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PR OBABILISTIC ANAL YSIS OF GA USSIAN ELIMINA TION
WITHOUT  PIV OTING

MAN-CHUNG YEUNG Y AND TONY F. CHANY

Abstract.  The numerical instabilit y of Gaussian elimination is proportional to the size of the
L and U factors that it produces. The worst-case bounds are well known. For the case without
pivoting, breakdowns can occur and it is not possible to provide a priori bounds for L and U. For
the partial pivoting case,the worst-case bound is O(2™ ), where m is the size of the system. Yet these
worst-case bounds are seldom achieved, and in particular Gaussian elimination with partial pivoting
is extremely stable in practice. Surprisingly , there has been relativ ely little theoretical study of the
\average" casebehavior. The purp ose of our paper is to provide a probabilistic analysis of the case
without pivoting. The distribution we use for the entries of A is the normal distribution with mean 0
and unit variance. We rst derive the distributions of the entries of L and U. Based on this, we prove
that the probabilit y of the occurrence of a pivot lessthan in magnitude is O( ). We also prove that
the probabilities Prob(jjUjj1 =jjAjj1 > m 25) and Prob(jjLjj1 > m 3) decay algebraically to zero as
m tends to innit y. Numerical experiments are presented to support the theoretical results.
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1. Intro duction. Gaussian elimination (GE) is the most common general
method for solving an m m, square, dense, unstructured linear system Ax = b.
Togetherwith partial pivoting, the method is extremely stable in practice. However,
this stability cannot be guaranteed. T he worst-caseexamplesare well known: without
pivoting breakdowvns can occur and evenwith partial pivoting the \growth factor" can
be aslarge as O(2™) (and can occur in practical applications [6]). This has motivated
the \average-case"analysis[11] of GE in order to explain its practical numerical sta-
bility. Surprisingly, there has beenrelatively few other studies on this topic in the
literature. The purposeof our paper is to provide a rather complete analysis for the
casewithout pivoting.

Theoretical studies about the numerical stability of GE have been made since
the 1940sby a great number of authors, for example, Turing [13], von Neumann and
Goldstine [14], [15], Wilkinson [16],[17], and soon. Recerly, Trefethenand Schreiber
[11] consideredthe average-caseanalysis. Among their many results, they observed
that for many distributions of matrices the matrix elemers after the rst few stepsof
GE with (partial or complete) pivoting are approximately normally distributed. They
alsofound that, for m  1024,the averagegrowth factor (normalized by the standard
deviation of the initial matrix elemens) iswithin afew percent of m2=2 for the partial
pivoting caseand approximately m=2 for the complete pivoting case. After having
performed more extensive experimernts, Edelman and Mascarenhaq4] suggestedhat
the growth factor in the partial pivoting casemay grow more like m*=? than m?=3,

Following Trefethenand Schreiber, we study the probability of small pivots and
large growth factors in this paper. However, we will consideronly the casewithout
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pivoting. We are doing sofor three reasons.The rst isquite obvious: the nonpivoting
caseis far easierto analyzethan the pivoting case.In particular, we are able to derive
in closeform the density functions of the elemens of the LU factors and probabilistic
bounds for the occurrenceof small pivots and the growth factors. The secondreason
is that with the advent of parallel computing there is more incertive to trade o the
stability of partial pivoting for the higher performance of simpler but possibly less
stable forms of GE, including no pivoting; see,for instance, [8, 9]. Finally, we are
hoping that our results for GE without pivoting will be useful in the analysis of, as
well as provide a basis of comparisonfor, the partial pivoting case.

Throughout the paper, we supposeX 2 R™ ™ isarandom matrix with indepen-
dent and identically distributed elemerts which are N (0; 1), the normal distribution
with mean 0 and variance 1. T his choiceis motivated by the empirical results of Tre-
fethen and Schreiber mentioned earlier. Matrices of this type have also beenstudied
by Edelman [2], [3], who derived the expected singular values.

