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Abstract

Frontal polymerization (FP) is explored as a faster and energy-efficient manufac-

turing method for dicyclopentadiene (DCPD) matrix, E-glass-fiber-reinforced com-

posites through a series of numerical simulations based on a homogenized reaction-

diffusion model. The simulations are carried out over a range of values of fiber

volume fraction using (i) a transient, nonlinear, multi-physics finite element solver,

and (ii) a semi-analytic steady-state solver. We observe that the front velocity and

temperature decrease with an increase in the fiber volume fraction until a critical

point is reached, beyond which FP is no longer observed as the front is quenched.

To highlight the effect of the material properties of the reinforcing phase, the depen-

dencies of the front velocity, width and maximum temperature on the fiber volume

fraction obtained for glass/DCPD composites are compared to those associated with

carbon/DCPD composites.
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1. Introduction1

Due to their high specific strength and stiffness, flexibility and resistance to chem-2

ical harm, glass-fiber-reinforced polymer composites (GFRPCs) are found in many3

structural applications in the aerospace, marine, wind energy, and automotive indus-4

tries [1]. However, traditional manufacturing processes of composite materials based5

on autoclaves and heated molds require significant capital investments and have high6

energy requirements associated with the complex and time-consuming cure cycles in-7

volved in the bulk curing of the thermosetting resin [2]. A recently introduced alter-8

native to conventional manufacturing techniques, frontal polymerization (FP), which9

involves a highly localized and self-propagating exothermic reaction zone converting10

a monomer into a polymer [3, 4, 5, 6, 7], offers a cheaper, faster, and energy-efficient11

option for manufacturing composites [8].12

Multiple mathematical models have been introduced to describe frontal poly-13

merization in a variety of chemicals. Goldfeder et al. [9] and Solovyov et al. [10]14

used a free-radical polymerization model to solve for the degree of conversion of15

the monomer to polymer coupled with the heat diffusion equation to describe the16

process of FP in butyl acrylate and methacrylic acid, respectively. Instead of solv-17

ing for the conversion of the monomer, phenomenological models based on a cure18

kinetics relation can be used to simplify the mathematical model [11]. In this line19

of work, Frulloni et al. [12] developed a finite difference model to describe FP in20

an epoxy system. Recently, Robertson et al. [8] and Goli et al. [13] used the finite21

element method to solve the transient, coupled diffusion-reaction equations based on22

the Prout-Tompkins model [14] to describe FP in DCPD.23

2



In this study, we use the reaction-diffusion relations described in [8] and homoge-24

nize this model to incorporate the effects of the glass fibers on the frontal polymeriza-25

tion of glass/DCPD composites. Using an open-source transient finite element solver,26

we conduct a detailed parametric study using 1-D simulations to study the effects27

of the glass fibers on the velocity, width and maximum temperature of the reac-28

tion front. We also develop a semi-analytic steady-state formulation, which converts29

the coupled reaction-diffusion partial differential equations to a system of ordinary30

differential equations [13], compare the steady-state results to those obtained with31

the transient finite element solver and use the steady-state solver to quantify the32

dependence of the front speed on the heat of the reaction.33

The present study on glass/DCPD composites builds on the recent work of34

Robertson et al. [8] and Goli et al. [15], who investigated both experimentally and35

numerically the feasibility of FP-based manufacturing of carbon/DCPD compos-36

ites. To demonstrate the importance of the thermal conductivity of the reinforcing37

phase alluded to recently in [16], we also compare the glass/DCPD results to the38

carbon/DCPD predictions obtained by Goli et al. [15].39

The manuscript is organized as follows: The transient and steady-state formu-40

lations of the homogenized reaction-diffusion thermo-chemical model used to de-41

scribe the propagation of a polymerization front in a unidirectional composite are42

summarized in Sections 2 and 3, respectively. Results from these two models for43

glass/DCPD composites are presented in Section 4, with emphasis on the effect of44

the fiber volume fraction on the speed, temperature and intrinsic length scales of the45

polymerization front. Section 5 compares the characteristics of the polymerization46

front in glass/DCPD and carbon/DCPD composites.47
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2. Transient reaction-diffusion model48

