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Abstract. We consider complex-valued functions f defined on the unit circle T' that are
continuous for all t € T except at a point ¢y where the left- and right-hand limits of f both
exist. Using matrix methods, we show that if f is in the Besov class BQ% (T), then f is
continuous at £y. In particular, we prove that if the left- and right-hand limits of f are not

equal at to, then Y72 |kl||ag[f]|? = oo, where ai[f] are the Fourier coefficients of f.
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1. Introduction.

Let T be the unit circle in the complex plane. For 1 < p < oo, let LP be the Banach

space of all complex-valued Lebesgue measurable functions f on T for which the L? norm

171l = {% / If(ew)lpcw}%
is finite. For ¢ € R, the set of real numbers, we define the operator ¢, as
(05 f)(e) = f(e'O+)) — f(e”?), VO€ER.
Then for all natural number n, we let
5 = 6407 .
For o > 0 and 1 < p < oo, the Besov class B is defined as

By ={rews [ ool sigas < o}

where n is any integer such that n > a.

A well-known theorem about the class B states that if 1 <p < oo and a > 1 /p, then
all functions in By are continuous functions, see Bottcher and Silbermann [1, p.44]. In this
paper, we will use matrix methods to discuss the case when p = 2 and a = 1/2. Our main

result is the following

1
Theorem 1. If f € B3 is continuous at every point t € T\{—1} and both

f(=140) = lim f(em=9)

6—0+



and

ezist, then f(—1+0) = f(—1—0).
As an immediate corollary, we also prove

Theorem 2. Let f be any arbitrary complex-valued function defined on T. If f is contin-
uous at every point t € T\{—1} and both f(—1+ 0) and f(—1—0) ezist but f(—1+ 0) #
f(=1—0), then

Y [Ellaxlf]* = oo,

k=—00

where ay[f] are the Fourier coefficients of f.

Before carrying out our proof, we need several definitions and lemmas.

2. Definitions and Lemmas.

Given f € L', we define its Fourier coefficients ay[f] by
1 (7 . .
ar[f] = ﬂ/ f(e®e ™04 | k=0,+1,42,--- .
—T

Let A, [f] denote the n-by-n Toeplitz matrix with the (j,£)th entry given by a;_,[f]. If f
is real-valued, then a_g[f] = @x[f] and hence A,[f] is a Hermitian matrix. Let C,[f] be

the n-by-n circulant matrix in which the (4, £)th entry is given by c¢;_,[f] where

(n — K)ax[f] + kay—n[f]

ck[f] = n
Cntk [ f] O0<-k<n.

0<k<n,

Clearly, Cy,[f] will be a Hermitian matrix if f is real-valued.



A sequence of matrices {Mp, },=1,2,... is said to have clustered spectra if for any € > 0,
there exists an N > 0 such that for all n > 1, at most N eigenvalues of M,, have absolute

values exceeding €. As examples, we consider the following Lemmas.

Lemma 1. Let {M,},=1,,... be a sequence of Hermitian matrices. If sup||M,||r < oo
n

where || - |r denotes the Frobenius norm, then {M,} has clustered spectra.

Proof. Since the square of the Frobenius norm of a Hermitian matrix is equal to the sum
of the square of its eigenvalues, it follows that for any given ¢ > 0, M, has at most

sup ||M,||%/€? eigenvalues with absolute values greater than e.
n

Lemma 2. Let f be a real-valued continuous function onT. Then the sequence of matrices
Anlf] = Anlf] = Culf], n=0,1,2,---

has clustered spectra.

Proof. See Chan and Yeung [2, Theorem 1].

Lemma 3. If f is a real-valued function in B;/Q, then {A,[f]} has clustered spectra.