In sections2 and 3, we derive the density functions of the ertries of L and U,
respectively, where X = LU, the LU factorization of X . In section 4, we prove that
the probability of the occurrenceof a pivot lessthan in magnitude is O( ).1 In
section 5, we derive bounds on the probabilities of large growth factors. In particular,
we prove that the probabilities Prob(jjUjj1 SjjAjji > m %°) and Prob(jjLjj; > m?2)
decay algebraically to zero as m tends to in nit y. Finally, we presen experimental
results in section 6. We obsene that the probabilities Prob(m j jLjj1 <m?®) and
Prob(m j jUjj1 SjAjj1 < m'®) tend to one as m goesto innit y. This indicates
that our theoretical bounds are not the tightest possible,but not too looseeither.

2. Densit y function of upq. Let X beanm m real matrix with independert
and identically distributed elemerts from N (0; 1), to which we simply refer as\ X
Nm(O;1)." Let X = LU, wherelL is a unit lower triangular matrix and U is an upper
triangular matrix, bethe LU factorization of X .2 The (p;q)th (p ) entry upq of U
and the entries of X have the following relation.

Lemma 1. Let X = LU be the LU factorization of X. Then

— T 1 .
Upg = Xpg  Xp X, 1X q;

where

and X, risthe(p 1) (p 1) leading principal submatrix of X .
Proof. Permuting the pth and gth columns of X and U simultaneously on both
sidesof X = LU and then comparing the corresponding blocks, we nd that

Xp  Xpg lo 1 0 up
where
..... T.
|p —(Ipl,...,lpp 1)1,_
Ug=(U1qg i Up 19)

1 We note that Foster [5] has studied the probabilit y of large diagonal elemerts in the QR factor-
ization of a rectangular matrix A.
2 Since they just form a set of measure 0, we ignore matrices for which GE fails.
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and whereL, ; and U, ; arethe (p 1) (p 1) leading principal submatrices of
L and U, respectively. It follows that

— . T = T 1.
Xp 1= Lp 1Up 1 lp = %p Up i
— 1 . — T .
Ugq=Lp X q Upg = Xpg Ip U g;
and theseimply the desired equation. 0

LetH bea@ 1) (p 1)orthogonal matrix, e.g.,a Householdermatrix, sud
that

Xp H=(0;::5;0;8) T
with s 0. Then
Upg=Xpg  (Xp 1H) X g
Xpg 'Y xgq

It can be shown that the ertries s; Xyq; Xiq, and y;i ; i;j =1;:::5;p 1, are mutually

independert and all xpq; Xiq, and y; ; i;j =1;::5;p 1 areN(0;1) while s?is 3 .

The proof basically follows the approad in [10] and [12]. We now decomposeY as
Y = QR;

whereQisa (@ 1) (p 1) orthogonal matrix and Ra(p 1) (p 1) upper
triangular matrix with positive diagonal elemens. We then further have

— T 1AT
Upg = Xpqg R "Q X g

(1) qu TR l!
SWp 1
= Xpa | P
P lp 1
Again, the variables's; Xpq; Wi, and rj; i j; i; j =1;:::;p 1, areindependert. s?
is 2 jandr2is 2 ,;i=1;:::;p 2land all othersareN (0;1). The proof basically

follows the approac in [10] and [12].

Sincethe variablesin the right-hand side of (1) are independert and their density
functions are known, it is straightforward to determine the density function of upg.

Theorem 1. SupwmseX N (O;1) andlet X = LU be the LU factorization
of X . Then the density function of the (p;g)th entry of U is

0 1
p b§(23c
2 =2 1
(p=2) th J(DA ;

, 2i 2 bP,'c p+1
(p 1) A

i=0

fupq (t) =

@)
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where

& v
2y (o 3 3 i>o
= j:O

Z, p 1 2b(p 1)=2c
p(t)= exp _x2 dx ;
0

andwhee 1 <t< 1,2 p q

Proof. Sincethe variablesry 1, 1 (fp 1p 1 0); 8% (s 0); Wp 1, and Xpq in
(1) are 4, 5 1, N(0;1), and N(0; 1), respectively, the density functions of r, 1, 1,
S, Wp 1, and Xpq are given as follows:

8 r

g 2exp t2=2 : t> 0,
frp 1p 1(t):B

0 t 0O

8
1

tP 2e t?=2 ; t>0,
20 92((p =) T /

fs(t)=B
0 t O

1
fw, 1= P exp =2 ;
and
1 2
fxp (1) = p2 exp t°=2 :

