Stationary solutions for the 2D stochastic dis-
sipative Euler equation
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Abstract. A 2-dimensional dissipative Euler equation, subject to a random
perturbation is considered. Using compactness arguments, existence of mar-
tingale stationary solutions are proved.
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1. Introduction

We are concerned with the dissipative Euler equations for an incompressible fluid
perturbed by a multiplicative noise, in an open bounded domain D of R? with a
smooth boundary 9D which satisfies the locally Lipschitz condition see [1], i.e.

ou

a—&-(wV)u:—Vp—xu—kf—i—G(u)(, (1.1)
where u is the velocity of the fluid, p the pressure, f the external force, { is a
Gaussian random field white noise in time, subject to the restrictions imposed
below and G is an operator acting on solution. The constant y will be called the
sticky viscosity. u is subject to the incompressibility condition

V-u(t,x) =0, te€[0,T], z€D, (1.2)

the boundary condition
u-n=0 ondD, (1.3)

n being the external vector. When y = 0, (1.1) is the classical Euler equation.
For an additive noise, existence of strong solutions (in the probabilistic sense) has
been proved in [3] for a bounded domain, in [15] in the whole space and in [§]
on the torus. For a multiplicative noise, existence of martingale solutions can be
found in [4] and [7].
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2. Notations, hypothesis and main result

Let V be the space of infinitely differentiable vector fields v on D with compact
support strictly contained in D, satisfying V -u = 0. We introduce the space H of
all measurable vector fields u : D — R? which are square integrable, divergence
free, and tangent to the boundary

H:{ue [L2(D)]2; V-u=0in D, u-nzOonaD}.

The space H is a separable Hilbert space with the inner product inherited from
[LQ(D)]Q, denoted in the sequel by < .,. > (norm |.|). Let V' be the following
subspace of H

V:{ue[Hl(D)f; V.u=0in D, u-n:OonaD}.

The space V is a separable Hilbert space with the inner product inherited from
[Hl(D)]2 (norm || . ||). Identifying H with its dual space H’, and H’ with the
corresponding natural subspace of the dual space V', we have the standard triple
V € H C V' with continuous dense injections. We denote the dual pairing between
V and V' by the inner product of H.

Let b(-,-,-) : V x V x V — R be the continuous trilinear form defined as

b(u,v,z):/D(u.vv).z

It is well known that there exists a continuous bilinear operator B(-,-) : VxV —
V' such that

< B(u,v),z >=b(u,v, 2), for all z € V.
By the incompressibility condition, we have
< B(u,v),v >=0and < B(u,v),z >= — < B(u,z),v > .

Let K be another separable Hilbert space. Denote by Lo(K, H) the set of
Hilbert-Schmidt operators from K to H.

Let p > 1 and m a nonnegative integer, W™P? are the Sobolev spaces. When
p = 2 then W™P will be denoted by H™. Let 0 < a < 1 then W*P(0,T; H) is the
Sobolev space of all uw € LP(0,T; H) such that

‘P
/ / |t—s|1+0‘P —r——— - dtds < oo.

We impose throughout the paper the following conditions:

1. W(t) is a K-cylindrical Wiener process.
2. feV.

let us assume that

(Gl) G:V — Lo(K,V), is globally Lipschitz continuous
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2 | GO e < Mol < oo
|V A G(u)|2L2(K7H) <M|IVAuP+ Xul?2+p1, Vuev

where VAu = Dius—Douq and Ag, A1, A2, po, p1 are positive constants independent
of u.

Now let us give the following definition of stationary martingale solution

Definition 2.1. A martingale solution of the equation (1.1) is a filtered probability
space (0, F,{F},;5(,P), a K-cylindrical Wiener process W and a progressively
measurable process u : [0,00) x Q@ — H, with P-a.e.paths

u(.,w) € C([0,T],D(A™*/?)) N L>(0,T;V)

for all T > 0, and « > 1 such that P-a.s. the identity

< u(t),v > +/O < B(u(s),u(s)),v > ds+x/0 < u(s),v>ds
=< u(0),v > +/0 < f(s),v >ds+ < /0 G(u(s))dW(s),v >  (2.1)

holds true for all + > 0 and all v € V. The space D(A~%/2) will be defined in the
next section.

