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Abstract

As frontal polymerization (FP) is being considered as a faster, more energy-
efficient, out-of-autoclave manufacturing method for fiber-reinforced thermosetting-
polymer-matrix composites (Robertson et al., Nature, 2018), the competition be-
tween FP and bulk polymerization (BP) is an essential component of the feasibility
analysis of the FP-based manufacturing process. To that effect, we present a compar-
ative study of FP and BP based on a nondimensional form of the reaction-diffusion
equations that describe the two polymerization processes. From the nondimensional
formulation of the thermo-chemical relations, we extract two parameters that involve
the key quantities of the cure kinetics model, i.e., the heat of reaction, the time con-
stant, and the activation energy. Although the analysis is general and can be adapted
to a wide range of thermosetting-polymer composites, emphasis is placed on unidi-
rectional composites made of carbon or glass fibers embedded in a dicylcopentadiene

(DCPD) matrix. The competition between FP and BP is formulated in terms of the
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time scales involved in the two polymerization processes for the manufacturing of
composites of varying sizes and fiber volume fraction values.
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1. Introduction

Traditional manufacturing methods for fiber-reinforced polymer-matrix compos-
ites, such as vacuum-assisted resin transfer molding (VARTM) [1], often rely on the
bulk polymerization (BP) of the resin in heated molds, ovens or autoclaves, in which
the manufactured part is subjected to temperature and pressure cycles [2]. These
long and complex cycles are needed to avoid the non-uniform curing of the resin,
which can lead to the development of residual stresses [3, 4], and to ensure good
quality of the manufactured composite [5]. However, the duration and complexity
of these cycles lead to manufacturing processes that are time and energy intensive
and produce large amounts of CO, [6]. In addition, when assessing the cost of these
traditional manufacturing techniques, one must account for the capital investments
associated with the need for large heated molds or autoclaves that scale with the size
of the manufactured part [7].

In an effort to reduce the cost, duration, and environmental impact of the man-
ufacturing process, Robertson et al. [8] recently investigated the feasibility of man-
ufacturing processes for fiber-reinforced composites based on frontal polymerization
(FP) of the thermosetting resin. FP [9, 10] is an exothermic reaction process in
which a narrow polymerization zone sustained by the heat released during poly-
merization propagates through the manufactured part. FP has been observed in a

variety of thermosetting resins including methacrylic acid [11], epoxies [12, 13] and
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dicyclopentadiene (DCPD) [14, 15, 16]. In their experiments, Robertson et al. [§]
demonstrated the potential of FP-based manufacturing processes by producing high-
quality carbon/DCPD composites with mechanical properties that are comparable to
those of their oven-cured counterparts. This experimental study was complemented
by numerical investigations performed by Goli et al. [17] and Vyas et al. [18] who
adopted a homogenized thermo-chemical relation based on the Prout-Tompkins cure
kinetics model [19, 20] to analyze FP in carbon/DCPD and glass/DCPD composites,
respectively, with emphasis on extracting the speed, temperature, and width of the
propagating front.

The present study builds on this initial work and has two key objectives: (i) to
broaden the analysis of the steady-state propagation of the polymerization front to
a wider range of resin systems, and, (ii) as BP occurs simultaneously during FP [21],
to investigate the competition between FP and BP in terms of the associated time
scales involved in the manufacturing process. The analysis is conducted using a
nondimensionalized form of the homogenized reaction-diffusion model, from which
emerge a characteristic length scale and two key parameters that capture the essence
of the impact of the cure kinetics.

The manuscript is organized as follows: The nondimensional form of the coupled
reaction-diffusion model describing FP in thermosetting-matrix composites and its
conversion to a system of nondimensional coupled ODEs leading to its steady-state
solution is summarized in Section 2. The steady-state FP results are presented in
Section 3, which summarizes the outcome of a study of the dependence of the front
speed on the parameters of the cure kinetics model, the initial temperature of the
composite, and the fiber volume fraction. These results are presented both in a
nondimensional form for the general case covering a wide range of thermosetting

matrices, and in a dimensional form that focuses on the special case of carbon- and
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glass-fiber DCPD composites. Section 4 focuses on a comparison of the time scales
involved in the FP- and BP-based manufacturing of composites based on the cure

kinetics involved and the size of the manufactured component.

2. Frontal polymerization: Reaction-diffusion model

As indicated by Goli et al. [17] and Vyas et al. [18], FP in DCPD-matrix com-
posites can be described by a coupled thermo-chemical model that combines the
thermal diffusion equation for the temperature 7' (in K') and the phenomenological
Prout-Tompkins model for the degree of cure o (nondimensional). In a 1-D setting,

these equations take the following form:

762T _ O —~ or
/{w + (1 - ¢)PHTE - pCP_t’
(1)
60[ E n.m 1
Ay U sy )

where = (in m) is the spatial co-ordinate, ¢ (in s) is the time, £ (in W/(m - K)),
p (in kg/m?) and C, (in J/(kg - K)) respectively denote the homogenized thermal
conductivity, density, and heat capacity of the composite, H, (in J/kg) is the en-
thalpy of the reaction, A (in 1/s) is the time constant, E (in J/mol) is the activation
energy, R (8.314 J/(mol - K)) is the universal gas constant, ¢ is the fiber volume
fraction, n and m are the two exponents that define the order of the reaction in
the Prout-Tompkins model, while ¢; and a4 are the two nondimensional constants
introduced to include the effects of diffusion [22]. The material properties denoted
by the overbar and entering Eq. (1) are homogenized in the direction of the fibers

using the following expression:
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where the subscripts m and f respectively denote the matrix and the fibers.