Sincerp 1p 1, S; Wp 1, and Xpq are independert, their joint density function is given
by

f(l'; S;W;X): frp 1p 1(r)fS(S)pr 1(W)fqu (X)
8 1
2 e Zexp 2(52+r2+W2+X2) ; 18>0,

2
-0 otherwise,
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wheree= .., 5 ( p 1=+ 1hus, the distribution function F,, () of Upq is
272727
= - p 2 Lszar2 2 2) dsd dw, .d
Upg
272727 1
- 2 24 (2 2 2
=€ iy sP “exp 2(s +rp o 1t Wy gt qu)

X
pa p 1p 1

Using Lemma 3 in the Appendix, we can show that
Z 1 Z 1

_ xP 1 2 2 :
(3) fqu (t) =€ 0 dx 1 X2 + y2 eXp 2 Xo+ (y + t) dyr
which can be further reducedto (2) by Lemma 4 in the Appendix. d

3. Densit y function of I,,. Similar to the derivation of the density function of
Upq, We rst establish a relation betweenl,q and the entries of X and then simplify
it. Let X = LU and XT = CU bethe LU factorizations of X and X T, respectively.

Note that (D 1U)T is unit lower triangular and (I:D)T upper triangular. By the
uniquenessof the LU factorization of X, we have

:
L= Do
Hence

lpg = Hgp=thaq
forl g<p m.BylLemmal,

_ T T
tgp = Xpg X qXg 1Xp

and
baq= Xqq  X'qXq 1Xq ;
where
Xp =(XptiiiiiXpg 1)
Xq _(qu;:";xqq l)T,
X q=(X1q;::15Xq 1q)T;

and Xq 1isthe (g 1) (g 1) leading principal submatrix of X. We now let H be
a( 1) (q 1) orthogonal matrix suc that

xTgH =(0;:::;008) T
with s 0. Then
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As in the caseof upq in section2, all the entries in the above expressionare mutually
independert and s? is 3 ; while others are N (0; 1). Let

Y = QR

be the QR factorization of Y where R has positive diagonal elemens. Then the
expressioncan be reducedto

T 1nT

log = Xpq R Q' xp
TR 10T

Xqq R 1QTxq

T l|
@ X RO
Xqq R

q 1 1Xpg S'q 1,
q 19 1Xqg S q 1
The entries qu, Xqai ! i ., andrj (i<j )areN(0;1) whiles?is 3 ;andrfis 2 ;,
wherei=1;:::;9 L1,j=2;::1; :;q 1. They are all independert.

Theorem 2. SuppaseX N m(O;1) and let X = LU be the LU factorization
of X . Then the density function of the (p;g)th entry of L is

1 1

(5) f'pq (t): 1+ t2;

whee 1 <t< 1 andl qg<p m.
Proof. Supposeq > 1 and let F, () be the distribution function of Ipq. Since
the joint density function of rq 1q 1; Xpg; Xqq) 'q 15 g 1, @nd sis

f(rq 19 1, Xpg; Xqaq; ' q 15 q 1;9)

8 1 G 2
% 22 52 ((q 1)=2)°

2 2 2y . )
qlql+qu+xqq+lql+ q1+5) 7 Tq 19 18>0,
otherwise,
and since
Z Z
Fio ( )= f(rq 19 13 Xpgi Xaqi ' q 13 q 1: 8)drg 1q 10XpgdXgqd! g 2d g 1dS;

lpq

(5) holds from (4) and Lemmas5 and 6 in the Appendix. The casein which q =
1 is quite trivial if we notice that ;1 is the division of two N (0;1) variables xp;
and X11. d

Remark. In our private communications with him, Alan Edelman of MIT in-
dicated to us that the proof of Theorem 2 can be greatly simpli e d by observingthat
every element of L is a ratio of two quantities x and y suchthat (x;y) is circularly
symmetric and such a ratio has Cauchy distribution.
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4. Probabilit y of small pivot. In practice, if one of the pivot elemeris uy, is
zero or smaller in magnitude than a presettolerance , GE will fail. In this section,
we describe the probability of the occurrence of such a situation. First, we give a
bound on the density function f , (t) of upq.

