0, in D

(3.1)

Let a(·, ·) : V × V −→ R be the bilinear continuous form defined in [2] as

a(u, v) =
∫

D

∇u · ∇v −
∫

∂D

k(σ)u(σ) · v(σ)dσ,

where k(σ) is a function defined on the boundary ∂D, and we have the following
estimates, see [13] for the details∫

∂D

k(σ)u(σ) · v(σ)dσ ≤ C ‖ u ‖‖ v ‖,

and for an arbitrary ε > 0∫
∂D

k(σ)|u(σ)|2dσ ≤ ε ‖ u ‖2 +C(ε)|u|2. (3.2)

Moreover, we set

D(A) =
{
u ∈ V ∩ (H2(D))2,∇∧ u = 0

}
,

and define the linear operator A : D(A) −→ H, as

Au = −∆u.

We will denote the domain of Aα by D(Aα). Here D(A−α/2) denotes the dual
of D(Aα/2), and we perform identification as above to have

D(Aα/2) ⊂ V ⊂ H ⊂ V ′ ⊂ D(A−α/2).

In place of equations (3.1) we will consider the abstract stochastic evolution
equation{

du(t) + νAu(t)dt + B(u(t), u(t))dt = −χu(t)dt + f(t)dt + G(u(t))dW (t)
u(0) = u0,

(3.3)
for t ∈ [0, T ]. Assume that (G1) and (G2) hold and let α > 1 be fixed. We have
the following continuous embedding, see [1]-pp 85, thm 4.12 part II,

D(Aα/2) ⊂ [Hα(D)]2 ⊂ [C(D̄)]2.

Let Pn be the operator from D(A−α/2) to D(Aα/2) defined as

Pnx =
n∑

i=1

< x, ei > ei, x ∈ D(A−α/2)
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Let Bn(u, u) be the Lipschitz operator in PnH defined as

Bn(u, u) = πnB(u, u), u ∈ PnH,

where πn : H → [0, 1] is a C∞ function and is defined as πn(u) = 1, |u| ≤ n and
πn(u) = 0, |u| ≥ n + 1.

Consider the classical Faedo-Galerkin approximation scheme defined by the
processes unν(t) ∈ PnH, solutions of

dunν(t) + νAunν(t)dt + PnBn(unν(t), unν(t))dt = −χunν

Pnf(t)dt + PnG(unν(t))dW (t),

unν(0) = Pnu0.

(3.4)

t ∈ [0, T ].

Lemma 3.1. There exist positive constants C1(p) and C̃1 independent on n and on
ν such that for each p ≥ 2

E( sup
0≤s≤t

|unν(s)|p) ≤ C1(p), (3.5)

and moreover

ν

∫ t

0

E‖unν(s)‖2)ds ≤ C̃1. (3.6)

Proof. By Itô formula, for p ≥ 2 we have

d|unν(t)|p ≤ p|unν(t)|p−2 < unν , dunν >

+
1
2
p(p− 1)|unν(t)|p−2|G(unν)|2L2(K,V )dt.

Since < B(unν , unν), unν >= 0 and using the hypothesis (G2) we get

d|unν(t)|p + νp|unν(t)|p−2|∇unν |2 + χp|unν(t)|p ≤

νp|unν(t)|p−2

∫
∂D

k|unν |2dt + p|unν(t)|p−2 < f, unν > dt

+ (1/2)p(p− 1)|unν(t)|p−2(λ0|unν(t)|2 + ρ0)dt

+ p|unν(t)|p−2 < G(unν)dW, unν > . (3.7)

Using the Hölder inequality and then the Young inequality for the second term on
the right hand side of the above inequality, for a fixed ε1 > 0 we obtain

|unν(t)|p−2 < f, unν > ≤ |unν(t)|p−1|f |
≤ ε1|unν(t)|p + C(ε1, p)|f |p,

Using Young inequality for the third term, for a fixed ε2 > 0 we get

1
2
p(p− 1)|unν(t)|p−2ρ0 ≤ ε2|unν(t)|p + C(ε2, p).
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Thus, by using (3.2) and the previous estimates, we have

d|unν(t)|p + νp(1− ε)|unν(t)|p−2|∇unν |2dt + χp|unν |pdt ≤
C(ε1, p)|f |pdt + C(ε2, p)dt + p|unν(t)|p−2 < G(unν)dW, unν >

+
(

λ0

2
p(p− 1) + ε2 + ε1 + νpCε

)
|unν(t)|pdt

Now we integrate over (0, t), take the supremum on t and integrate over Ω, we
obtain

E( sup
0≤s≤t

|unν(s)|p) ≤ E(|unν(0)|p)

+
(

λ0

2
p(p− 1) + ε2 + ε1 + νpCε − pχ

)∫ t

0

E( sup
0≤s≤r

|unν(s)|p)dr

+ C(ε2, p)t + C(ε1, p)
∫ t

0

E|f |pds

+ pE
(

sup
0≤s≤t

∫ s

0

|unν(r)|p−2 < G(unν)dW (r), unν(r) >

)
.