Moreover, a stationary martingale solution of equation (1.1) is a martingale
solution such that the process is stationary in H.

Remark 2.2. A function belonging to C([0, T], D(A=%/2)) N L>(0,T;V) is weakly
continuous in H. Hence, for every ¢ > 0, the mapping w — u(t,w) is well defined
from Q to H and it is weakly measurable. Since H is a separable Banach space, it is
strongly measurable see [18] pp 131. Therefore, it is meaningful to speak about the
law of u(¢) in H. The stationarity of v in H introduced above has to be understood
in this sense.

The existence of martingale solutions has been proved in [4] and in [7]. Here,
we are interested in stationary martingale solutions.

Theorem 2.3. In addition to the assumptions (G1) and (G2), assume that

A
X>2A0 and X>?1

then (1.1) has a stationary martingale solution.



4 Hakima Bessaih

3. The dissipative Navier-Stokes approximation.

For every v > 0, we consider the equation of Navier-Stokes type

9u i (u-V)u+Vp=vAu—xu+ f+Gu%B", in(0,T)x D

Vou=0, in (0,T) x D
V Au =0, on (0,T) x 9D (3.1)
u-n =0, on (0,T) x 9D
ufi=0 = uo, inD

Let a(-,-) : V x V — R be the bilinear continuous form defined in [2] as

a(u,v) = /D Vu- Vv — -/E)D k(o)u(o) - v(o)do,

where k(o) is a function defined on the boundary 9D, and we have the following
estimates, see [13] for the details

| Kopute)-vio)do < C ulf v,
oD

and for an arbitrary ¢ > 0
/ k(o) lu(o)Pdo < e || u |2 +C(O)lul?. (3.2)
aD

Moreover, we set
D(A) ={ueVn(H*(D))*VAu=0},
and define the linear operator A : D(A) — H, as
Au = —Au.
We will denote the domain of A% by D(A®). Here D(A~/2) denotes the dual
of D(A®/?), and we perform identification as above to have
D(A*?)cV CHCV' C DA ).

In place of equations (3.1) we will consider the abstract stochastic evolution
equation

du(t) + vAu(t)dt + B(u(t),u(t))dt = —xu(t)dt + f(t)dt + G(u(t))dW (t)
{ u(0) = uyg,

(3.3)
for ¢ € [0,T]. Assume that (G1) and (G2) hold and let & > 1 be fixed. We have
the following continuous embedding, see [1]-pp 85, thm 4.12 part II,

D(A*/?) c [H*(D)]* C [C(D)P*.

Let P, be the operator from D(A~%/2) to D(A*/?) defined as

P,z = Z <z,e;>e;, TE D(A_a/z)

i=1
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Let By, (u,u) be the Lipschitz operator in P, H defined as
By (u,u) = 7"-nB(u>U)a u € P H,

where m,, : H — [0,1] is a C* function and is defined as m,(u) = 1, |u| < n and
mn(u) =0, |ul >n+1.

Consider the classical Faedo-Galerkin approximation scheme defined by the
processes Uy, (t) € P, H, solutions of

duy,, (t) + vAu,, (t)dt + P, B, (Um/ (t)7 Uny (t))dt = —XUnv
P f(t)dt + PG (uny (t))dW (t), (3.4)
unu(o) = Pnuo.
te0,7].

