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Abstract 

Nucleation of in-service cracks leads to detrimental consequences for structural components of 

near-α titanium alloys subjected to fatigue loads. Experimental observations show that the 

fatigue initiation facets usually form in certain crystallographic orientation ranges of ‘hard’ 

primary α grains which differ between pure and dwell fatigue loads. In this manuscript, a 

comparative study has been performed using several fatigue indicator parameters (FIPs) to 

assess their ability to predict the location of fatigue crack nucleation in near -α titanium alloy 

microstructures. All selected FIPs are implemented within the same polycrystalline plasticity 

finite element modelling framework to facilitate one-to-one comparisons. Comparison on 

predictability of critical initiation locations and their crystallographic orientations is studied for 

incorporated FIPs under pure and dwell fatigue. The critical locations predicted by some FIPs 

were found to be close to each other, and consistent with the crystallographic orientation ranges 

from fractography measurements, in addition to the range transition from pure to dwell fatigue 

loads. Critical locations from slip driven FIPs are obtained to be several grains away from that 

of the former ones and are inclined to capture orientations of slip traces from experiments. 

 

1. Introduction 

Near-α titanium alloys are widely used in turbofan engines and airframes due to their light 

weight, high fatigue strength, fracture toughness and excellent corrosion resistance. Near-α 

titanium alloys are subjected to fatigue and dwell fatigue loads at relatively low temperature (T 
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< 0.4Tm), in the service conditions of engine and airframe components such as compressor 

discs and air-panels. Under these loading conditions, fatigue crack nucleation tends to occur in 

the grain boundaries between neighbouring hard and soft grains [1–4]. Fatigue crack nucleation 

could take up nearly 90% of the total fatigue life [5–8].  

Characteristic crack facets are observed in the near-α titanium alloys under fatigue or 

dwell fatigue loading conditions, which are mostly cleavage facet surfaces surrounded by 

grains with rough facets. The ‘penny’-shaped crack initiation results from the trans-granular 

fracture across the primary-α grains whereas the rough surface forms due to the slip activation 

and the corresponding sessile dislocations pinning inside the shear bands [9]. Fig 1 (a) shows 

that fatigue crack nucleation tends to occur in the hard micro-texture regions (MTR) or grains 

where their c-axes point towards the loading direction. Dashed region is initial facet formation 

region, which contains hard grains with angles < 30° between their c-axes and loading direction. 

These angles are referred as the ‘mismatch angles’ in the following context. Surrounding 

regions contains soft grains, with their mismatch angles mostly > 45° [8]. A specific example 

in Fig 1 (b) [10] shows the penny-shaped facet nucleation inside a hard grain, indicated as ‘1’ 

and a relatively soft neighbouring grain ‘2’ is observed with rough surface, indicating shear 

bands and dislocation pile-ups. The crack is observed to initiate right between the hard-soft 

grain pair, which demonstrates the theory proposed by Stroh [4], where dislocation pile-ups in 

the soft grain raise stresses at the grain boundary of hard-soft grain pair, leading to crack 

nucleation in the hard grain. The crystallographic orientations of the initiated facets fall into 

certain range of mismatch angles during different loading conditions. Under pure fatigue load, 

the mismatch angle of the facets lies in the range of 0o to 10o [7,11,12]. In contrast, the 

mismatch angles under dwell fatigue load are in the range of 10o to 20o [7,13] inside relatively 

‘softer’ hard crystals with their c-axes pointing slightly away from loading direction.  

For the past 20 years, multiple fatigue indicator parameters (FIPs) and fatigue initiation 

drivers (FIDs) were proposed for predicting the fatigue initiation site of metallic materials 

under fatigue load [3,9,13–19]. Physical-based crystal-level FIPs have been proposed as 

functions of local mechanical and physical quantities [3,9,14–16]. Crack nucleation sites [13–

15,17,18], crystallography [13,14,19] and microstructure-sensitive lifetimes [3,13,19,20] are 

investigated using the FIPs under fatigue or dwell fatigue loading conditions. For modelling 

fatigue crack nucleation in near-α titanium alloys, there is still open question of how and which 

independent physical variables or combinations thereof could be best linked to the fatigue crack 

nucleation sites. In addition, previously proposed FIPs were assessed using different crystal 
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plasticity finite element (CPFE) modelling frameworks, which makes it hard to compare their 

predictive capabilities. In this work, a consistent crystal plasticity framework is developed to 

incorporate a number of FIPs and FIDs for a comparative study. 

 

Fig 1 Preferential facet nucleation at hard-soft grain pair in near-α Ti-6242 alloys. (a) facet nucleation 

at the hard microtextured region (enclosed by dotted line) neighboring to soft grains [8]. (b) penny-

shaped facet nucleation site at the hard grain neighboring to a soft grain with a rough surface [10]. (c) 

and (d) show the facet nucleation sites with preferential mismatch angle ranges [0o, 10o] and [10o, 20o] 

under pure fatigue [7,11,12] and dwell fatigue [7,13], respectively. Experimental data with upward 

triangles are from [7,11] whereas the downward ones are from [12,13]. 

Dislocation density has been an important contributor to fatigue indicator parameters 

in near-α titanium alloys [1,3,20–23]. At a lower length scale, experimental observations using 

high resolution electron backscatter diffraction (HR-EBSD) [24] and transmission electron 

microscopy (TEM) [25,26] indicate that the dislocation activation in the soft grain and pile-ups 

at the hard-soft grain boundaries lead to the stress accumulation in the neighbouring hard grain 

for near-α titanium alloys. Fatigue resistance is intrinsically linked with dislocation relaxation 
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or accumulation, through cyclic dislocation reversal [27], slip transfer [25,27,28] and source-

activation [25,29]. However, till now, dislocation density alone has not been directly linked to 

the fatigue crack nucleation in near-α titanium alloys. Enlightened by experimental 

observations in TEM and associated discrete dislocation work showing a high density 

mismatch of dislocations at hard-soft grain boundary in near-α titanium alloys [26,27], a new 

fatigue indicator parameter was recently proposed based on the maximum dislocation density 

discrepancy among all grain pairs in near-α titanium alloys [30]. In addition to its physical 

basis, this FIP is well suited for implementation in reduced order and multiscale models to 

predict fatigue initiation at both microstructure and component scales [30–33], as well as in 

uncertainty quantification associated with fatigue crack nucleation [34]. 

In this study, the new FIP solely based on dislocation density is first validated with 

experimental data and then compared with a number of existing FIPs within one CPFE 

framework aiming to test their predictive capability of fatigue crack nucleation over statistical 

volume elements (SVEs). The predictability tested includes not only the location of fatigue 

crack initiation, but also the crystallographic orientations of the critical fatigue nucleation site. 

The remainder of this manuscript is organized as follows. A crystal plasticity model 

incorporating dislocation reversal is introduced and the reconstruction of SVEs is verified 

based on experimental EBSD and data of near-α Ti-6242 alloy in Section 2. The FIPs are 

incorporated in the current CPFE framework and validated against the crystallographic 

characteristics are discussed in Section 3. In Section 4, a comparative study is performed to 

investigate the accuracy of FIPs with respect to critical site locations and their crystallographic 

orientations in the context of polycrystalline SVEs, subjected to pure and dwell fatigue loads. 

Conclusions are drawn in Section 5. 

 

2. Methodology 

2.1 Crystal plasticity framework incorporating reversible dislocation evolution 

In this study, the finite strain elasto-plastic framework is employed with the total deformation 

gradient F multiplicatively decomposed into plastic deformation gradient Fp and elastic 

deformation gradient Fe, 

 𝐅 = 𝐅𝑒𝐅𝑝 (1) 
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The plastic velocity gradient Lp, is expressed as the sum of directional dislocation slip 

contributions from all crystallographic slip systems. 