Let us estimate the last term in the above inequality. By Burkholder-Davis-Gundy
inequality see [9] pp 82 thm 3.14, we get

pE
(

sup
0≤s≤t

∫ s

0

|unν(r)|p−2 < G(unν(r))dw(r), unν(r) >

)
≤

pE
(∫ t

0

|unν(r)|2p−2|G(unν(r))|2L2(K,V )dr

)1/2

.

Using (G2) in the above inequality and the Cauchy-Schwartz’s inequality, we get

pE
(∫ t

0

|unν(r)|2p−2|G(unν(r))|2L2(K,V )dr

)1/2

≤ pE
(∫ t

0

(λ0|unν(r)|2p + ρ0|unν(r)|2p−2)dr

)1/2

≤ pE

(
sup

0≤s≤t
|unν(s)|p/2

(∫ t

0

(λ0|unν(r)|p + ρ0|unν(r)|
2p−2

p dr

)1/2
)

≤ 1
2
E
(

sup
0≤s≤t

|unν(s)|p
)

+
p2

2
E
∫ t

0

λ0 sup
0≤s≤σ

|unν(s)|p +
p2

2
ρ0E

∫ t

0

|unν(s)|
2p−2

p ds.

Finally, we estimate the last term in the above inequality using the Young’s
inequality. For ε3 > 0 we obtain

p2

2
ρ0E

∫ t

0

|unν(s)|
2p−2

p ds ≤ ε3

∫ t

0

|unν(s)|pds + C(ε3, p).



Stationary solutions for the 2D stochastic dissipative Euler equation 7

Collecting all the estimates, we obtain that

1
2
E( sup

0≤s≤t
|unν(s)|p) ≤ E(|unν(0)|p) + C2

∫ t

0

E( sup
0≤s≤r

|unν(s)|p)dr + C3. (3.8)

where

C2 =
λ0

2
(p(p− 1) + p2) + ε1 + ε2 + ε3 + νpCε − pχ,

and

C3 = C(ε1, p)
∫ t

0

E|f |p + C(ε2, p) + C(ε3, p).

Using Gronwall’s lemma we get (3.5).
Let us go back to (3.7), take p = 2 and integrate over (0, t) we get

2ν

∫ t

0

|∇unν |2 + 2χ

∫ t

0

|unν(t)|2 ≤ |unν(0)|2 + 2ν

∫ t

0

∫
∂D

k|unν |2 + 2 < f, unν > dt

+
∫ t

0

(λ0|unν(t)|2 + ρ0) + 2
∫ t

0

< G(unν)dW, unν > .

In the above inequality integrate over Ω, then

E
∫ t

0

< G(unν)dW, unν >= 0.

Now use (3.2) to estimate the second term on the left side and Cauchy-Schwartz
inequality to estimate the third term on the left side. Finally, using the estimate
(3.5) we get (3.6). �

Lemma 3.2. There exists a positive constant C4 which does not depend on n and
on ν such that

E
∫ t

0

‖ unν(s) ‖2≤ C4, (3.9)

Proof. Let ξnν = ∇ ∧ unν . We apply the curl to the equation (3.4) we get for
t ∈ [0, T ]

dξnν +νAξnνdt+∇∧PnBn(unν , unν)dt = −χξnνdt+∇∧Pnfdt+∇∧(G(unν))dW.