Lemma 2.
1 ( p=2) t? 1 (p=2) t?
2 (pr1)=2) P 2 T (pa1yg) P 2
for 1 <t< 1 andp 2
Proof. From (3), we have
Z1 21 xP t 2 2
fu,,(t)=¢ . dx . x4y exp 5 X“+(y+1t)
1 ., 2 .
+exp 5 X“+(y t) dy:
Letting y = xz, this can be written as
z 1 VA 1 p 2
1
fu,(t)=¢€ . dx ) 1X+ 2 &P X2+ (xz + t)?
+exp 5 X“+(xz t) dz
© Z Z
1 1 p 2
=€ dx 1X+ ,2 €XP ; 1+ 22)x%+ t?
0 0

(exp( xzt) +exp(xzt)) dz:

Sinceexp( )+exp( ) 2,wehave
z 1 z 1

fu,(t) 26  dx x> ex L 1+ z%)x?+ t*> dz
tsq o Ko 1+2%P o
Z Z
_ 1. ! toxp 2 1 2yy2 .
=2eexp 2t . dz . 1+ 72 exp 2(1+ z9)x° dx
Let w= }(1+ z%)x2. Then
f " 2
w2 ((p 1))
1 Z1 Z1 (p+1) =2 _
exp 2t2 dz 1+ 2% wlP 9= exp( w)dw
0 0
1 (p=2) 1,
ex t
2 (p+1)=2) P 2
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Moreover, from (6) we have

Z1 23 xP 2 1 2\y2 4 42
f t) 2e dx ex 1+ z°9)x“+t exp(xzjtj) dz
upq (1) , . 1+ 22 Py, ( ) p(xzjtj)
z 1 z 1
xP 2 1 1
2 1+ z9)x2 + 2 24012
e ; dx . 1422 exp 5 1+ z9)x“+t exp 5 2(xz) t dz
z 1 z 1
_ 1, xP 2 1 1, » )
=2eexp 2t . dz . 1+ 22 exp 5 1+ 22 X< dx:
Letting u= ;(1+ 3z%)x? we nally have
P Z, Z, (p D=2
2 1 1 1
fu. (t exp .t dz 1+ 72 1+ 72
wl) a2 p o P N, ETE) AT,

ulP 3=2exp( u)du

P Z, (p 1)=2
2 l 2 2 1 1 2
= ., exp _t a+z9 1+ .z dz
3=2 2 0 2
Z =
"2 exp Lo ' 14 12 M 2dz
3=2 2 0 2
z 1
2 1 2 2 (p+l) =2
= ___exp _t 1+ z9) d
3=2 2 0
1 (p=2) 1,
= ex t 0
(p+1)=2) &P 2

To make the statemerts below neatly, we use a shorthand notation. For given
>0and1l p m,wede ne

Ep. = fX 2R™ Mjjugpj < o

S
Then the evert that at leastone upp hasjuppj < is naturally denoted by 3":1 Ep: .
Cor ollar y 1. SupmpseX N ,(O;1) andlet X = LU be the LU factorization
of X. Given > 0Qand1l p m,

( p=2)

Prob(Ep. )= (« p+1)=2);

p. R R
where 2 exp( 3t3)dt 2 [ exp(3t?)dt.
Proof. For the casein which p= 1, itis 2u cient to note that
1 z 1
Prob(E1. ) = Prob(jxij< )= p ) exp 2t2 dt:

Other casesare just the direct results of Lemma 2. d
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Theorem 3. SupwmseX N (O;1) andlet X = LU be the LU factorization
of X. Then
!

" 1,
(7 Prob Ep: c(m) exp 5 ;

p=1
where ¢(m) = 2 Pm (=2
Pl (gD =) P .
Proof.  Since Prob( p=1 Ep; ) p=1 Prob(E,; ), (7) follows by Corollary
1. a
The coe cient c(m) of exp ; 2 is a rather slow-growing function of m. In
fact, it is about 1800even whenm = 10°. So, if is small enough, (7) will certainly
give a satisfying bound for the desirable probability. Moreover, the right-hand side of
(7) is approximately linear with  for small .