Lemma 3.1. There exist positive constants C1(p) and Cy independent on n and on
v such that for each p > 2

E( sup |un,(s)[P) < Ci(p), (3.5)
0<s<t
and moreover
t
v [ Blun(o)]P)ds < 1. (3:6)
0

Proof. By It6 formula, for p > 2 we have

d|unu(t)|p < p‘unv(t)|p72 < Uny, dUpy >

1 _
+ ip(p = Dun, (D) 2|G(“nV)|%2(K,V)dt'

Since < B(Uny, Uny ), Un, >= 0 and using the hypothesis (G2) we get
dlun, (B[P + Vp|unu(t)|p_2|vum/|2 + xP|tn, (1)]P <
Vp|unu(t)|p72/ K|t |2dt + pltin, (1) [P72 < fytn, > dt
aD
+ (1/2)p(p — D)un (0P (Aol (8)* + po)dt
+ Pl ()P < Gy, )dW, tyy, > (3.7)

Using the Hélder inequality and then the Young inequality for the second term on
the right hand side of the above inequality, for a fixed ¢; > 0 we obtain
|ty (P2 < frttny > < Juna ()P ]
< ealun ()7 + Clen, p) 1P,
Using Young inequality for the third term, for a fixed €3 > 0 we get
1

§p(p - 1)|unu(t)|p72p0 < ea|un, ()P + C(e2,p).



6 Hakima Bessaih

Thus, by using (3.2) and the previous estimates, we have

i, ()P +vp(1 — 6)|um,(t)\p_2|Vum,|2dt + xP|tny [Pdt <
C(e1,p)|f|Pdt + C(ea, p)dt + pltn, ()72 < G(tny, )dW, Uy, >
Ao

+ <2p(p —1)+e+e + VpC€> [t ()| Pdt

Now we integrate over (0,¢), take the supremum on ¢ and integrate over 2, we
obtain
E( sup [un(s)[") < E(Jun(0)[")

0<s<t
o t
+ ?p(p — 1)+ €2+ €1 + vpCe — px E( sup |un,(s)[P)dr
0

0<s<r

t
+ Cleap)t+ Clerp) / E|f|Pds
0

w8 (s [ 0P < Gl )W (1) s 1) > )

0<s<t

Let us estimate the last term in the above inequality. By Burkholder-Davis-Gundy
inequality see [9] pp 82 thm 3.14, we get

pE ( s [ i (P2 < Gt () ()t (1) >) <

0<s<t
1/2

PE ( / t |um<r>2p-2|G<um,<r>>|%2(K,v>dr)

Using (G2) in the above inequality and the Cauchy-Schwartz’s inequality, we get

1/2
pE( s () 221Gt >>|iz<K,V)dr)
1/2
< pE< (Nofttns (P)[*P + polun <>|2”2>d7")
‘ 1/2
/2 » 2p-2
< pE<SuP [t () [P (/ (Notunw (PP + poltns ()| 7 dr) )
0<s<t 0
<

o[ P’ ! 2p—2
fE < sup |uny(s)|? ) +=E [ X sup |un.(s)]P+ —poE/ [tiny (8)] "7 ds.
2 \o<s<t 2 Jo o<s<o 2 0

Finally, we estimate the last term in the above inequality using the Young’s
inequality. For €3 > 0 we obtain

2

t - t
%pOE/ \uny(s)|¥d‘s < 63/ [tny (s)[Pds + Ces, p).
0 0
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Collecting all the estimates, we obtain that

1E( sup |uny (8)17) < E(|un, (0)]7) —&—Cg/o E( sup |un,(8)|P)dr 4+ C5.  (3.8)

2 ey 0<s<r
where

Cy = %(p(p —1)+p) + e+ e+ e+ vpCe —px,
and

(hzﬂmM/FWW+ﬂ%m+C@m)
0

Using Gronwall’s lemma we get (3.5).
Let us go back to (3.7), take p = 2 and integrate over (0,t) we get

t t t
2y/ |V, [* + 2></ |ty (1)]? < |um,(0)|2+2u/ / Eltun,|> +2 < fupn, > dt
0 0 0 JoD
t

t
+ / (Mo |tny (8)|* + po) +2/ < G (U ) AW, Uy, >
0 0

In the above inequality integrate over €2, then

t
E/ < G(Unpy)dW, Uy, >= 0.
0

Now use (3.2) to estimate the second term on the left side and Cauchy-Schwartz
inequality to estimate the third term on the left side. Finally, using the estimate
(3.5) we get (3.6). O