By Itô formula we have

d|ξnν |2 = 2 < ξnν , dξnν > +|∇ ∧ (G(unν))|2L2(K,V )

= −2ν < Aξnν , ξnν > dt− 2 < ∇∧ PnBn(unν , unν), ξnν > dt

− 2χ|ξnν |2 + 2 < ∇∧ Pnf, ξnν > dt

+ < ∇∧ (G(unν))dw, ξnν > +|∇ ∧ (G(unν))|2L2(K,V ). (3.10)

Since ξnν |∂D = 0, < ∇∧ PnB(unν , unν), ξnν >= 0 and using (G2), we get that

d|ξnν |2 + 2ν|∇ξnν |2dt ≤ −2χ|ξnν |2dt + 2 < ∇∧ Pnf, ξnν > dt

+ < ∇∧ (G(unν))dW, ξnν > +λ1|ξnν |2 + λ2|unν |2 + ρ1.
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Now using the Young inequality for the second term on the right hand of the above
inequality and for a fixed ε4 > 0 we obtain

d|ξnν |2 + 2ν|∇ξnν |2dt ≤ (−2χ + λ1 + ε4)|ξnν |2dt + C(ε4, p)|∇ ∧ Pnf |
+ < ∇∧ (G(unν))dW, ξnν > +λ2|unν |2 + ρ1.

We integrate over (0, t) and then over Ω. Since

E
∫ t

0

< ∇∧ (G(unν))dW, ξnν >= 0,

we obtain the following estimate

E|ξnν(t)|2 ≤ E|ξnν(0)|2 + (−2χ + λ1 + ε4)E
∫ t

0

|ξnν(s)|2ds

+ C(ε4)
∫ t

0

|∇ ∧ Pnf |+ λ2

∫ t

0

E|unν |2 + ρ1t, (3.11)

Using Gronwall Lemma, we obtain that there exists a positive constant C5 inde-
pendent of n and of ν such that

E|ξnν(s)|2 ≤ C5. (3.12)

Now let us introduce the following elliptic problem −∆unν = ∇⊥ξnν in D,
unν · n = 0 on ∂D,
ξnν = 0 on ∂D,

(3.13)

where ∇⊥ = (D2,−D1).
We multiply the first equation of (3.13) by unν and integrate over D, we have

− < ∆unν .unν >=< ∇⊥ξnν , unν > .

By integration by part and in virtue of (3.2), we obtain

|∇unν(t)|2 ≤ ε|∇unν(t)|2 + Cε|unν(t)|2 + |ξnν(t)|2,

for all t ∈ (0, T ) and for an arbitrary ε > 0. We integrate the above inequality
respectively over (0, t) and over Ω, we obtain

E
∫ t

0

|∇unν |2 ≤ CE
(∫ t

0

|unν |2
)

+ E
(∫ t

0

|ξnν |2
)

≤ CtE
(

sup
0≤s≤t

|unν(s)|2
)

+ E
(∫ t

0

|ξnν |2
)

,

C being a constant independent of n and ν. According to (3.5) and (3.12), this
yields the estimate (3.9). �
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4. Construction of stationary solutions

Step 1. Take p = 2 in(3.8) we get that

E|unν(t)|2 ≤ E|unν(0)|2

+ (λ0 + ε2 + ε1 + 2νCε − 2χ)
∫ t

0

E|unν(s)|2ds

+ C(ε2)t + C(ε1)
∫ t

0

E|f |2ds.

If χ > 3
2λ0 and χ > λ1

2 then we can choose ε1, ε2, ε4 and ν0 in the above
inequality and in (3.11) such that using Gronwall lemma we get that

E‖unν(t)‖2 ≤ C ∀t ≥ 0 ∀n ≥ 1 (4.1)

for some constant C > 0. This implies that there exists an invariant measure for
(3.4) by the classical Krylov-Bogoliubov argument (see [10]). Call µnν one of such
invariant measures. From (4.1) we have∫

PnV

|x|2µnν(dx) ≤ C ∀n ≥ 1 (4.2)

There exists a stochastic basis (Ω,F , {F}t ,P), possibly larger than the one given
at the beginning, that supports a random variable unν(0) − F0 measurable, with
law µnν and a cylindrical Wiener process W (t) with values in K. The solution ũnν

with initial condition unν(0) is a stationary process.
Step 2.
Now let us prove that the family {L(ũnν)}nν is tight in L2(0, T ;H)∩C([0, T ];D(A−α/2)),
for all given α > 1; in fact we decompose ũnν as

ũnν(t) = ũnν(0)− ν

∫ t

0

Aũnν(s)−
∫ t

0

PnBn(ũnν(s), ũnν(s))

+
∫ t

0

Pnf(s) +
∫ t

0

G(ũnν(s))dW (s)

= J1 + ... + J5.

We have from the bound (4.2) on µnν that

E|J1|2 ≤ C6.