 𝐋𝑝 = 𝐅̇𝑝(𝐅𝑝)−1 = ∑ 𝛾̇𝜅 𝐬𝜅 ⊗ 𝐧𝜅

𝜅

 (2) 

where 𝛾̇𝜅 is the slip rate in κth slip system, and sκ and nκ are the slip direction and slip normal 

of this slip system. The dislocations are activated and slip rate becomes non-zero when the 

magnitude of resolved shear stress τκ exceeds the critical resolved shear stress (CRSS) 𝜏𝑐
𝜅. By 

considering both forward and backward dislocation jumps, the slip rate is derived from the 

Orowan equation [2], 

 
𝛾̇𝜅 = 𝜌𝑚𝜈(𝑏𝜅)2 exp (−

Δ𝐹

𝑘𝜃
) sinh (

Δ𝑉

𝑘𝜃
(|𝜏𝜅| − 𝜏𝑐

𝜅)) (3) 

where bκ is the Burgers vector magnitude of the slip system, ρm the mobile dislocation density, 

ν the average dislocation glide velocity, k the Boltzmann constant and θ the Kelvin temperature. 

The thermal activation energy ΔF and activation volume ΔV are the predominant factors 

controlling the strain rate sensitivity of the material. Hyperbolic sine form ensures the accurate 

strain rate sensitivity description at quasi-static and dynamic strain rates [35]. 

The hardening mechanism in each slip system links with the dislocation densities, and 

the slip strength 𝜏𝑐
𝜅  is additively split into three parts, the initial strength 𝜏𝑐,0

𝜅 , dislocation 

induced strength contributions 𝜏for
𝜅  and 𝜏deb

𝜅 , due to pinning of forest dislocation and 

dislocation debris, respectively, 

 𝜏𝑐
𝜅 = 𝜏𝑐,0

𝜅 + 𝜏for
𝜅 + 𝜏deb

𝜅  (4) 

The sessile forest dislocation and geometrically necessary dislocation (GND) are the main 

source of slip strengthening. The former accumulates from sub-grain slip activation and the 

latter accommodates the lattice distortion near grain boundaries [27,36,37]. For hexagonal-

close-packed (HCP) crystal, the sub-grain slip system and dislocation interaction is relatively 

low. Experimental observations showed that dominant single slip system activations were 

observed in primary-α grains and dislocation interactions occur mostly near grain boundaries 

[26,28,38], which leads to intense dislocation interaction between forest dislocations and 

GNDs. Thus, the strength increase 𝜏for
𝜅  needs to consider both GND and forest dislocations, 
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𝜏for

𝜅 = 𝜇𝜒𝑏𝜅√𝜌for
𝜅 + 𝜌GND

𝜅  (5) 

where μ is the shear modulus. χ is the interaction coefficient, defined as 0.9 due to low 

dislocation interactions [39], and 𝜌for
𝜅  and 𝜌GND

𝜅  are the densities of forest dislocations and 

GNDs, respectively.  

GND density is computed based on the plastic deformation gradient [2,36,37], 

 ∑(𝐛𝜅⨂𝛒GND
𝜅 )

𝜅

= curl(𝐅𝑝) (6) 

where the summation is over all active slip systems including screw and edge type dislocations. 

According to [2,40,41], a GND vector 𝛒GND
𝜅 = [𝜌GND,𝑠

𝜅  𝜌GND,𝑛
𝜅  𝜌GND,𝑚

𝜅 ]
T
 is defined along sκ 

and nκ and mκ = sκ × nκ directions, respectively, and 𝜌GND
𝜅  is the L2 norm of 𝛒GND

𝜅 . When 

accounting for the edge and screw type dislocations in HCP crystals, Eq. (6) is under-defined 

and the least squares minimization method is applied to solve dislocation densities for all slip 

systems [36,40]. 

The dislocation debris relates to the substructure which forms obstacles weaker than 

the forest dislocations and the strength increase 𝜏deb
𝜅  due to dislocation debris is defined 

according to the dislocation dynamics studies [42], 

 
𝜏deb

𝜅 = 𝐺12𝑘deb𝑏𝜅√𝜌deb
𝜅 ln (

1

𝑏𝜅√𝜌deb

) (7) 

where 𝜌deb
𝜅  is the dislocation debris density, kdeb is the material-independent constant 

determined to be 0.086 [42]. 

During the load reversal of fatigue tests, dislocation annihilation occurs inside slip 

systems. Usually a back stress is introduced in this process to incorporate the local reversed 

stress component due to heterogeneous dislocation distribution and grain interaction. Since the 

dominant source for generating back stress is not clear in this specific Ti-6242S alloy [43], 

which could be resulted from the heterogeneity of GND field [44–47], short-range stresses (e.g. 

reverse dislocation glide from dislocation pile-ups at grain boundaries [27]) or other sources 

(e.g. dislocation substructure [48]). Here, the reversible dislocation is accounted for now to 

describe the back stress in the strength hardening rule for capturing the Bauschinger effect, 

which shows good prediction of heterosis loop [49]. Intrinsically during load reversal, partial 

stored dislocation is erased and is independent of the dislocation structure formed by the 
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irreversible forest dislocations [50]. To incorporate the intrinsic dislocation interaction during 

load reversal, the forest dislocation density are divided into two parts, i.e. forward (irreversible) 

forest dislocation 𝜌fwd
𝜅  and reversible dislocation 𝜌rev

𝜅±  [30,50], 

 𝜌for
𝜅 = 𝜌fwd

𝜅 + (𝜌rev
𝜅+ + 𝜌rev

𝜅− ) (8) 

where 𝜌rev
𝜅+  and 𝜌rev

𝜅−  denote the reversible dislocation density along the loading (κ+) and 

unloading (κ-) path in each slip system. The governing equations for the evolution of each 

component in sessile dislocations are introduced in Appendix A. 

2.2 Microstructure reconstruction and CP validation 

To reconstruct the statistical volume element (SVE) of near-α titanium alloy, the grain 

information of a near-α Ti-6242S [51] is utilized and its ND (Z) inverse pole figure is shown 

in Fig 2 (a), where ND, i.e. Z direction, is perpendicular to the loading direction. This near-α 

Ti-6242S with a duplex annealing process yielding 94% primary α grains ensures no 

observation of inclusion or precipitates at the micron scale from EBSD [18,51,52]. Tiny beta 

phase exists only between the primary-α grains and no α lath structure is observed in the 

microstructure. From previous studies for Ti-6242 microstructure, the ß phase between the α 

grains barely affects the dislocation slip activated from the primary α grain [53]. The material 

microstructure therefore could be simplified as polycrystals with equiaxed primary α grains. 

Based on the ND EBSD scan applied at the tensile specimen center, software MTEX-

5.1.1/MATLAB [54,55] is used to obtain the grain statistics in Fig 2 (b), including the 

orientation distribution function (ODF), misorientation distribution function (MODF), grain 

size and grain shape distribution. Grain boundaries are identified using misorientation limit of 

4o. The grain statistical distribution functions are incorporated in an open-source reconstruction 

software, NEPER [56], to generate 100 SVEs shown in Fig 2 (c) with 300 grains per SVE. The 

calibration of properties in CPFE method is carried out by comparing the stress-strain behavior 

with experimental tensile data [51] at strain rates of 0.01/s and 1 × 10-4/s at ambient temperature. 

It is noted that a variation of stress-strain curves is mainly observed at the strain hardening 

stage for both strain rates in Fig 2 (d) for the 100 generated SVEs, but all mismatches are within 

10% error change which means that all SVEs are satisfied for obtaining reasonable 

polycrystalline behavior of this near-α Ti-6242S alloy. The one matches best to the 

experimental data shown in Fig 2 (d) is used as an exemplary SVE in the following 

investigations and the CP properties are shown in Table 1. A mesh size and type sensitivity 

study based on the current CPFE framework is provided in Appendix B. Aiming to capture 
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more accurate local responses at the vicinity of grain boundaries, it which leads to the choice 

of quadratic hexahedral element (C3D20R) and element size of 0.5 μm.  