In the present study, the cure kinetics of FP in DCPD is described using the49

Prout-Tompkins autocatalytic model with diffusion effects [13]. To simulate the50

presence of glass fibers in the unidirectional E-glass-fiber-reinforced DCPD compos-51

ite, we modify the thermal diffusion model by homogenizing the thermal properties52

of the material. Assuming adiabatic conditions, i.e., in the absence of heat losses to53

the surrounding, the homogenized reaction-diffusion equations in terms of the tem-54

perature T (in K) and degree of cure α (non-dimensional) take the following 1-D55

form:56























κ̄
∂2T

∂x2
+ (1− φ)ρ̄Hr

∂α

∂t
= ρ̄C̄p

∂T

∂t
,

∂α

∂t
= Aexp(−

E

RT
)(1− α)nαm(

1

1 + exp(cd(α− αd))
),

(1)

where x (inm) is the spatial coordinate, t (in s) is time, κ (inW/m·K), ρ (in kg/m3),57

and Cp (in J/kg ·K) respectively denote the thermal conductivity, density, and heat58

capacity, Hr (in J/g) is the enthalpy of reaction, A (in 1/s) is the pre-exponential59

time constant, E (in J/mol) is the activation energy, R (8.314J/mol ·K) is the uni-60

versal gas constant, φ is the fiber volume fraction, n and m are the two exponents61

entering the Prout-Tompkins model, while cd and αd are two non-dimensional con-62

stants introduced to incorporate diffusion effects. The cure kinetics parameters are63

extracted using dynamic digital scanning calorimetry (DSC) experiments on resin64

samples and applying a nonlinear fitting scheme [14].65

The homogenized material properties in the direction of the front propagation66

are denoted by the overbar and defined as67
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κ̄ = κm(1− φ) + κfφ,

ρ̄ = ρm(1− φ) + ρfφ,

C̄p = Cpm(1− φ) + Cpfφ,

(2)

where subscripts m and f respectively denote the matrix and the fiber. In this adi-68

abatic setting, the predicted values will be the upper bounds of the front speed and69

temperature.70

The coupled, partial differential reaction-diffusion equations (Eq. (1)) are solved71

using the open-source, C++, multi-physics finite element solver MOOSE [17]. The72

solver supports mesh adaptivity, which is pivotal to capture the sharp moving fronts73

that characterize the cure and temperature solutions. To study the effects of the74

reinforcing phase on the front velocity, width and temperature, 1-D simulations with75

values of φ ranging from 0 (pure DCPD) to 0.6 are carried out. In all simulations,76

the domain is 5 cm long, thermally insulated at both ends, except for 0 ≤ t ≤ 1 s,77

where a thermal trigger of 210◦C is applied at the left end to initiate the FP reaction.78

Assuming that all the heat released during polymerization is used to propagate79

the front, we define the maximum temperature Tmax associated with the front as80

Tmax = T 0 + (1− φ)(1− α0)
Hr

C̄p

, (3)

where T 0 (set at 20◦C in this work) is the initial temperature of the resin, and α0 (set81

at 0.01) is the initial degree of cure of DCPD. The temperature solution is normalized82

as follows:83

θ =
T − T 0

T 0
max − T 0

, (4)

where T 0
max refers to the maximum temperature corresponding to α0 = 0, C̄p = Cpm,84

and φ = 0.85
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The polymerization fronts are also characterized by two length scales, one (Lθ)86

for the temperature solution, and the other (Lα) for the degree-of-cure solution. The87

fronts are very sharp, almost akin to a shock wave in granular media [18]. Based on88

this similarity, we define the width of the fronts as89



























Lθ =
θmax

|( ∂θ
∂x
)max|

,

Lα =
αmax

|(∂α
∂x
)max|

.