Lemma 3.2. There exists a positive constant Cy which does not depend on n and
on v such that

t
B[l < Co (39)
Proof. Let &,, = V A uy,. We apply the curl to the equation (3.4) we get for
tel0,T]
Ay + VAL, dt+V APy By, (Uny, Uny )dt = —xEnudt+V AP, fdt+V A (G(up,))dW.
By It6 formula we have
dn)? = 2 <&y dén > IV A (Gun))[7, (50,0
= W< A&, Eny > dt —2 <V A P, Bp(Uny, Uny), &y > dit
2X[énn > +2 < VAP f, & > dt

+ < VA(Gupy))dw,&ny > +|V A (G(u,zy))|i2(K7v). (3.10)

Since &uulop =0, < VA P B(Uny, tny), &y >= 0 and using (G2), we get that
e +  2w|VEw[Pdt < —2x[&u P dt +2 <V A Pof,&ny > dt
+ < VA (G () AW, €y > M€ [* + Aolun [* + pr.
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Now using the Young inequality for the second term on the right hand of the above
inequality and for a fixed €4 > 0 we obtain

dn|® 4+ 20|VEW|Pdt < (=2 + M + €4)|&nu|?dt + Cea, )|V A Py f|
+ < VA (Guny)dW, &ny > + ot |* + p1.

We integrate over (0,¢) and then over €. Since

t
E / <V A (Gt )W, ey >= 0,
0

we obtain the following estimate

t
Bt (O < El&w(0) +(-2x + M + B / (€0 (3)]2ds

t t
4 0(64)/ |V/\Pnf|+/\2/ Efun |2 + pit, (3.11)
0 0

Using Gronwall Lemma, we obtain that there exists a positive constant Cy inde-
pendent of n and of v such that

E[&n,(s)|* < Cs. (3.12)
Now let us introduce the following elliptic problem
_Aunu = vanu in Dv

Uny =0 on 0D, (3.13)
& =0 on D,

where V4 = (Dq, —D1).
We multiply the first equation of (3.13) by w,,, and integrate over D, we have

— < Alpy ny >=< V&, Uy > .
By integration by part and in virtue of (3.2), we obtain
|Vum,(t)|2 < 6|VunV(t)|2 + Ce‘“m/(t)|2 + |£7Ll/(t)|2a

for all ¢ € (0,T) and for an arbitrary e > 0. We integrate the above inequality
respectively over (0,t) and over 2, we obtain

¢ ¢ ¢
2 2 2
E/O V| CE (/0 . ) +E</O 6l )
t
CtE ( sup |um,(s)|2) +E (/ |§ny2> )
0<s<t 0

C being a constant independent of n and v. According to (3.5) and (3.12), this
yields the estimate (3.9). O

IN

IN
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4. Construction of stationary solutions

Step 1. Take p = 2 in(3.8) we get that

E|unu(t)|2 < E|“m/(0)|2

¢
+ (MNo+exte +20C — 2x)/ E|un,(s)|*ds
0

+ C’(eg)t—l—C(el)/ E|f|2ds.
0

If x > %)\0 and x > ’\71 then we can choose €1, €3, €4 and vy in the above
inequality and in (3.11) such that using Gronwall lemma we get that

Eljun, (H)]? <C Vt>0 Yn>1 (4.1)

for some constant C' > 0. This implies that there exists an invariant measure for
(3.4) by the classical Krylov-Bogoliubov argument (see [10]). Call p,,, one of such
invariant measures. From (4.1) we have

/ 2|2t (dz) < C W0 > 1 (4.2)
P,V

There exists a stochastic basis (2, F,{F},,P), possibly larger than the one given

at the beginning, that supports a random variable u,,,(0) — Fy measurable, with

law pn, and a cylindrical Wiener process W (t) with values in K. The solution @,

with initial condition u,, (0) is a stationary process.