 

Fig 2 SVE reconstructions. (a) ND (Z) inverse pole figure EBSD map of undeformed specimen; (b) 

grain statistics including orientation, misorientation, grain size and shape distribution functions; (c) 

100 grain statistics satisfying SVEs; (d) Polycrystalline stress-stain behavior in CP compared with 

experimental data at quasi-static (QS) and higher strain (HS) rates. 

 

Experimental data on single crystals provide very valuable validation information on 

some of the fundamental properties, linking to manufacturing processes and chemical 

composition. We contend that the properties could be calibrated and validated with reasonable 

accuracy based on polycrystalline experimental data as well and the polycrystalline approach 

was taken here. The Ti-6242S alloy investigated in this study has a microstructure with 94% 

primary alpha, without any Widdmansttaten, Basketwave or Colony structure [43]. The 
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reconstructed SVE with equiaxed-grain-only polycrystal is therefore a reasonable 

representation of the microstructure. The properties that represent the elasto-plastic behaviour 

of a crystal within the polycrystal microstructure, especially the elastic moduli and CRSS in 

prism slip system, are consistent with those reported in the literature from single crystal 

experiments or polycrystalline experiments [57,58]. Thus, the material properties in Table 1 

are deemed to capture single-crystal and local grain responses in the material with sufficient 

accuracy, particularly since the dominant prismatic and basal slip systems are activated with 

their CRSS values ~2-4 times lower than the ones in pyramidal slip systems [1,59]. 

 

3. Fatigue indicator parameters 

Multiple fatigue indicator parameters (FIPs) were previously proposed to identify fatigue crack 

nucleation and predict fatigue lifetimes as a function of the FIPs. In this section, four well 

established FIPs are incorporated in the consistent CP framework (Section 2). A recently 

proposed FIP based on dislocation density discrepancy at grain boundaries is validated by 

comparing with characteristic crystal orientation of fatigue initiation sites from experimental 

observations. In the following section, it will be compared with other FIPs on their 

predictabilities over polycrystalline SVEs. 

3.1 Established FIPs 

Classical Fatemi and Socie FIP was well recognized for predicting fatigue crack nucleation 

sites upon multi-axial fatigue load [16]. A microscale version of Fatemi-Socie FIP was 

developed to quantify the driving force for transgranular failure defined based on each 

octahedral slip system of FCC crystals [60] and for lamellar structure in titanium alloys [61]. 

The cyclic accumulated plastic strain was proposed as FIP [62,63] to illustrate the observations 

of nucleated crack lying in the plane of the slip band [64,65]. Stroh [4] established the hard-

soft grain pair mechanism for fatigue crack nucleation in near-α titanium alloys where soft-

grain dislocation activates and pile-ups at hard-soft grain boundary leading to tensile stress 

field that initiates crack opening in the hard grain. Mixed-mode crack nucleation FIP [66] was 

proposed to account for mixed shear and tensile stress in the hard grain and dislocation pile-up 

length in the soft grain, which was later modified into a nonlocal scheme considering the Nye 

tensor and GND [3]. Energy-based FID [67] was proposed as a function of dislocation densities 

and crystal-level stress/strain  and its capability was demonstrated to identify crack nucleation 

sites in experimental observations of HCP and FCC polycrystals [14,68–71].  
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Table 1 the elastic constants are adopted from previous study at 20 oC [53,72] and plastic properties 

are consistent with that from micro-pillar tests [73]. 

Crystal property Units Quantities (prism) 

Elastic E1 GPa 84.75 

 E3 GPa 119.79 

 G13 GPa 40.00 

 

 ν12  0.46 

 ν13  0.32 

Plastic ρm µm-2 5.0 

 𝜈 Hz 1.0×1011 

 b µm 2.94×10-4 

 k J·K-1 1.381×10-23 

 ΔV b3 12 

 𝜏c
𝑠 MPa 240 

 ΔF J 8.97 × 10−20 

 

Four of the well-established FIPs are incorporated into the crystal plasticity model 

described above to investigate the FIP predictions, compared with the proposed FIP (described 

below) and to compare with the crack nucleation data in experimental observations. Single-

crystal experimental observations demonstrate that the accumulated plastic strain is a precursor 

to fatigue crack initiation, where the initiated crack lies inside the plane of the shear band [74–

76]. Here, the accumulated effective plastic strain 𝜀̅𝑝, as an FIP, is symbolized as Rε, 

 

𝑅𝜀 = 𝜀̅𝑝 = ∫ 𝜀̅̇𝑝 𝑑𝑡

𝑡

0

 (9) 

where 𝜀̅̇𝑝 is the effective plastic strain rate, 

 

𝜀̅̇𝑝 = √
2

3
(𝜺̇𝑝: 𝜺̇𝑝) (10) 

and the plastic strain rate 𝜺̇𝑝 is a function of the plastic velocity gradient, 

 
𝛆̇𝑝 =

1

2
[𝐋𝑝 + (𝐋𝑝)𝑇] (11) 
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Based on Stroh’s theory [4], facet nucleation inside a hard-soft grain pair is a result of 

dislocation pile-ups and strain accumulation in the soft grain, leading to stress concentration in 

a neighboring hard grain. Thus, a nonlocal fatigue crack nucleation model was proposed based 

on a wedge crack nucleation in the hard grain as dislocations pile-up in the soft grain [77]. The 

nucleation parameter, noted as Rmix, is a function of the effective stress Teff and equivalent 

micro-crack length c on the basal plane [3,4,13], 

 𝑅mix = 𝑇eff ∙ √𝑐 (12) 

where 

 
𝑇eff = √〈𝑇𝑛〉2 + 𝛽𝑇𝑡

2 (13) 

 𝑐 =
𝜇

8𝜋(1 − 𝜈)𝛤𝑠
𝐵2 (14) 

Tn and Tt are the normal and shear stress components of a crack plane for mixed-mode crack 

nucleation. β is the ratio between shear to normal fracture toughness of the material, which is 

suggested as 0.7071 in [78] for near-α titanium alloy. ν is the Poisson’s ratio and Γs is the 

surface energy considered to be 2 J/m2 for titanium alloys [79]. The crack plane is determined 

based on the highest mixed-mode stress intensity factor 𝐾𝑐 = 𝑇eff√𝜋𝑐  among all possible 

planes where dislocations activate and pierce [3]. B is the crack opening displacement, which 

is assumed equivalent to the displacement pile-up length and calculated as the magnitude of 

the net Burgers vector b. The nonlocal computational scheme solving the net Burgers vector 

across the reference Burgers circuits [3] is adopted. B is computed from Nye tensor, i.e. curl of 

plastic deformation gradient 𝐅𝑝, directly correlated with GND in Eq. (6).  

The micromechanical interpretation of the Fatemi-Socie model [16] has been applied 

as FIP to predict the fatigue nucleation sites in aero-engine materials, especially titanium alloys 

[61,80,81]. It is reported that experimentally observed microstructural crack nucleation sites 

around an inclusion are not well captured [14], since it lacks crystal-level information, such as 

localized slip and dislocation densities [16]. A revision to Fatemi-Socie FIP with distinct 

parameters has been proposed by McDowell [82] to address the correlations between 

directional plastic strain accumulation and crack formation due to grain or phase boundary 

dislocation impingement. In this study, the original version of the Fatemi-Socie parameter is 

implemented as 
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𝑅FS =

Δ𝛾max
𝑝

2
(1 + 𝑘̂  

𝜎𝑛,max

𝜎𝑦
) (15) 

where Δ𝛾max
𝑝 = (Δ𝜀1

𝑝 − Δ𝜀3
𝑝)

cycle
 is the maximum range of cyclic plastic shear strain for each 

cycle. Δ𝜀1
𝑝
 and Δ𝜀3

𝑝
 are the cyclic increase of maximum and minimum normal plastic strain, 

respectively. σn,max is the maximum tensile stress normal to the plane of the maximum shear 

strain range and σy is the uniaxial yield strength. 𝑘̂ is the parameter controlling the effect of 

normal stress on fatigue crack formation. The relationship between normal stress and the 

driving force is not clear, here 𝑘̂ = 1 is adopted from former RFS implementations in titanium 

alloys [61,80]. 