5. Probabilit y of large growth factor. When GE is performedonanm m
matrix A in oating point arithmetic, the computed LU factors (' and O are produced.
Then, by solving two corresponding triangular systems, we obtain the solution R to
Ax = b. The computed solution % satis es

(A+E)&%=b
with
JEj  mu 3jAj+5]jCjj0j + O(u?);
whereu is the unit roundo and where, for any matrix M, we use jM j to denote the
matrix obtained by taking the absolute value of the elemeris of M ; see,for instance,

[7, Theorem3.3.2]. From this, it follows that
|

KOk,
kEk, mukAk, 3+5k(k, kAki + O(u?):
We de ne the growth factors | and  to be
L = KLk, ; u = kUk, =kAk, :

It is possiblethat | and ( canbe very large becausesmall pivots can appear. The
following theorem gives probabilistic bounds on the sizesof | and y.

Theorem 4. SupwmseX N (O;1) andlet X = LU be the LU factorization
of X. Thenthere exist numbers 1 >b > 0 and c > 0, independent of m, such that

C = . C 45 1
Prob( y >r) rm5‘2+m|n rm7‘2;m + "

and

Prob( L >r) fm?’

foranyr 1
Proof. We rst claim that there existsa c; > 0, independent of m, such that

®) Prob(kUk, >r) ‘;1 m7=2:
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In fact, by (3) we have

dy

z, z - - i
fu. (=€ dx exp X“+(y+1t) dy
um 0 yruj 42 X2+ Y2 2
+€Zl de XP exp L X2+ (y+ t)?
0 iy+tj<jtj=2 X2 + ¥? 2
ez ' dxZ XP exp 1 X2 + 1t2 dy
0 iy+tjj tj=2 X2+ y? 2
+€Z 1 dXZ xP 1 exp 1 X2 + (y+ t)2
0 iy+ti<jtj=e X2 + t2=4 2
t2 Z 1 g z 1 xP 1 1 ) g
cexp o X X L x2ey? exp  x* dy
Z Z
4e” 1 ! 1
+ 7 ax xP lexp x>+ (y+1)? dy
p
Col e g 242 (PR 1
, P g (p 1)=2)t2
I
p _ p
4 4p2 (p=2) P,

Po™ Ppp =2 e

Since

L2 (k=)

im N
Kt +1 k k ((k 1)=2)
exists by Stirling's formula

. (x+1
lim
xU+1 xXexp( x) 2X

we can nd a ¢, sud that
P _
4 . 4 2 (k=2)

Pet Pk p=) @

for all k. Hence

fuy (1) " p=t
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Therefore,
X
Prob(kUk, >r) P (jupgj > r =m)
p=1 g=p
xo oy Z
= fpg(t) dt
p=1 g=p IU>r=m
Z
X0 P p
) dt
p=1 g=p jtji>r =m t
CoC _
203 m7-2

r

for somecsz > 0, independert of m. The existenceof ¢z is due to the existenceof the
limit

Z
1 X 1
im 27k p+1)Pp= @ ot
k' +1 k572 0
p=1
We setc; = c,c3 and then (8) is proven. To prove the rst inequality in thg,theorem,
we note that the expectedvalue and the variance ? of the variable x1 gll jX1q]
are
' 2 2
=m 2= 1 m:

q
Setting" = m 1 2 in Chebyshev'sinequality [1, p. 183]

2

Prob (jxy | D B

we have
9 Prob (x1 <mcy) ; ;
q q
wherec, = 2 1 2. Combining (8) and (9), we nd

Prob( y >r )= Prob (kUk, >r KAk, )
Prob (kUk; >T x4)
= Prob (kUk; >rx1; X3 mcg) + Prob (kUk, >r1xq; mcs >x1> 1)
+ Prob (kUk;, >r1xq1;x1 1)
Prob (kUk; >mrcs) + min (Prob (kUk, >r); Prob(xi <mcy))
+ Prob (jxiqj 181 g m)

C - . C 75 1 1 1
' m®2+min Tm’? + p exp _t? dt
Car r m 2 1 2
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Finally,
X Kt r
Prob(  >r) Prob jlpgj >
m
p=2 g=1
10 K14 1
= ,dat
pm2 qe1 >4 5 1T
05m3
r
for somecs. a

6. Numerical experimen ts. In this section, we presert numerical results to
support Theorems1{4. All our calculations have beencarried out in MATLAB 4.2c
on SUN workstations.