From (3.8)
E ‖ J2 ‖2W 1,2(0,T ;V ′)≤ C7.

Moreover, we have
E ‖ J4 ‖2W 1,2(0,T ;V ′)≤ C8.

for suitable positive constants C6, C7, C8. Using Lemma 5.1 and the uniform
assumption (G1) and the estimate (3.5) we have
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E ‖ J5 ‖2W γ,2(0,T ;H) ≤ E
∫ T

0

‖ G(ũnν) ‖2L2(K,H)

≤ E
∫ T

0

(λ0|ũnν(s)|2 + ρ0)ds

≤ C9(λ0, ρ0, γ)

for γ ∈ (0, 1/2), C9 being independent of n and ν.
Since α > 1, D(Aα/2) ⊂ (L∞(D))2 so that

| < B(u, u), v > | ≤ C|u| ‖ u ‖ |Aα/2v|, u ∈ V, v ∈ D(Aα/2)

for some constant C > 0. Hence, we have

‖ J3 ‖2W 1,2(0,T ;D(A−α/2))≤ C10 sup
0≤t≤T

|ũnν(t)|2
∫ T

0

‖ ũnν(s) ‖2 ds

for some positive constant C10 independent of n and ν. In virtue of (3.5) and (3.9),
we obtain that

E ‖ J3 ‖2W 1,2(0,T ;D(A−α/2))≤ C11.

Clearly for γ ∈ (0, 1/2), W 1,2(0, T ;D(A−α/2)) ⊂ W γ,2(0, T ;D(A−α/2)), collecting
all the previous inequalities we have

E ‖ ũnν ‖W γ,2(0,T ;D(A−α/2))≤ C12, (4.3)

for γ ∈ (0, 1/2) and α > 1, C12 being a positive constant independent of n and ν.
By (3.9) and (4.3), we have that the laws L(ũnν) are bounded in probability in

L2(0, T ;V ) ∩W γ,2(0, T ;D(A−α/2)).

Thus by Theorem (5.2), {L(ũnν)} is tight in L2(0, T ;H). On the other hand, by
theorem (5.3) {L(ũnν)} is tight in C([0, T ];D(A−β/2), for α < β.
Step 3. Let us endow L2

loc(0,∞;H) by the distance

d2(u, v) =
∞∑

k=1

2−k min
(
|u− v|L2(0,k;H), 1

)
,

and similarly C(0,∞;D(A−β/2)) by the distance

d∞(u, v) =
∞∑

k=1

2−k min
(
|u− v|C[0,k];D(A−β/2)), 1

)
.

Hence, we obtain that {L(ũnν)}nν is tight in L2
loc(0,∞;H)∩C([0,∞];D(A−β/2)),

thus ũnν is a stationary solution in H. Let us choose ν = 1/n. From Prokhorov
Theorem (see [9] p32), the set of the laws {L(ũnν)} is relatively compact. By
Skorohod Theorem, there exists a basis (Ω1,F1,

{
F1

t

}
t≥0

,P1) and on this basis,
L2

loc(0,∞;H) ∩ C([0,∞];D(A−β/2))-valued random variables u1, u1
nν , such that

L(ũnν) = L(u1
nν), on L2

loc(0,∞;H)∩C([0,∞];D(A−β/2)), and u1
nν −→ u1 P1-a.s.

in L2
loc(0,∞;H)∩C([0,∞];D(A−β/2)). Since u1

nν and ũnν have the same law, u1
nν is
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also a stationary solution. By the a.s. convergence, u1 is a stationary solution in H.

By (3.5) and (3.9) we have

E( sup
0≤s≤t

|u1
nν(s)|p) ≤ C1(p),

E(
∫ t

0

‖ u1
nν(s) ‖2) ≤ C2,

for all n ≥ 1 and p ≥ 2. Hence, we have that

u1(., ω) ∈ L2
loc(0,∞;V ) ∩ L∞loc(0,∞;H)P− a.s.

and u1
nν −→ u1 weakly in L2(Ω×(0,∞);V ). Let us define the process Mnν(t) with

trajectories in C([0,∞];H) as

Mnν(t) = u1
nν(t) − Pnu1 + ν

∫ t

0

Au1
nν(s)ds +

∫ t

0

PnBn(u1
nν(s), u1

nν(s))ds

−
∫ t

0

Pnf(s)ds.