During the cyclic loading process, the energy associated with the plastic deformation 

may be dissipated or stored within the polycrystalline materials in the form of dislocation 

structures within the slip bands, dislocation cells or GND that accommodate the local lattice 

curvature and corresponding plastic strain gradient. It is argued that the density of sessile 

dislocations and GNDs play an important role in localized stress redistribution causing 

potential cleavage crack nucleation [15,67]. The microstructural stored energy density is 

proposed as a mechanistic driver, i.e. FID, as a function of the sessile dislocation and GND, in 

order to predict fatigue crack nucleation in polycrystal microstructures [67]. The stored energy 

density is calculated from the total strain energy, which is not dissipated and stored inside 

dislocation pile-ups and structures, and occupies approximately ξ = 5% of the total plastic work 

[14]. It is verified to be non-singular [71], which turns out to be a valuable indicator for crack 

propagation prediction as well. Within the current CPFE framework, the forest and dislocation 

debris are considered as the main source of the immobile dislocation, and the definition of local 

stored energy density RSED is modified from original formula [14,15,67], 

 
𝑅SED = ∫

𝜉𝛔: 𝑑𝛆𝑝

√𝜌for,tot + 𝜌deb,tot + 𝜌GND,tot

  (16) 

where 𝜌for,tot = ∑ 𝜌for
𝜅

𝜅 , 𝜌dev,tot = ∑ 𝜌deb
𝜅

𝜅 , 𝜌GND,tot = ∑ 𝜌GND
𝜅

𝜅 . 

3.2 FIP based on dislocation density discrepancy 

Prior computational investigations of hard-soft grain pairs [3,83] show that the facet nucleation 

occurs when dislocations pile-up and entangle at the hard-soft grain boundary. In consideration 

of low dislocation penetration, the accumulation of dislocations under cyclic loading leads to 

crack nucleation at the hard-soft interface, which propagates across the hard grain, leaving a 
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penny-shaped facet [3,17]. Recently, this numerical finding was experimentally validated by 

the transmission electron microscopy (TEM) observations, where dense dislocation networks 

and dislocation pile-ups are observed near the grain boundary of hard-soft grain pair, mostly 

inside soft grain after dwell fatigue [26,27]. Shown in Fig 3(a), interestingly near the grain 

boundary of this grain pair, the dislocation pileups concentrate mostly at the side of soft grain 

(prismatic) and relatively low dislocation lines in the hard grain (basal). The high dislocation 

density discrepancy near grain boundary is originated from the slip accumulation in soft grain, 

and the subsequent slip/dislocation blockage at the hard/soft grain boundary. This potentially 

leads to high stress concentration during the stress holding period during cruise period of 

aircraft engine [38,84]. The dislocation based model was firstly proposed by Bache in Fig 3(b) 

[5] and it was used to model the load shedding phenomenon explicitly shown in real 

microstructure from recent CP studies in Fig 3(c) [85]. Thus, the observed and validated high 

discrepancy of dislocation density at hard/soft grain boundaries could be adopted to establish 

a fatigue indicator parameter FIP for identifying the fatigue facet/crack nucleation. Former 

works focused on the microstructure effect and uncertainty quantification of this FIP in the 

reduced order and multi-scale framework [30,32,34,86]. Here it is incorporated in the CPFE 

framework and studied against other FIPs and experimental observations. 

The proposed FIP is a function of the maximum dislocation density discrepancy 

computed at all grain boundaries within the near-α titanium alloy microstructure, which is 

noted as MD3. The total dislocation density in κth slip system is the summation of sessile 

dislocation density, including forest and dislocation debris, and the GND density, 

 𝜌tot
𝜅 = 𝜌for

𝜅 + 𝜌deb
𝜅 + 𝜌GND

𝜅  (17) 

Explicitly shown in Fig 3(d), MD3 is computed through the following steps in CPFE: 

(1) As shown in Fig 3(d), at current time step of the loading history, the total dislocation density 

of lth element [ρtot]l is computed as, 

 [𝜌tot]𝑙 =
∑ (𝜌tot)ℎ

ℎ

𝐻
,    (𝜌tot)ℎ = ∑ (𝜌tot

𝜅 )ℎ
𝜅  (18) 

where (ρtot)h is the total dislocation density in hth integration point and H is the total number of 

integration points in the element. (ρtot)h is the sum of dislocation densities in all slip systems 

for this integration point, including basal, prismatic and pyramidal systems. Thus, [𝜌tot]𝑙 is an 

element -average value of the total dislocation density. 
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(2) For the ith grain in the microstructure, all the neighbouring grain pairs which share the grain 

boundaries are in Fig 3(d). The first layer elements adjacent to the grain boundaries are defined 

as the region of interest, noted as Ωi for grain i. The element pairs inside region Ωi are extracted 

for every element interface, i.e. grain boundaries, the order of which is defined as j. For every 

element pair in region Ωi, the maximum dislocation density discrepancy for grain i is defined 

as, 

 (Δ𝜌tot)𝑖 =
max

𝑗 ∈ {1,2, … , 𝑚𝑖}{|(Δ𝜌tot)𝑗|} (19) 

where mi is the total number of element pairs in region Ωi. 

Then, the proposed FIP RMD3, the MD3, is computed as, 

 𝑅MD3 = Δ𝜌tot =
max

𝑖 ∈ {1,2, … , 𝑛}{(Δ𝜌tot)𝑖} (20) 

where n is the total number of grains in the microstructure. 

 

Fig 3 Origin of FIP solely based on dislocation density discrepancy, including (a) high dislocation pile-

up and discrepancy observed at hard/soft grain pair in near-α Ti6242Si [26]; (b) adapted Bache’s 

model explains the slip accumulation in soft grain and resulting stress concentration in hard grain [5]; 

(c) load shedding phenomenon leads to high stress concentration in hard grain in CP model [85]; (d) 
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the proposed MD3 computed in CPFE framework to identify crack nucleation site for all grain 

boundaries. 

3.3 Bi-crystal validation of MD3 

Former experimental observations show that specific crystallographic ranges are extracted for 

the facet/crack nucleation sites upon both pure (none dwell) and dwell fatigue cases [7,8,10–

13]. To investigate the validity of the current fatigue indicator parameter MD3 of capturing 

experimental data, two typical pure and dwell fatigue loading conditions are investigated in Fig 

4 (a,b). These loading conditions are chosen due to their wide usage in general coupon test at 

stress level of ~95% yielding stress σY [7,11,12], leading to the summarised experimental 

crystallographic data shown in Fig. 1. It is recently reported that the time for local peak stress 

to reach equilibrium in equiaxed microstructure is between 50-66s [87], and the 2 min dwell 

would allow stress equilibrium while the load shedding takes place during stress hold. 

Frequency effect has been studied for near-alpha titanium under cyclic loading, and the higher 

frequencies produce higher maximum stress existing in the material, leading to shorter lifetimes 

[88]. In a dwell fatigue test, the decrease of load up rate enables more plastic deformation 

established during load up stage, thus less load shedding during the load hold [87]. 