Proof. We first note that the space B;/ % admits a very simple description, namely

FeB? = Y (kl+DalfI? <o, (1)

k=—00

see for instance, Bottcher and Silbermann [1, p.44]. Since the first row of the Hermitian
Toeplitz matrix A, [f] = A,[f] — Cnlf] is given by

n—1

(0, - (@alf] = ana 1), 2 (aalf] = ancalfD) e, ™ (ommalf] — anl]),



we have
n—1 _ 2
12aA =23 P ) - il

k=1
n—1 _ 2

<43 O o 1P + lanmilIP)
k=1
(0 — k)R — k)%

a3 (P e O )
k=1
-k 9

=13 " K]
k=1
n—1

<43 HalfP?
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(Ik| + Dlax[f]]* < oo
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|
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By Lemma 1, {A,[f]} has clustered spectra.

Lemma 4. Let H, be the n-by-n Hilbert matriz, i.e.

- 1 1 1 S
1 2 3 n
101 :
2 3

H,=|1
3
A
-n 2n—1 -

Then for any € > 0, the number of eigenvalues of H, which exceed ¢ > 0 is asymptotically
equal to

2
—logn sech—1 < .
™ ™

In other words, {H,} does not have clustered spectra.

Proof. See Widom [3, p.31].
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3. Proofs of Theorems.

Proof of Theorem 1: It is enough to prove the theorem for real-valued functions. Thus

let f be a real-valued function in B;/ 2. Assume that f is continuous at every point t €

T\{—1} with both f(—1+0) = lim f(e!"=9) and f(—1—0) = lim f(e!(-7+9) exist,
0—0+ -0t

but f(—1+0) # f(—1-0).

Define g(e*®) = 6 for all —7 < § < 7 and let

g IELX0-JC120)

Then f — g is a continuous function on T. By Lemmas 3 and 2, both {A,[f]} and

{A,[f — Bg]} have clustered spectra. Since g = %(f —(f - B9)),
Alg] = 50a1) ~ 5041f — Bg
nl9 _ﬂ n ﬂ n [

and hence {A,[g]} has clustered spectra by Cauchy’s interlace theorem, see for instance

Wilkinson [4, p.101].

The Fourier coefficients a[g] of g are given by

0 k=0,

]. 7\' —i
aklg] = o e~ *0dg = ¢ (—1)*
k

; k=41,42,---.

-

Therefore, for all m > 0, the first row of the 2m-by-2m Hermitian Toeplitz matrix Ag,,[g]

is given by
1 2 2m — 1
(0; %(0—1[9] - a2m—1[g])7 %(G—z[g] - sz—2[g]), Tty n;m (a—2m+1[g] - al[g]))
_ 1 -1 (=1)k+1 )
= ( m—1"2m—2""" om0 ’Z> '
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Let P,, and Q,, denote the m-by-m diagonal matrices with (—1)7*1j and (—1)m+i+!

as their (7, 7)th entries respectively and let As,,[g] be partitioned as

Won Upn

where W,,, and U, are m-by-m Toeplitz matrices. Then
[Pm 0 ]A H[P* 0 ]_ [PmeP;L PmUmen]
0 Qn|—2mY Qnl = L QmULP: QuWmQ,

[PaWwP:  Hpyd

where
0 1
1
Jm = . ;

1 0

is the m-by-m anti-identity matrix and H,, is the m-by-m Hilbert matrix. Let
X, — [PmeP"*L 0 ]
" 0 QmWmQy,

and

Then we have

Since
| Xom |7 = [P W, P*II%+IIQm W Q|17

m—k
= 2[[Wn ||F—4Z @ he

11—t
4/ ot =4log2 —
o (2—-1)2
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{X2m} has clustered spectra by Lemma 1. Recall that {As,,[g]} also has clustered spectra,

therefore from (2) and Cauchy’s interlace theorem, {Y2,, } has clustered spectra.

Let

1[5, I,
wo= 00 5]

where I,,, is the m x m identity matrix. Clearly, R} Ro, = Iay,. Hence {Rj,,Yaom Rom}

has clustered spectra. However,

1

H,, 0
2 .

0 -—-H,
This implies that {H,,} has clustered spectra, a contradiction to Lemma 4.

Proof of Theorem 2: Just use (1) and Theorem 1.

We finally note that since estimates of the form (1) only hold for Besov space By where

p =2 and a = 1/2, the matrix method used here will not work for larger Besov spaces.
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