We will prove that Mnν(t) is a square integrable martingale with respect to the
filtration

σ
{
u1

nν(s), s ≤ t
}

,

with quadratic variation

<< Mnν >>t=
∫ t

0

G(u1
nν)G(u1

nν)∗ds. (4.4)

We shall prove the following Lemma

Lemma 4.1. Assume that (3.5) and (3.9) hold then

〈∫ t

0

PnBn(u1
nν(s), u1

nν(s))ds, v

〉
−→

〈∫ t

0

B(u1(s), u1(s))ds, v

〉
for all t ∈ [0,∞) and v ∈ V P-a.s.

Proof.〈∫ t

0

PnBn(u1
nν(s), u1

nν(s))ds, v

〉
=

〈∫ t

0

πn(u1
nν(s))(u1

nν(s))iDi(u1
nν(s))jds, vj

〉
= −

∫ t

0

∫
D

πn(u1
nν(s))(u1

nν)i(s)(u1
nν)j

∂(vn)j(s)
∂xi

That converges P-a.s. to∫ t

0

∫
D

(u1)i(s)(u1)j
∂(v)j(s)

∂xi
=
〈∫ t

0

B(u1(s), u1(s))ds, v

〉
.

�



12 Hakima Bessaih

Since unν and u1
nν have the same law, for ϕ be a real valued, bounded and

continuous function on C([0, s];D(A−β/2)) where 0 ≤ s ≤ t ≤ T and all v, z ∈ V,
we have

E(< Mnν(t)−Mnν(s), v > ϕ(unν)) = 0 (4.5)

and

E ((< Mnν(t), v >< Mnν(t), z > − < Mnν(s), v >< Mnν(s), z >

−
∫ t

s

G(u1
nν(r))G(u1

nν))∗ϕ(u1
nν)) = 0. (4.6)

By (3.5), (3.9) we can take the limit in (4.5) and (4.6) and we obtain

E(< M1(t)−M1(s), v > ϕ(unν)) = 0 (4.7)

and

E ((< M1(t), v >< M1(t), z > − < M1(s), v >< M1(s), z >

−
∫ t

s

G(u1(r))G(u1(r)∗ϕ(u1)) = 0, (4.8)

where M1(t) is defined as

M1(t) = u1 − u1(0) + χ

∫ t

0

u1(s)ds +
∫ t

0

B(u1(s), u1(s))ds−
∫ t

0

f(s)ds

P-a.s. in C([0, T ];D(A−β/2)).
From (4.7) and (4.8), with v, z ∈ D(A−β/2), we have that A−β/2M1(t) is a square
integrable martingale in H with respect to the filtration

σ
{
u1(s), s ≤ t

}
,

with quadratic variation

<< A−β/2M1 >>t=
∫ t

0

A−β/2G(u1)G(u1)∗A−β/2ds.

We conclude by a representation theorem (see [9] p233).

5. Appendix

For any Progressively measurable process f ∈ Lp(Ω× [0, T ];L2(K, H)) denote by
I(f) the Ito integral defined as

I(f)(t) =
∫ t

0

f(s)dW (s), t ∈ [0, T ].

I(f) is a progressively measurable process in Lp(Ω× [0, T ];H).
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Lemma 5.1. Let p ≥ 2 and γ < 1/2 be given. Then for any progressively measurable
process f ∈ Lp(Ω× [0, T ];L2(K, H)), we have

I(f) ∈ Lp(Ω; W γ,p(0, T ;H))

and there exists a constant C(p, γ) > 0 independent of f such that

E ‖ I(f) ‖p
W γ,p(0,T ;H)≤ C(p, γ)E

∫ T

0

‖ f ‖p
L2(K;H) dt.

Proof. see [11]. �

Theorem 5.2. Let B0 ⊂ B ⊂ B1 be Banach spaces, B0 and B1 reflexive with
compact embedding of B0 in B1. Let p ∈ (1,∞) and γ ∈ (0, 1) be given. Let X be
the space

X = Lp(0, T ;B0) ∩W γ,p(0, T ;B1)
endowed with the natural norm. Then the embedding of X in Lp(0, T ;B) is com-
pact.

Theorem 5.3. Let B1 and B̃ two Banach spaces such that B1 ⊂ B̃ with compact
embedding. If the real numbers γ ∈ (0, 1) and p > 1 satisfy

γp > 1

then the space W γ,p(0, T ;B1) is compactly embedded into C([0, T ]; B̃).

Proof. see [11]. �
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