Stress, strain or FIPs were observed to stabilize after 3-10 cycles during pure or dwell fatigue 

loads [20,89,90], and cycle number of 50 is chosen here to obtain fully saturated or stabilized 

FIPs for both loading conditions in Fig 4 (a,b). Fig 4(c) shows two neighbouring grains, A and 

B, in the middle of exemplary SVE from calibration in Fig 2(d). Boundary conditions in Fig 4 

(c) are set, such that polycrystalline behaviour is subjected to uniaxial fatigue load in a coupon 

test. To focus on the dislocation density evolution and eliminate grain interaction effect of other 

grains adjacent to grain A or B, mechanical behaviour in the SVE region outside A/B grain 

pair is idealized using bi-linear elasto-plastic model. It yields at 1030 MPa at 0.2% strain and 

the tensile stress reaches 1120 MPa at 9% strain, representative of the uniaxial tensile data of 

Ti-6242S at room temperature [51]. CP model is used in grains A and B. It is assumed that 

crack nucleates between grain A and B and MD3 is extracted at A/B boundary for different A/B 

orientation combinations. 

In the top-down view of Fig 4(d), path P-Q is perpendicular to the boundary of grains 

A and B. The crystal orientations of grain A and B are set in plane PQZ. In Fig 4(e), the 

mismatch angles are changed by rotating the c-axes of grain A and B in the PQZ plane. To 

avoid forming same crystallography, the rotating direction is clockwise for B and 
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counterclockwise for A. MD3 is only extracted at region near grain boundaries as explained in 

Fig 3 (d). It is worth noting that these two grains are chosen such that their relative length ratios 

is less than 0.25. Choosing a larger grain pair would lead to altering the polycrystalline 

behaviour while changing their orientations, which in-turn change the responses significantly 

near their grain boundary. A convergence study of the relative length ratio between grain pair 

and SVE is conducted in Appendix C, leading to current choice of 0.143 (valid when <~0.2). 

 

Fig 4 Grain pair study for fatigue indicator parameter MD3 including loading condition for (a) pure 

fatigue and (b) dwell fatigue, (c) grain pair chosen in exemplary SVE, (d) sub-view in Z plane, (e) grain 

orientation set-up for grain A and grain B.  

As crystallographic configurations of the grain pair changes, MD3 between grains A 

and B varies with the mismatch angles of grain A (θ1) and B (θ2). The trends of MD3 are plotted 

as a function of θ1 and θ2 subjected to fatigue and dwell fatigue conditions in Fig 5. The plotted 
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values correspond to the peak load at the 50th cycle. In both pure and dwell fatigue conditions 

(Fig 5 (a) and (b)), MD3 shows a symmetric shape profile and the similar θ1 and θ2 angles lead 

to a lower level of MD3 magnitudes, due to a ‘mirrored’ dislocation density distribution in the 

grain pair. This results from similar slip activation and corresponding resolved shear stress 

when similar mismatch angles are chosen with respect to the loading direction. As the 

difference between angle θ1 and θ2 gets larger, less dislocations are activated within harder 

grain (with small θ1 or θ2) whereas more dislocations generate in softer grain (with large θ1 or 

θ2), leading to the increase in MD3.  

 

Fig 5 the MD3 profiles change with mismatch angles of grain A and grain B, θ1 and θ2 under (a) pure 

fatigue and (b) dwell fatigue load. The MD3 profile sections are shown when the grain A becomes a soft 

grain, i.e. θ1 = 90o, under (c) pure fatigue and (d) dwell fatigue loading conditions. The shaded regions 

in (c) and (d) indicate experimental observations. 

3.4 FIPs distribution in a worst-case scenario 

It has been known from various CP and experimental studies that the worst-case scenario for 

fatigue crack to nucleate in bulk material is a hard-soft grain pair configuration 
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[5,10,20,83,85,91–93], for near-α titanium alloys. Here, all FIPs introduced are assessed in the 

worst-case scenario, to understand the distribution patterns of the FIPs and their linkage to 

fatigue crack nucleation. Critical hard/soft grain pair A/B is embedded in the exemplary SVE 

shown in Fig 4 (c), with grain pair modelled by CP and the remaining by elasto-plastic model 

introduced in former section. The pure and dwell fatigue loads and boundary conditions are set 

the same as shown in Fig 4 (a-c), and the distribution pattern of FIPs are extracted along path 

P-Q in Fig 4 (d). Grain A is set to be hard and grain B is soft, where c-axis of A is pointing 

towards load direction Z and c-axis of B is parallel to XOY plane and perpendicular to path P-

Q. The FIPs are normalized by their maximum value and plotted along the path P-Q 

perpendicular to the grain boundary in Fig 6 for both pure and dwell fatigue loads at 50th load 

cycle. Mesh sensitivity has been conducted for the location and values of different FIPs, shown 

in Appendix B. 

FIP Rε is high inside the soft grain and much lower in the hard grain, showing significant 

strain partitioning at grain boundary. This resulted from the easiest activation of prismatic slip 

and corresponding accumulated plastic strain in soft grain, whereas the slip in hard grain was 

barely activated under the same remote stress load. Higher strain accumulation and Rε is 

observed in the dwell fatigue case due to creep plastic strain increase during each load holding 

period of dwell fatigue cycles.  

Fatemi-Socie parameter RFS shows a drop from soft to hard grain at the grain boundary 

and a higher drop is observed upon dwell fatigue load. The drop is mainly linked to maximum 

shear strain range Δ𝛾max
𝑝

 since prismatic slip accumulation is high in the soft grain, whereas 

barely any slip activation observed in the hard grain. The maximum tensile stress 𝜎𝑛,max 

perpendicular to the maximum shear strain plane is a bit lower in the soft grain, compared with 

that in the hard grain, since 𝜎𝑛,max direction is close to the c-axis and its value is close to the 

yielding stress 𝜎𝑦 in the hard grain. However, the contribution of Δ𝛾max
𝑝

 is dominant in RFS, 

compared with 𝜎𝑛,max which is normalized by the yielding stress 𝜎𝑦 and the drop of RFS at grain 

boundary is mainly controlled by the local shear strain accumulation, i.e. slip accumulation in 

major prismatic slip system. RFS shows similar trend as Rε, both majorly dependent on the slip 

activation.  

Since RMD3 is only computed near grain boundary elements shown in Fig 3, to 

visualized RMD3, total dislocation density 𝜌tot  (Eq.10) instead of Δ𝜌tot  (Eq.11) is plotted 

through path P-Q to show the local dislocation density distribution. A high level of dislocation 
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density discrepancy is observed at the grain boundary upon pure fatigue load, which equals to 

large MD3 at the hard-soft interface. The higher level of dislocation density in soft grain results 

from the predominant prism slip activation, accumulation, and strain hardening behavior, 

which in-turn further pushes up the local stresses and pinning dislocation densities. Basically, 

GND increases due to the local intense lattice curvature changes, and SSD increases with shear 

slip strain accumulation. Whereas in the hard grain, nearly no dislocation accumulation is 

involved, leaving nearly the initial dislocation density. It should be noted that the reducing rate 

of dislocation recovery/annihilation 𝜌rev  during load reversal could not catch up with the 

increasing rate of forward dislocation 𝜌fwd . Higher discrepancy of dislocation density is 

observed under the dwell fatigue in Fig 6 (b) due to creep plasticity allowing more prismatic 

slip activation during the stress hold, which is consistent with prior discrete dislocation 

plasticity (DDP) and CP studies [20,91].  

The mixed-mode cracking FIP RMix shows a different distribution pattern from the 

former ones of Rε, RFS, 𝜌tot . Much higher magnitude of RMix is observed in the hard grain 

opposite to the soft one. This results from the mixed mode effective stress 𝑇eff, which is much 

higher in hard grain than that in the soft grain, mainly due to elastic anisotropy where c-axis 

has higher modulus. Besides, the crack length c is computed from the Nye tensor [3], i.e. GND 

accumulation, and plastic strain gradient from neighboring grain, which is higher in the hard 

grain compared with that in the soft grain. Thus, both higher magnitudes of 𝑇eff and c lead to 

even higher RMix in the hard grain, which has the most potential to initiate facet nucleation. 