Step 2.

Now let us prove that the family {£(in,)},,, is tight in L2(0, T; H)NC([0, T]; D(A~/2)),
for all given o > 1; in fact we decompose 4y, as

Tno(t) = (0 —u/fmw L/Pzawm<)mxm

/Pf /GWVWW)

= Ji+..+Js.
We have from the bound (4.2) on iy, that
E|J,|> < Cs.
From (3.8)
E || J> {120,109 < Cr.
Moreover, we have
E || Ji 20,70 < Cs.

for suitable positive constants Cg, C7, Cs. Using Lemma 5.1 and the uniform
assumption (G1) and the estimate (3.5) we have
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A

T
E | Js Psorm < E / I G imar) 12, i1

IA

T
E / Oolin ()2 + po)ds
0

< Cy(Ao, po,7)

for v € (0,1/2), Cy being independent of n and v.
Since o > 1, D(A*/?) € (L>°(D))? so that

| < B(u,u),v>| < Clu| | ul|| |A*?v], uw eV, ve D(AY?)

for some constant C' > 0. Hence, we have

T
| J3 H%/[/W(O,T;D(fka/?))S Cio sup |am/(t)|2/ | G (5) ||2 ds
0<t<T 0

for some positive constant Cy independent of n and v. In virtue of (3.5) and (3.9),
we obtain that

E || JS H%/VL’A’(()’T;D(A*GN))S C'11-

Clearly for v € (0,1/2), W5H2(0,T; D(A=%/2)) € W"2(0,T; D(A=%/?)), collecting
all the previous inequalities we have

E [l @ lwr20,1:04-0/2)) < Crz, (4.3)

for v € (0,1/2) and a > 1, C12 being a positive constant independent of n and v.
By (3.9) and (4.3), we have that the laws £(,,) are bounded in probability in

L2(0,T; V)N W20, T; D(A™/?)).

Thus by Theorem (5.2), {£(@y,)} is tight in L2(0,7; H). On the other hand, by
theorem (5.3) {£ (7))} is tight in C(]0,T); D(A=5/2), for a < B.
Step 3. Let us endow L2 (0,00; H) by the distance

loc

dg(’u, 'U) = Z 2_k min (|u — U‘Lz(O,k;H)a 1) 5
k=1
and similarly C(0, co; D(A~%/2)) by the distance

doo(u, U) = Z 27 min (|u — v|C[O,k];D(A—f’/2))’ 1) .
k=1

Hence, we obtain that {L£ (@)}, is tight in L2 (0, 0o; H) N C([0, 00; D(A™A/2)),

loc
thus ,, is a stationary solution in H. Let us choose v = 1/n. From Prokhorov

Theorem (see [9] p32), the set of the laws {L(un,)} is relatively compact. By
Skorohod Theorem, there exists a basis (Q!, F!, {ftl}t>0 ,P1) and on this basis,

L? .(0,00; H) N C([0, 00]; D(A=5/2))-valued random variables u!, u} , such that

loc nv
L) = L(ul,), on L2 (0,00; H)NC([0,00]; D(A=P/?)), and v}, — u' Pl-as.

loc
in L?, (0, 00; H)NC([0, oc]; D(A™F/2)). Since ., and i, have the same law, u}, is

nv
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1

also a stationary solution. By the a.s. convergence, u " is a stationary solution in H.