(5)

3. Steady-state formulation90

To capture the steady-state propagation of the reaction front, we convert the91

coupled, partial differential equations to a system of coupled, ordinary differential92

equations (ODEs) by rewriting the temperature and degree of cure solution in a93

coordinate frame moving with a steadily propagating polymerization front [13]. This94

method serves as a more efficient alternative to study the impact of the reinforcing95

phase and of the cure kinetics on the key characteristics (speed, width and maximum96

temperature) of the front.97

Using Eq. (4) for the non-dimensional form of the temperature T , we adopt the98

following non-dimensional form of t and x:99

τ = At, x̄ =
x

L
, (6)

where the length scale L will be determined by the steady-state solver. Substituting100

Eq. (6) in Eq. (1) yields101
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
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(7)

where the non-dimensional coefficients η and γ are defined as102

η =
κ̄

ρ̄C̄pAL2
, γ =

(1− φ)Hr

C̄p(T 0
max − T 0)

. (8)

Defining the non-dimensional (constant) front velocity by W = Vf/AL, we intro-103

duce the coordinate y = x̄−Wτ associated with the front and rewrite Eq. (7) as the104

following system of ODEs:105


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
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
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+W

dθ̂

dy
− γW

dα̂

dy
= 0,

W
dα̂

dy
+ f(θ̂)g(α̂) = 0.

(9)

The steady-state problem is solved by combining an explicit finite difference106

scheme to integrate the ODEs over the interval 0 ≤ y ≤ 1, and an iterative scheme107

to determine the two unknowns, L and Vf , which satisfy boundary conditions108


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























θ̂(y = 0) = θmax, θ̂(y = 1) = 0,

dθ̂

dy
(y = 0) = 0,

dθ̂

dy
(y = 1) = 0,

α̂(y = 0) = 1− ǫ, α̂(y = 1) = α0,

(10)

where θmax refers to the maximum non-dimensional temperature corresponding to109

Tmax and ǫ ≪ 1.110
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4. Results111

The resin of interest in this study is DCPD mixed with Grubb’s 2nd-generation112

catalyst and 0.5 molar equivalent of tri-butyl phosphite, an inhibitor introduced113

to increase the pot life of the monomer [8]. The material properties (including the114

diffusivity λ) considered in this study are presented in Table 1, while the cure kinetics115

parameters for the DCPD resin are presented in Table 2.116

κ ( W
m.K

) ρ ( kg

m3 ) Cp ( J
kg.K

) λ (m
2

s
)

DCPD 0.15 980.0 1600.0 9.69 ∗ 10−8

E-glass fibers 1.28 2575.0 802.5 6.17 ∗ 10−7

Carbon fibers 9.38 1800.0 753.6 6.90 ∗ 10−6

Table 1: Thermal conductivity, density, specific heat capacity, and thermal diffusivity of DCPD,

E-glass-fibers and carbon fibers [19].

A(1
s
) E( J

mol
) Hr(

J
g
) n m cd αd

8.55 ∗ 1015 110750.0 350.0 1.72 0.77 14.48 0.41

Table 2: Cure kinetics parameters of the PT model (Eq.(1)) for DCPD.

In all finite element simulations, the solution for the temperature and degree117

of cure goes first through a transient phase associated with the initial triggering118

of the polymerization front, before transitioning to a steady-state regime with a119

constant front velocity that depends on the fiber volume fraction. Figure 1 shows120

the normalized temperature and degree of cure solutions after steady-state conditions121

have been reached, for three values of the fiber volume fraction: φ = 0, 0.2 and 0.4.122

As apparent in that figure, the maximum temperature behind the front decreases123
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with increasing value of φ due to the reduction in available energy of reaction as the124

relative portion of resin decreases with increasing fiber volume fraction, as captured125

by the (1 − φ) coefficient present in the exothermic source term in the thermal126

equation (1). As also apparent in Figure 1, the sharpness of the front decreases with127

increasing fiber volume fraction due to the higher thermal conductivity of the glass128

fibers.129

Figure 1: Finite element prediction of the degree of cure (solid curves) and temperature (dashed

curves) profiles in the steady-state regime for φ =0, 0.2, and 0.4, showing the reduction in front

temperature and sharpness with increasing fiber volume fraction.