RMix is higher in the dwell fatigue since stress increases in hard grain and creep strain 

accumulates in soft grain, i.e. higher GND accumulation and crack length c, due to load 

shedding mechanism [2,94]. 

Instead of showing high discrepancy between hard/soft grains in former distributions 

(Rε, RFS, 𝜌tot , RMix), the stored energy FIP RSED is high at the grain boundary for both hard and 

soft grains, but not specifically in one grain. RSED is proposed based on the deformation energy 

stored in the dislocation structure, where both stress and strain components are considered. The 

pinning of dislocations including SSD and GND leads to less mean free path (𝑙 = 1 √𝜌tot⁄ ) for 

dislocation mobility which lower the RSED. Therefore, high RSED in soft grain comes from the 

intense prismatic slip accumulation and high RSED in hard grain results from the relatively 

higher stresses in the hard grain (elastic anisotropy) and higher mean free path with lower GND 

density accumulation. RSED is expected to increase upon dwell fatigue load since slip 
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accumulation in soft grain and stress increase in hard grain will be strengthened during load 

shedding phenomenon. 

Overall, all FIPs studied in this paper show significantly higher magnitude at the grain 

boundary, either in soft, hard or both grains. And their drops/increases at the hard/soft grain 

boundary are enhanced in dwell fatigue case due to load shedding phenomenon.  This 

demonstrates their capability of capturing this worst-case scenario during pure and dwell 

fatigue loads.  

 

Fig 6 FIPs distribution along path P-Q across the A/B (hard/soft) grain pair for (a) pure fatigue and 

(b) dwell fatigue at the 50th cycle. 

4. Polycrystalline SVE statistical comparison for FIPs 

Grain pair embedded in polycrystal is studied to show the direct linkage of proposed MD3 to 

worst-case orientations in experimental observations. A worst-case hard/soft grain pair is 

captured by all FIPs, and their unique mechanisms are illustrated accordingly. Polycrystalline 

fatigue crack nucleation is much more complex since various orientation combinations and 

grain morphologies are involved. Various SVEs are studied in this section to compare 

characteristics of fatigue crack nucleation sites for all FIPs. 

 

4.1 Correlation of nucleation site distances 

In current section, CPFE simulations of polycrystalline SVEs were performed using the same 

boundary and load conditions introduced in Fig 4. The critical nucleation site of each FIP is 

extracted and defined as the one where the highest FIP magnitude Rη (η=ε, MD3, Mix, SED 
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and FS) is observed. For all 100 validated SVEs from Fig 2, it is observed that critical sites are 

mostly at or near grain boundaries of relative ‘hard’ and ‘soft’ grain pairs. To compare the 

nucleation site location from different FIPs in one SVE, the critical site predicted by RMD3 is 

chosen as the reference site. The distances between nucleation site from RMD3 and the ones 

from other FIPs are extracted as shown in Fig 7. After testing 100 validated SVEs upon one 

loading condition, it leads to 4 distance collections with 100 elements in each collection, i.e. 

DRη (η =ε, Mix, SED and FS) in Fig 7.  

To understand the statistical correlation of the distance collections from different FIPs, 

Pearson’s correlation coefficient (PCC) r(DRη, DRλ) is computed between DRη and DRλ (η or 

λ=ε, Mixed, SED and FS), 

 
r(D𝑅η, D𝑅λ) =

cov(D𝑅η, D𝑅λ)

𝜍(D𝑅η)𝜍(D𝑅λ)
 (21) 

where cov is the covariance function and ς is the expectation function. The correlation between 

DRη and DRλ is plotted for each SVE (as one point), and the correlation distributions are plotted 

for all SVEs, shown in Fig 8 and 9 for pure and dwell fatigue loads, respectively. In the case 

of η = λ, the normalised distribution is shown for only DRη (η =ε, Mix, SED and FS).  

In the pure fatigue case shown in Fig 8, elements inside both collection DRSED and 

DRMix are all inside the range of 0 to 2.5 µm and have over 85% possibility of distance less 

than 1.5 µm, which is significantly less than the average grain size of 3 µm. This demonstrates 

that critical nucleation sites predicted by RSED and RMix are quite close to that by RMD3, within 

distance of certain grain diameter. Besides, the interesting find is that DRSED and DRMix have a 

reliable correlation with PCC factor of 0.97, which means that the critical sites of RSED and RMix 

are potentially the same or similar locations adjacent to each other.  

DRε is inside range of 0 to 6 µm and with 22% of > 3 µm (average grain size) where 

these sites show a relatively long distance between Rε and RMD3. A sparser distribution is shown 

in the correlation map between DRε and DRSED (DRMix) and their PCC factor is only 0.61 (0.61), 

which means sites predicted by Rε are away from those from DRε and DRSED. DRFS has even 

longer distance from RMD3, ranging from 0 to 15 µm and 33% possibility of > 3 µm, and worse 

PCC factors of 0.31, 0.49, 0.47 with DRε, DRSED and DRMix. This basically means that sites 

predicted by RFS are significantly away from the ones by RMD3, Rε, RSED and RMix. 
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In the dwell fatigue case in Fig 9, elements inside both collection DRSED and DRMix 

remain inside the range of 0 to 2.5 µm which demonstrates a close distance between RMD3 sites 

and RSED/RMix sites. The correlation between the DRSED and DRMix is slightly increased to 0.98 

and this means the predicted critical sites of RSED and RMix have more potential to be the same 

location under dwell fatigue However, the distance possibility of > 3 µm (average grain size) 

increases to 25% and 36% for DRε and DRFS, showing a longer distance from the critical sites 

of RMD3. And their PCC factors with other DRη collections decrease, which means less 

correlation is observed for Rε and RFS sites with ones from other FIPs. 

For the 100 SVEs studied under pure and dwell fatigue load, the critical sites predicted 

by RSED and RMix are mainly adjacent to each other, and they are both close to the ones predicted 

by RMD3 with over 85% possibility of less than 1.5 µm, half of average grain diameter. Over 

20% (30%) critical sites of Rε (RFS) are away from RMD3 with distance more than average grain 

diameter. Moderate correlation is observed between Rε sites and RSED as well as RMix, whereas 

negligible correlation is observed between RFS sites and ones predicted by other FIPs. 

 

Fig 7 Schematic definition of distances between nucleation sites of proposed FIP (MD3) and other FIPs. 
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Fig 8 Correlation coefficients between DRη and DRλ (η or λ=ε, Mix, SED and FS). If η = λ, the 

normalized histogram is shown for DRη. 100 SVEs are tested upon pure fatigue load. 
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Fig 9 Correlation coefficients between DRη and DRλ (η or λ=ε, Mix, SED and FS). If η = λ, the 

normalized histogram is shown for DRη. 100 SVEs are tested upon dwell fatigue load. 

4.2 Characteristic grain orientations of initiation site 

In this section, the orientation characteristics are investigated for the fatigue crack initiation 

site. Experiments and CP studies have shown that the orientation of facet initiation site is hard 

or relatively hard for both pure and dwell fatigue load cases [5,10,20,83,85,91–93]. A slight 

orientation range shift is observed from pure to dwell fatigue cases, which has been introduced 

in Fig 1. Here, the ‘harder’ grains are presumed as potential initiation sites, defined as those 

with small mismatch angles θ < 60o between c-axis direction c and loading direction l = [0 0 

1]T, i.e. θ = acos [(𝐜 ∙ 𝐥)/(|𝐜| ∙ |𝐥|)]. It has been observed in CP studies that critical sites are 

mostly at or near grain boundaries of relative ‘hard’ and ‘soft’ grain pairs, and the hardest grain 

near maximum value of Rη (η=ε, MD3, Mix, SED and FS) is identified as the fatigue initiation 

site with its individual grain orientation plotted in (0001) pole figure (PF) in Fig 10 and its 

orientation distribution function plotted in inverse pole figure Z (IPFZ) in Fig 11. (0001) PF 

and IPFZ are plotted for dwell fatigue load in Fig 12 and 13. 