In our rst experiment, 595 000 matrices of dimension m = 31 were selected
at random from the classN3;(O;1). Then GE was applied to eat of the matrices
and then statistics on the elemens I13.12; I30:29; U12:12, @and ug;.31 were accunulated.
The data are plotted in Figures 1 and 2 together with the corresponding functions
indicated in Theorems1and 2. In orderto make clearerthe di erence betweenFigures
1(a) and 1(b), we presert them togetherin Figure 3(a).

0.1

! L L L i
-50 -40 -30 -20 -10 0 10 20 30 40 50

@

Fig. 1. (a) Distribution of uj2;12: observed (+) , predicted (-). (b) Distribution of uzy;31:
observed (+) , predicted (-).

The purposeof our secondexperiment wasto test formula (7). Matrices of seweral
dimensionsm were selectedat random from N, (O;1), with the samplesizevarying.
A few tolerances were used. The results are outlined in Table 1. The frequency
column of the table provides the numbers of matrices which, in their LU factors,
have at least one up, lessthan in magnitude. By comparing with the empirical
probabilities, we concludethat the bound given in (7) is a fairly tight one.

Finally, if wesetr = m ; > 25for y and > 3for ,in Theorem4, then
we can seethat the probabilities Prob( . >m ) and Prob( y >m ) decreasewith
m increasing. In fact, empirically this is true evenfor smaller , say, > 1.5 for both

L and y, asillustrated in Figures 3(b) and 4. In this experiment, we chosesample
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0.35 T T T T T T T T T 0.35 T T T T T T T T T
0.3 1 0.31 1
0.25F 1 025r 1
0.2 1 0.2 1
0.15F 1 0.15f 1
0.1r 1 0.11 1
0.05 1 0.05- 1
t t
® ®
Q . ] L
-50 -40 -30 -20 -10 0 10 20 30 40 50 -50 -40 -30 -20 -10 0 10 20 30 40 50
@) (b)

Fig. 2. (a) Distribution of l13:12: observed (+) , predicted (-).

served (+) , predicted (-).

(b) Distribution of l3g;29: ob-

0.1 T T T T T T T T T 06
0.09F 4
0.081 b
0.07 1 B
0.06 B
0.05F B 1
0.04 4
0.03f b 1
0.02 b |
0.01f t a
. L L L ®
-gO 40 40 50 35 4 4.5 5
Fig. 3. (a) Overlap of Figures 1(a) and 1(b). (b) Percentage frequency distributions of
(dashed) and y (solid). m =25.
0.7 T T T T T T T T T 0 T T T T T T T T T
0.6 | | | L
! |
i
0.6 B
0.5 b
0.% B
0.4 1
0.4 B
0.3 ] | 1
| ! 0. ]
| ‘ R
0.2 I ! 1 !
| 1 0.2 | 4
I ! I
I I !
1r b
0 } 0.+ | 1
| - a | 2
00 05 1 15 2 25 3 35 4 45 5 00 0.5 1 1.5 2 2. 3 3. 4 4.5 5
@ (b)

Fig. 4.
m = 100.

Percentage frequency distributions of

L (dashd) and

u (solid). (& m =50. (b)
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Table 1
Probabilities of small pivot.

m Sample size  Frequency Empiric al probability T heoretical bound
25 10 ° 10° 5 5 10 % 8:2853 10 °
50 10 3 10* 90 0:009 0:012

50 10 4 10 8 8 10 ¢4 0:0012

50 10 ° 10 0 0 1:2014 10 *
50 10 5 10° 9 9 10 ° 1:2014 10 *
75 10 3 10* 89 0:0089 0:0149

75 10 4 10* 8 8 10 4 0:0015

75 10 S 10* 0 0 1:4876 10 *4
100 10 3 10* 115 0:0115 0:0173

sizesto be 968,500,365,500,and 98,000for m = 25; 50, and 100, respectively. In eah
sample,we calculated | and  for eadr matrix X . Thenthe data of | and y were
grouped into ten classesrespectively. In the caseof |, for example,the rst class
consistsof matrices X with m® | <m %®, the secondclasswith m%® | <m?1,
the third onewith m? L <m 5 and soon. The number of matrices in eat class
was then divided by the corresponding samplesizeto get the percertage frequencyto
the class. The distributions have beenplotted in the form of histograms. Empirically,
there is a tendencythat Prob(m L < m?%®) and Prob(m u <m?td) tend to
oneas m goesto in nit y.