Figure 2 summarizes the results of the parametric finite element study by pre-130

senting the dependence of the front velocity Vf (left axis) and maximum temperature131

Tmax (right axis) on the fiber volume fraction φ. Also included in the figure is the132

analytical (diffusion-free) prediction (shown as a dotted curve) of the maximum tem-133

perature described by Eq. (3).134

The dependence of Vf on φ illustrates the competition between two key mech-135

anisms. As the fiber volume fraction increases, the energy available for the frontal136

polymerization decreases due to the aforementioned (1−φ) coefficient present in the137

exothermic source term in Eq. (1). At the same time, the effective thermal conductiv-138
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Figure 2: Dependence of the front velocity and temperature on the fiber volume fraction. The

growing difference between the analytical prediction Eq. (3) and the numerical solution for the

front temperature for higher values of φ shows the increasing effect of thermal diffusion due to the

reinforcing phase.

ity κ̄ of the composite increases with increasing values of φ, which tends to speed up139

the polymerization front. This latter mechanism is expected to play a bigger role for140

small values of the fiber volume fraction. Due to the relatively small thermal conduc-141

tivity of E-glass fibers compared to that of carbon fibers (See Section 5), this effect142

is marginal and limited to very small values of the fiber volume fraction (φ < 0.05),143

and the reduction of heat of reaction with increase in fiber volume fraction leads to144

a monotonic reduction in the speed of the polymerization front for φ > 0.05.145

The front temperature also decreases monotonically with the fiber volume frac-146

tion. As apparent in Figure 2, the analytical, diffusion-free prediction given by147

Eq. (3) captures this dependence very well for 0 ≤ φ ≤ 0.4. For higher values of148

the fiber volume fraction, the increase in diffusivity, which led to the smoothing of149

the front observed in Figure 1, yields a separation between numerical and analytical150

predictions of Tmax, with the diffusion-free prediction serving as an upper bound.151

Figure 3 shows the effect of the fiber volume fraction on the two length scales152
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Figure 3: Evolution of the intrinsic length scales Lα and Lθ of the front defined by Eq. (5) on

the fiber volume fraction, showing the smoothing of the front as φ increases, as was alluded to in

Figure 1.

Lα and Lθ that define the width of the front and were introduced earlier in Eq. (5).153

As apparent in Figure 3 and alluded to in Figure 1, the addition of fibers reduces154

the sharpness of the front due to the increasing role of the thermal diffusivity. The155

results also show the temperature tends to rise over a distance between 2 and 2.5156

times wider than the degree of cure.157

Figure 4 presents the dependence of the frontal velocity and maximum tempera-158

ture on the fiber volume fraction obtained from the steady-state model and compares159

the results to those extracted from the transient solution. While the velocity results160

are in good agreement for all values of φ, we observe some differences between the161

maximum temperature values provided by the transient finite element solver and162

the steady-state formulation. This difference can be explained by the fact that the163

steady-state formulation uses the analytical prediction for the maximum tempera-164

ture in the definition of the boundary conditions at y = 0. It is therefore natural165

that the steady-state and analytical expressions of Tmax agree. Furthermore, the166

analytical prediction assumes that the monomer has fully polymerized as expressed167
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Figure 4: Comparison between transient (Numerical) and steady-state (SS) predictions of the φ-

dependence of the front velocity and maximum temperature. The analytical ‘diffusion-free’ predic-

tion Eq (3) of the maximum temperature is also shown.

by the (1 − α0) factor in Eq. (3). However, as apparent in Figure 1, the degree of168

cure computed with the transient solver at the left end of the 5 cm domain decreases169

as the concentration of the fiber volume fraction increases. This decrease in the170

maximum value of the degree of cure leads to a similar reduction in the maximum171

temperature obtained by the transient finite element solver, and this effect is espe-172

cially prominent for higher values of φ. A substantially larger domain and longer173

simulation time would be needed to further increase the maximum value of α to 1174

and achieve a closer agreement between the numerical, steady-state, and analytical175

values of Tmax.176

Taking advantage of the efficiency of the steady-state solver, we can perform a177

parametric study of the impact of cure kinetics parameters on the characteristics of178

the front. An example of such a study is shown in Figure 5, which presents how the179

heat of reaction, Hr, impacts the front velocity in glass/DCPD composites with 0 ≤180

φ ≤ 0.6. As expected, a higher value of Hr leads to a faster front and might extend181

the range of applicability of FP to higher fiber volume fraction values. For reference,182
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Figure 5: Effect of the total heat of the reaction Hr (given in J/g) on the front velocity for

glass/DCPD composites. The curve corresponding to Hr = 350 J/g is the reference curve shown

in Figure 2.