In the pole figure, Fig 10 shows a spread-out distribution of initiation site orientations 

for Rε and RFS. Some critical sites have mismatch angles θ close to 45o, which are confirmed to 

be surrounded by softer grains with higher mismatch angles ~ 90o. Even if these critical sites 

are not hard enough with mismatch angle of ~45o, apparently prismatic slip systems are easily 

activated in their surrounding softer grains to increase high slip localization, and hard-soft grain 

pair combination is not necessarily needed in these cases to reach high Rε and RFS, which are 

mainly controlled by local slip as discussed in Section 3.4. Rε and RFS show certain grains in 

the mismatch angle range θ < 10o, which is less dominant, whereas RMD3, RSED and RMix clearly 

shows their dominant orientation inside the mismatch angle range θ less than ~10o. In the IPFZ, 

Fig 11 explicitly shows the mismatch angle θ range [0, 33o] for Rε, [0, 45o] for RFS, and [0, 11o] 

for RMD3, RSED and RMix, where the dominant θ range is between [10o, 20o] for both Rε and RFS. 

A gradient is shown in case of RMD3, RSED and RMix where ‘harder’ grain has higher density up 

to 120 in IPFZ, which means that ‘harder’ grain has higher potential to initiation crack upon 

pure fatigue load. This is consistent with experimental observation in Fig 11(f) where more 

crack nucleation sites are observed in lower mismatch angle θ and mainly distributed within 

range of [0o, 8o] [7,11,12].  
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Fig 10 Individual orientations of crack nucleation sites in (0001) pole figure from 100 SVEs for (a) Rε, 

(b) RFS, (c) RMD3, (d) RSED, (e) RMix, upon pure fatigue. 

Upon dwell fatigue load, PF in Fig 12 shows a similar scatter pattern for Rε and RFS 

with no critical nucleation sites within mismatch angle <10o, whereas some nucleation sites are 

still existing within this range for RMD3, RSED and RMix with a clear ‘ring’ patterns of orientations 

observed. Dominant mismatch angle θ switches to anther range with higher angles for all FIPs 

in the IPF within Fig 13, [17o, 30o] for Rε, [18o, 35o] for RFS, and [10o, 15o] for RMD3, RSED and 

RMix. The mismatch angle from experimental observation in Fig 13(f) shows a range of ~[10o, 

20 o]. It is interesting to see the predicted mismatch orientation region is inside the experimental 

measurement where the fatigue nucleation sites from CP validated SVEs has no bias and is 

loyal to the Ti-6242S microstructure reconstructed, compared with crystallographic orientation 

measurement from initiated facet [10,95]. This is consistent with former probabilistic fatigue 

crack nucleation model based on RMix showing a dominant mismatch angle rangle of ~[10o, 

30o], which is within the experimental measurement range for Ti-7Al [13]. Though Rε and RFS 

do not directly capture the facet nucleation sites, they are consistent with a recent study shows 

a slip trace orientation within range of ~ [10o, 35o] for Ti-6242 at room temperature [96], which 
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demonstrates their capability of capturing slip localization sites [7,13]. In bi-modal 

microstructures with both equiaxed and colony grains, more scattering data was observed for 

the spatial orientations of crack/facet initiation and neighboring facets in both cyclic and dwell 

fatigue of titanium alloys, including Ti-6242S alloy [97] and other duplex titanium alloys [98–

100], which might be better predicted by the variability of Rε and RFS. It is also noted that the 

microstructure investigated in this manuscript contains only equiaxed grains from EBSD scan 

[43]. This could be the reason for less scattered data observed for the former investigated 

fractography data [7,11–13]. 

 

Fig 11 Orientation distribution function of crack nucleation sites in IPFZ from 100 SVEs for (a) Rε, (b) 

RFS, (c) RMD3, (d) RSED, (e) RMix upon pure fatigue, and (f) experimental data from Fig 1(c). 

Experimental data are also plotted in Figs. (a-e) to show explicit comparison. 

5. Conclusion 

In this paper, we conduct a comparative study on different fatigue indicator parameters (FIPs) 

for near-α titanium alloys, including several well-established FIPs and a recently proposed one 

from our previous work, i.e., RMD3, solely based on dislocation density. All FIPs are 

implemented in the same crystal plasticity framework based on sessile dislocation reversal and 

geometrically necessary dislocation for one-to-one comparison. The proposed RMD3 is found 

directly linking to the experimental worst-case orientation ranges in a bi-crystal study. A 

hard/soft grain pair scenario embedded in exemplary SVE shows the critical sites of FIPs are 

all near grain boundaries. Upon multiple validated SVEs, distances among different fatigue 

nucleation sites and crystal orientations of the sites are studied for all FIPs. Under both pure 

and dwell fatigue loads, short distances and reliable correlations are observed among nucleation 

sites of RMD3, RSED and RMix, whereas Rε and RFS nucleation sites are a bit away. Crystal 
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orientations of RMD3, RSED and RMix sites satisfy the experimentally measured mismatch angle 

range and the range shift from pure to dwell fatigue. Rε and RFS are inclined to capture the 

orientation range of slip localization from independent slip trace data in Ti-6242. 

 

Fig 12 Individual orientations of crack nucleation sites in (0001) pole figure from 100 SVEs for (a) Rε, 

(b) RFS, (c) RMD3, (d) RSED, (e) RMix, upon dwell fatigue. 
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Fig 13 Orientation distribution function of crack nucleation sites in IPFZ from 100 SVEs for (a) Rε, (b) 

RFS, (c) RMD3, (d) RSED, (e) RMix upon pure fatigue, and (f) experimental data from Fig 1(d). 

Experimental data are plotted in Figs. (a-e) to show explicit comparison. 
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Appendix A Reversal dislocation evolution in CP 

During cyclic load, the dislocation evolution in the microstructure is schematically illustrated 

in Fig A1. While applying the load along the coupon test specimen, the grain lattice is distorted 

by the incompatible plastic deformation inside individual grain with different crystallographic 

orientations shown in Fig A1 (a). The geometrically-necessary dislocation (GND) accumulates 

near the grain boundaries to accommodate the lattice distortion due to grain interactions, which 

is computed by the curl of the plastic deformation gradient in Eq. (6). 

During the load-up, dislocations are activated in certain slip systems and pinned by the 

local microstructural defects inside the grain and the sessile dislocations are divided into forest 

dislocation and dislocation debris shown in Fig A1 (b). The forest dislocation is partially 

reversible due to the higher lattice friction stress against dislocation motion in the reverse 

direction than in the forward direction [101], which has been experimentally observed and 

discussed in the framework of TEM studies [27]. Here, we assume that the complete reversal 

is not possible and the irreversible forest dislocation remains inside the grain shown in Fig A1 

(b). Following Eq. (6), the evolution of the forward forest dislocation is expressed as, 

 𝜕𝜌fwd
𝜅

𝜕𝛾𝜅
= (1 − 𝑝)𝑘1

𝜅√𝜌for
𝜅 − 𝑘2

𝜅𝜌for
𝜅  (A.1) 
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where the value p is a reversibility parameter, which determines the fraction of the reversible 

loosely tangled forest dislocations. Here, the p = 0.8 is chosen to obtain the relatively low 

dislocation debris density [102] for near-α titanium alloys from the TEM observations [27]. 𝑘1
𝜅  

and 𝑘2
𝜅  are the dislocation generating coefficient and the annihilation coefficient due to 

dynamic recovery, respectively and their relationship have been reported in [30]. The evolution 

of reversible forest dislocations are expressed as a function of the local resolved shear stress, 

 𝜕𝜌rev
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} 𝑘1
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𝜌rev
𝜅−

𝜌0
𝜅 )
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where symbol {} is the Macaulay brackets. 𝜌0
𝜅 is the value of the total dislocation density at 

the point of load reversal and 𝑚̂ is the dislocation density recombination coefficient taken to 

be 0.4 for HCP and BCC crystals [103].  