7. App endix.
Lemma 3.
2227
wP lexp ) x2+ y?+ 722+ w?  dxdydzdw
Z Z Z
1 1 wP 1 5 )
= dt dx 5 , EXp (x+1t)"+w dw;
1 1 o W2+ X 2
where = f(x;y;z;w)jx yw=z ; w>0;z>0gandl p.
Proof.
227227 1
F() wP lexp 5 x2+y?+ 22+ w?  dxdydzdw
z 1 z 1 z 1 z 1
= dx dw  dz wP lexp X2+ y2+ 22+ w2  dy:
1 0 0 (x )z=w 2
Letting y = uz, we nd
z 1 z 1 z 1 z 1 1
F( )= dx dw  dz zwP lexp X2+ u?z2+ 22+ w?  du
1 0 0 (x )=w 2
z 1 z 1 z 1 z 1 1
= dx dw du zwP lexp X2+ u?z2+ 22+ w?  dz
1 0 (x )=w 0 2
Z, Z, Z, wP 1 1, ,
= dx dw , eXp (x“+ w?) du:
1 0 (x )=w 1 +Uu 2
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Letting u = v=w, this can then be written as

wP 1
F()= d d 2+ w?) d
() . x0 WX W2+Vzexp 2(x w?) dv
= “ de ' de tow ex l(x2 +w?)  dw:
T < o W2+ V2 P '

Finally, letting v= x t, we have

z, z z,

wP 1
F( )= dx dt ex X%+ w?) dw
) 1 1 0o W2+ (x t)? P 2( )
_Z Z, Z, WP 1, ,
= dt dx > EXp (x“+ w?) dw
1 1 0 W2+(x t) 2
= . xO W2+X2exp 5 x+t) " +w w:
Lemma 4.
Zl Zl xP 1
. dx ) X2+y2exp ) x2+(y+t)? dy
Ob§(23c
= 2(p 1):2p 2 @ ip t 2i 2+( 1)b(p 1)=2c ot p+1 exp ;—tz
i=0
where
8 1
2(0) (2 3 i>o
Ip: J=O
2
B i=0;

11 p = 2 ] 31
Z, 1 p 1 2b(p 1)=2c
o(t) = exp 2x2 dx :

andwhere 1 <t< 1,2 p

513
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Proof.
z 1 z 1
xP 1 1 2
f(t d Zr(y+t d
(t) . X . X2+yzexp 5 X (y+1) y
VA A
=ex G ' dx Pt ex Lyesy? ex ( yt)d
- p 2 0 1 X2 + y2 p 2 y p y y
Z Z
_ 1, 1 toxe ! 1 5, .2 A yy"
=exp 2t , dx L x24y? exp ” X+y o dy
Z Z
=ex 1t2 ooyt boxP ex 1 x>+vy? d
4 VA
1 X t2n 1 1 yp 1y2n 1
=2 t2 24 y?
exp 5 . @) dx L ox24y? exp 5 X< +y dy
4 Z
1 )(- t2n 1 1 ZZn 1
=9 t2 2n+p 2 2 14 22 .
FPN ey, By e TR AT E

wherey = xz. Let w = x? 1+ z2 =2. Then, with B(m;n) denoting the beta
function, we have