the 65 data-points shown in Figure 5 were obtained in approximately 12.5 minutes183

with the steady-state formulation, while a single finite element simulation typically184

takes a couple of hours due to the high level of spatial and temporal adaptivity185

involved.186

5. Comparison between glass/DCPD and carbon/DCPD composites187

In a recent study, Goli et al. [15] have shown that FP is a viable manufacturing188

method for unidirectional carbon-fiber-reinforced DCPD-matrix composites. The189

authors implemented a similar reaction-diffusion model to perform simulations of the190

initiation and propagation of the front in carbon/DCPD composites, and validated191

the model against experimental measurements of the front speed and temperature192

obtained for various values of the fiber volume fraction.193

In this section, we present a comparison between the results of FP simulations in194

glass-DCPD and carbon-DCPD to assess the impact of the reinforcing phase on the195

speed, width and temperature of the front. The thermal properties of the carbon196
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fibers used in the study were provided in Table 1, while the cure kinetics model for197

DCPD and boundary conditions adopted in the carbon/DCPD simulations are the198

same as those used for the glass/DCPD composite system described in the previous199

section. As was the case for the glass/DCPD composites, FP is initiated by applying200

a thermal trigger of 210◦C for 1 s at the left edge of the domain, with insulated201

boundary conditions at both ends adopted for the remainder of the simulation.202

(a) (b)

Figure 6: Comparison between the FP of glass/DCPD (GF) and carbon/DCPD (CF) composites:

φ-dependence of the front velocity and maximum temperature (a) and of the characteristic lengths

(b). The difference observed in the φ-dependence of Vf , Lα, Lθ, and quenching limit can be

attributed to the sharp contrast in thermal diffusivity between the reinforcing phases.

As indicated earlier (Figure 2), the φ-dependence of the front velocity in the203

glass/DCPD composites is monotonically decreasing, except, marginally, for very204

small values of the fiber volume fraction. As illustrated in Figure 6a, the solution is205

quite different for carbon/DCPD composites, where the higher thermal conductivity206

of the carbon fibers leads to a substantial increase in Vf , with a maximum in excess207

of 3 mm/s corresponding to φ = 0.2 before a progressive reduction of the front speed208

as φ further increases. The φ-dependence of the front temperature is relatively simi-209
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lar for both composites, with the higher effective conductivity of the carbon/DCPD210

composites yielding a slightly lower front temperature than its glass/DCPD coun-211

terpart. It should also be noted that the higher thermal diffusivity of the carbon212

fibers leads to a lower quenching limit defined as the highest fiber volume fraction213

for which the front can be initiated based on the applied 1 s thermal trigger. While214

the maximum fiber volume fraction achievable for a FP-manufactured glass/DCPD215

composite is about 0.6, it is reduced to about 0.5 for the carbon/DCPD composite.216

To achieve higher fiber volume fractions, a different cure kinetics and/or thermal217

trigger would be needed.218

Figure 6b presents the effect of the reinforcing phase on Lα and Lθ, showing a219

much sharper polymerization front in glass/DCPD than in carbon/DCPD, especially220

at higher values of the fiber volume fraction.221

6. Conclusion222

In this paper, we have explored numerically the feasibility of frontal polymeriza-223

tion as a manufacturing process for E-glass-fiber-reinforced composites. The frontal224

polymerization process has been described by a system of coupled thermo-chemical225

equations, with the effects of the reinforcing phase captured through homogenized226

thermal properties and through a reduction in the available heat of reaction. The227

effects of the fiber volume fraction on the velocity, width and maximum tempera-228

ture of the polymerization front have been studied using an adaptive finite-element229

transient solver and a semi-analytic steady-state solver.230

The model has been shown to capture the two competing effects of the fiber vol-231

ume fraction. On one hand, the increase in thermal diffusivity associated with the232

homogenized model leads to a positive effect of the fiber content on the front speed233

and on the smoothing of the front. On the other hand, the heat released by the234
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exothermic polymerization decreases with increasing fiber volume fraction, thereby235

reducing the front velocity. These competing effects lead to a non-monotonic depen-236

dence of the front speed on the fiber volume fraction. This effect is especially visible237

for the carbon/DCPD composites due to the high mismatch in thermal diffusivity238

between the fibers and the resin. Due to the relatively lower thermal diffusivity of239

the E-glass fibers, the second effect dominates, leading to a monotonically decreasing240

trend of the front speed with respect to the fiber volume fraction.241
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