 

Fig A1 shows the schematic illustration of dislocation evolution in the microstructure, including (a) the 

GND accumulation near the grain boundaries in the deformed grain structures and (b) the reversible 

forest dislocation during the load reversal. 
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The dislocation debris is the dislocation loop generated from dislocation interactions 

and embedded in the grain substructure, which is at the near atomic dimension and irreversible 

shown in Fig A1 (b). The evolution of dislocation debris is defined as, 

 𝜕𝜌deb

𝜕𝛾𝜅
= ∑ 𝑞𝑏𝜅√𝜌deb 𝑘2

𝜅

𝜅

𝜌for
𝜅  (A.1) 

where q is the rate coefficient defining the fraction of dislocations that do not annihilate but 

stored as debris [104]. 

The initial forest dislocation is relatively low after the annealing process [51] and set 

as 1.0  1012 mm-2 consistent with experimental observations [53,105,106]. Debris dislocation 

mainly generates from forest dislocation interaction, which leads to its relatively lower density, 

set as 1.0  1010 mm-2 [107,108]. It is known that the dislocation pile up near inclusion grains 

and phase boundaries where dislocation densities are high. In this study, the microstructure 

reconstruction is based on Ti-6242S [51], of which inclusion percentage is quite low. The  

phase usually works as a slip transferring medium between the alpha grains [53] and  phase 

only occupies less than 6% in the microstructure without colony structure. It is anticipated that 

 phase barely contributes to the major dislocation density increase near grain boundaries 

between primary , which is the main reason for homogenized  RVE reconstruction. 

Appendix B Mesh sensitivity study 

Mesh sensitivity is conducted for the different SVEs generated from NEPER [56]. Relative 

element lengths (RCLs) is used to change the mesh size, i.e. the relative characteristic length, 

whose value is relative to the average cell size of Voronoi tessellation [56]. Tetrahedral (tet) 

and hexahedral (hex) meshes are investigated at different RCLs = 0.5, 0.65, 0.8 and 1. 

Quadratic mesh types are chosen for tet (C3D10) and hex (C3D20). Fig A2 (a-h) shows the 

increase of the mesh density when RCL drops for both tet and hex meshes.  

Fig A2 (g) shows that the mesh convergence could always be reached in quadratic hex 

mesh whereas slight increase of stress value is observed when RCL = 0.8 and 1 for quadratic 

tet mesh. The finding is consistent with former mesh studies of another type of HCP crystal 

alloy, i.e. zirconium alloy [109]. C3D10 elements would relieve the volumetric locking effect, 

but the locking still exists when its mesh density is too low, which leads to limited degrees of 

freedom for capturing the geometric nonlinearity. 
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Fig A2. Mesh size studies at different RCLs for tetrahedral and hexahedral element types. 

 

To validate the mesh sensitivity of FIPs, the value and location of the highest FIP 

magnitude Rη (η=ε, MD3, Mix, SED and FS) are extracted in the worst-case hard-soft grain 

pair set-up in Fig 4 under dwell fatigue case, regarding hex mesh sizes RCLs = 0.5, 0.65, 0.8 

and 1 in Fig. A2 (e-h). The case of RCL = 0.8 with element size of 0.5 μm is defined as the 

reference case. Distances ΔDRCL and the percentage differences ΔRη, RCL (%) are extracted in 

Table A1, between the reference case and the other cases with different mesh sizes.  

It is noticed that largest differences occur in the location and value between reference case and 

RCL=1.0, compared with reference case of RCL = 0.8. The distances ΔDRCL are up to ~2-5 µm 

for all the FIPs, close or even higher than the average grain size ~3 µm, and the uncertainty lies 

in the location of maximum Rη when comparing cases between RCL = 0.8 and 1. The maximum 

value has a difference ΔRη, RCL of ~20-35% for all the FIPs showing a significant difference 
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between RCL = 0.8 and 1. RMix has the largest location difference and RFS has the highest value 

difference.  

These differences drop significantly when the RCL = 0.65 where all the distances 

ΔDRCL are less than 1 µm and the maximum value changes ΔRη, RCL are less than 10%. This 

trend remains the same for RCL = 0.5. This means the location and value stabilise when RCL 

is in the range of [0.5, 0.8]. Overall, aiming to efficiently capture accurate local responses of 

FIPs, i.e. Rη (η=ε, MD3, Mix, SED and FS), the mesh sensitivity study leads to the choice of 

quadratic hexahedral element (C3D20R) and element size of 0.5 μm, i.e. RCL=0.8 (6 times 

lower than average grain size). 

 

Table A1. Mesh size studies at different RCLs for hex element under dwell fatigue case 

 RCL=1.0 RCL=0.65 RCL=0.5 ΔDRCL (µm) / ΔRη, RCL (%)  

Reference case: RCL=0.8 

Rε 2.0 / 21 0.4 / 5 0.4 / 4  

RMD3 2.4 / 21 0.5 / 3 0.6 / 2  

RMix 5.2 / 19 0.7 / 7 0.7 / 8  

RSED 3.1 / 27 0.4 / 6 0.6 / 8  

RFS 3.2 / 36 1.2 / 9 1.1/ 7  

 

Appendix C Relative length ratio study  

A convergence study is conducted to validate the choice of the relative length ratio, such that 

the boundary effect of the cell on the grain pair response is negligible. In Fig A3, a simulation 

cell is constructed with a hard-soft grain pair inside a homogenized media. The homogenized 

exterior region is introduced to eliminate boundary effects from the analysis. The stress-strain 

response in the homogenized region (outside the grain pair) of near-α Ti-6242S, is idealized 

using a bi-linear isotropic elasto-plastic model yielding 1030 MPa and the flow stress reaches 

1120 MPa at 9% effective plastic strain, matching the ambient temperature uniaxial tensile data 

of Ti-6242S [51]. Transverse elasticity is applied to describe the anisotropic elastic behavior 

of the homogenized region shown in Table 1.  
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Fig A3 Relative length ratio study. (a) the grain-pair model proposed by Stroh [4]; (b) the grain-pair 

study in CPFE framework for size dependence; (c) the characteristic sizes of cells with grain-pair size 

fixed at 10 μm; (d) the maximum basal stress in hard grain versus characteristic sizes at 10th cycle. 

The grain size is fixed at 10 μm. The characteristic sizes of simulation cell range from 

20 μm to 200 μm with increments of 10 μm, and the exemplary grain pairs and simulation cells 

are shown in Fig A3 (c) with relative length ratio ranging from 0.5 to 0.05. Dwell fatigue and 

pure fatigue loading conditions are the same as Fig 4 (a, b). The stress hold time is set to 2 min 

in dwell fatigue. The accumulated maximum basal stress σyy,max in the hard grain (near hard-

soft grain boundary) is studied over all the simulation cells for the two loading conditions. The 

stress σyy,max versus the characteristic size is shown in Fig A3 (d), at the 10th cycle of the dwell 

and pure fatigue loads. Stress σyy,max stabilizes when the characteristic size is larger than 50 μm 

and tends to decrease when size decreases from 50 to 20 μm. This demonstrates that a cell size 

of >~ 50 μm, i.e. relative length ratio <~0.2 is suitable for eliminating the boundary effect while 

maintaining relatively low computational cost. 
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