- 1 b3 2nt2n
=92 D=2 2
f(t)y=2 exp 2t ony
n=0
Z 4 Z 4 J2n o o
n+(p 3)=
0 dz 0 (1+ z2)"(PD) - W exp( w) dw
_ 1 X 2nt2n p 1 D 1
=2 372y {2 - 5 .
- 1 ){' 2nt2n 1 p N+ 1
=20 e 2t2 2n)! n+ p2 ’ p+l 2
n=0 (2n)! n+ PJ
X
=20 9P P e o0 1 @0 o,
2 n=0 2n+p 1 (2n)!
=2( D=2 2 ”
2 TP 2 nl2n2n+p 1
n=0
=P p 1 1 1
=2 1=2 ex t2 ¢ Pt nip 1
2 P 2 n=0 n2"2n+p 1
= 1
2(p l)—2p g exp 2t2 t P+l g(t);

where here and below we de ne0!' = 0! = ( 1)I! = 1. Since

P 1 1
2n+p 2 — 4+p 2 2
ot =tP 2exp _t

N2 2

d .\ _
dt a(t) =
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we nd
Z 1
git)=  xP 2exp 2x2 dx

0
1 b§(23c iyl .
=exp t? (D (p g 3yt° &3
i=0 j=0
Z p 1 2b(p 1)=2c
+( PP DE=en 3 exp ;xz dx
0

by integration by parts, and then the desiredresult follows. d
Lemma 5.

|
z z !
q 2 1)(6 5 Y6
X] “exp :
=7t z, 7z, z,

= 1=22(q 2)=2 (( q+ 1)=2) dyl dy2 dy3 1Ys) (1) =2
1 1 1 1 1+ y2+y2)
1
3:2dy4;
2 2
1+ (ywys+ y2)" + (Y3 + Ya)
whereq 2and = f(Xq;:::;Xe) ] (X1X3  XoX4)=(X1Xs5 Xa2Xg) ; X1 > 0; x2 > Og.
Proof. Let
X3 = (Y1 + Y2)X2; Xa = X1Y2;
Xs = (Y3 + Ya)X2; Xe = X1Y4:
Then
I
zZ Z 16 ¥
F() x] “exp 5 X dx;
7 7 i=1 i=1
1
= xxiexp X L+yieyi x5 L+(ya+ya) +(ys+ya)
Y1=Yys3
Y
dxq dxo dy;
zzzz 7' z, .
= xjexp  xi(1+yz+yi) da
Y1=Y3 0
Z1 2 1, 2 2 Y
X2€Xp X3 1+(y1+ y2)" +(ys+ ya) dx; dy;
0 _
22727 =1

1=22(q 2)=2 (( q+ 1):2) e

yizys 1+ (yi+ y2)* +(ya+ ya)
1 N

- dy;i
L+ y3+ yp) 2
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zz Z, Z, L
= 172200 372 ((q+1)=2) dydys  dy (1) =2
Yy1=Ys 1 11+ y% + yz%)
1
3= dY4!
2 2
1+(y1+y2)" +(ys+ Ya)
Since
zz z Z,
f(xy) dxdy = dx f (xy;y)iyj dy
X=y 1
we have
z Z, zZ, Z, ivii
F()= %220 2%2((q+1)=2) dyr dys  dy Y ) =2
1 1 1 1 (1+ yg + y?l)
1
) ) 3:2dy4: O
1+ (y1ys+ y2)" +(y3+ ya)
Lemma 6. Let
Z l Z l Z l . .
1
f(t)= q4 ) dxy dx, b 3=2
! ! L1+ (o + xat)? + (X + x1)°
1
_, dxs;
(1+ x2+ x2)@D =2 :
where2 gand 1 <t< 1. Then
1 1
ro= 1+1t2°
Proof. We rewrite the expressionof f (t) as
Z, Z, Z, o
=90 . da bl —
! ! L 1+ (xo+ oxq)” + (X3 + sx1)°
1
_, dxa;
(1+ x2 + xg)(@D = ?
p p
wherec=1t= 1+t2ands=1= 1+ t2. Let
X1 = Y1, X2 = yi(Cy2  SY3); X3 = Y1(Sy2 + Cy3):
Then
Z Z Z .
_gq 1 1 ~F ! ! y3iyaj
f (t) - 4 2 1+ t2 dyl dy2 5 3=2
! ! Lool+yz (L+y) +y3
1
1) = dYs
L+ y3(y3+ y3) ™ =
1 1

1+t2:
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Since
VA 1 VA 1
1 1
f(t)dt = 2dt=1;
we have = 1, and therefore the lemma follows. O
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