By (3.5) and (3.9) we have

E( sup |uy,(s)|") < Ci(p),
0<s<t

t
B[ llub(o) 7)< o
for all n > 1 and p > 2. Hence, we have that
u'(.,w) € L},.(0,00; V) N L2.(0, 00; H)P — a.s.

loc

and u}, — u! weakly in L2(£2x (0,00); V). Let us define the process M, (t) with
trajectories in C([0, 00]; H) as

t t
M, (t) = u}w(t) - Paul+ 1// Au,lw(s)ds +/ Pan(u,lw(s),uiw(s))ds
0 0

- /0 P f(s)ds.

We will prove that M, (¢) is a square integrable martingale with respect to the
filtration

with quadratic variation
t
<< My, >>t:/ G(ul )G(uk,)*ds. (4.4)
0

We shall prove the following Lemma

Lemma 4.1. Assume that (3.5) and (3.9) hold then

</Ot Pan(uylw(S),u,lw(s))ds,v> — </OtB(U1(S),u1(s))ds,v>
for allt € [0,00) and v € V P-a.s.

Proof.

</ot P B (Ur,,, (8), Uy (5))ds, U>

I I
| PN
O\;» o\ﬂ_
3
] Py
S| <
3
s AN
= —
s V2]
N ~—
> =
» §:H
N—
= S
—
S K>
N ~—
N 5
= o
V) -~
= =
=
< 3
S S
N —
~— V2]
o N—
=
.
Q.
Qv N
& &
-

That converges P-a.s. to

[, 22 = ([ ), s
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Since uy,, and ul, have the same law, for ¢ be a real valued, bounded and
continuous function on C([0, s]; D(A™7/2)) where 0 < s <t < T and all v,z € V,
we have

(< Mo (t) = M (5),0 > @(t1n)) = 0 (4.5)
and
(< Mpy(t),v >< My, (t), 2 > — < Mp(8),v >< Mp,(s),z >
/ G, ()G, ) (k) = 0. (46)
By (3.5), (3.9) we can take the limit in (4.5) and (4.6) and we obtain
E(< M'(t) = M'(s),v > ¢lun)) = 0 (4.7)
and

E ((< (t)v><M1()z>—<M1(s),v><M1(s),z>
- [ cwmneutor ety <o (45)

where M1(t) is defined as

MY(t) = u' —u'(0) + X/o u'(s)ds +/0 B(u'(s),u'(s))ds _/0 f(s)ds
P-a.s. in C([0,T]; D(A=P/2)).

From (4.7) and (4.8), with v, 2 € D(A™#/2), we have that A=#/2M(t) is a square
integrable martingale in H with respect to the filtration

o {ul(s), s < t} ,
with quadratic variation

t
<< ATPRMY 5> = / ATBRGuhG(ut)* AP 2ds.
0

We conclude by a representation theorem (see [9] p233).

5. Appendix

For any Progressively measurable process f € LP(Q x [0,T]; Lo(K, H)) denote by
I(f) the Tto integral defined as

:/0 f(s)dW(s), t €[0,T].

I(f) is a progressively measurable process in LP(Q2 x [0,T]; H).
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Lemma 5.1. Letp > 2 and vy < 1/2 be given. Then for any progressively measurable
process f € LP(Q x [0,T]; Lo(K, H)), we have

I(f) € LY(Q; W (0, T; H))
and there exists a constant C(p,v) > 0 independent of f such that

T
E | I(f) ||]ID/V%P(O,T;H)§ C(p, ’Y)E/O I f HZI)/Q(K;H) dt.
Proof. see [11]. -

Theorem 5.2. Let By C B C By be Banach spaces, By and By reflexive with
compact embedding of By in By. Let p € (1,00) and v € (0,1) be given. Let X be
the space

X = LP(0,T; By) "WYP(0,T; By)
endowed with the natural norm. Then the embedding of X in LP(0,T; B) is com-
pact.

Theorem 5.3. Let By and B two Banach spaces such that By C B with compact
embedding. If the real numbers v € (0,1) and p > 1 satisfy

vp > 1
then the space WP (0,T; By) is compactly embedded into C([0,T]; B)

Proof. see [11]. O
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