2.1. Nondimensional transient formulation

The transient reaction-diffusion relations Eq. (1) can be nondimensionalized by
normalizing time, temperature, and the spatial co-ordinate as follows:
T — TO T

P == 3
T T (3)

T=At 0=
where Ty is the initial temperature of the composite, T},,. denotes the maximum
temperature associated with the front assuming all the heat released during poly-
merization goes towards propagating the front,

Tmax:T+—7 4
o+ 4 )

and the characteristic length scale L is defined as

L:,/ﬁjcp. (5)

The coupled thermo-chemical relations can readily be rewritten in their nondimen-

sional form as

o oo _
012 or o1

where (3, v and g(«) are given by
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Although the impact of the exponents m and n on the propagation speed of the
polymerization front will be briefly discussed in Section 3, the emphasis of this study
is placed on the role of the nondimensional parameters § and 7, i.e., we assume that
the expression for g(a) is fixed. The method can however be readily expanded for
other forms of the function g(«) entering the cure kinetics model. It should also be
noted at the onset that both § and v explicitly depend on the fiber volume fraction ¢
through the (1 — ¢) term appearing in the denominator, but also implicitly through
the expression of the homogenized specific heat C, = C,n,(1 — ¢) + Cyrb.

2.2. Steady-state formulation

To extract the steady-state solution to the nondimensional thermo-chemical rela-
tions Eq. (6), we convert the system of coupled PDEs to a system of coupled ODEs
by defining a co-ordinate gy attached to the steadily propagating front as

g=i-Vr, (8)

where V is the nondimensional constant velocity of the front related to its dimensional
counterpart V' by
v

V= ﬂa (9)

with Z, 7 and L defined earlier in Eq. (3) and Eq. (5). Rewriting Eq. (6) in terms of
y yields
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The resulting system of coupled ODEs is solved with the aid of the following bound-

ary conditions:

é(g = _OO) = ~ma:}c7 é(g = OO) = 07

do do

= — (= — 11
dg(y o0) =0, dg(y 00) =0, (11)
a(y=—o0)=1—¢€, a(g=o0)=ag,

\

where € < 1 (set hereafter to 0.001), «y is the initial degree of cure (set hereafter to

_ 1— &)1 — ag)H,

0.01) and 6,4, is the value of § when T = Tj + ( ¢) (C_’ o) . Equations (10)
P

and (11) can readily be solved numerically to obtain the dependence of the spa-

tial variation of the temperature and degree-of-cure solutions in the vicinity of the
steadily propagating front and of the nondimensional front velocity V on the param-

eters B and 7.

3. Frontal polymerization results

In this study, the coupled ODEs described by Eq. (10) are solved numerically
using the MATLAB ODE15s function [23], which is based on implicit numerical
differentiation formulas and an adaptive step size to integrate stiff ODEs. This
solver is combined with an optimizer based on a genetic algorithm and the covariance

matrix adaptation evolutionary strategy [24] to determine the optimum solution for
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V that satisfies the BCs described by Eq. (11). As indicated earlier, DCPD, which
was the resin system adopted in the study that motivated this work [8], serves as the
reference matrix material in the choice of function g(«) entering the nondimensional
cure kinetics relation, Eq. (10),. The parameters m, n, ¢4, and a4 used in this study
are listed in Table 1, together with the values of the time constant A, activation
energy F, and heat of reaction H, of DCPD. Table 2 contains the material properties
for DCPD, carbon fibers, and glass fibers used in studies by Goli et al. [17] and Vyas
et al. [18].

n m Cd e%] A (l) E (ﬂ) H, (l)

s mol g

1.72 | 0.77 | 14.48 | 0.41 | 8.55 % 10* | 110.75 | 350.0

Table 1: Cure kinetics parameters of the Prout-Tompkins model Eq. (1) for DCPD.

k() | 0 (35) | G (%)
DCPD 0.15 980.0 1600.0
Carbon fibers 9.363 1800.0 753.6

Glass fibers 1.275 2575.0 802.5

Table 2: Thermal conductivity, density, and specific heat capacity of DCPD, carbon fibers, and

glass fibers considered in this study.

Figure 1 presents typical steady-state solution profiles for the temperature and
degree of cure with the corresponding solution for the nondimensional front veloc-
ity V for two values of the fiber volume fraction ¢. The corresponding values of
the parameters § and v defined in Eq. (7) are chosen specifically for the case of
carbon/DCPD composites, i.e., § = 60.89 and v = 1.34 for the case ¢ = 0%, and
B = 89.58 and v = 1.97 for the case with ¢ = 50%. As expected, the thermal front

8
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Figure 1: Typical steady-state solution profiles obtained for the nondimensional temperature 6

(solid curves) and the degree of cure o (dashed curves) for two values of the fiber volume fraction,

¢ = 0% and 50%, with the corresponding values of the nondimensional front velocity V.

precedes the degree-of-cure front. We also note that the front is sharper for the neat
resin case (¢ = 0%) than in the composite case (¢ = 50%) due to the increased
thermal conductivity associated with the presence of the more conductive carbon
fibers.

Expanding on the results shown in Figure 1, we present in Figure 2 the steady-
state nondimensional (V - Figure 2a) and dimensional (V in mm/s - Figure 2b)
velocities of the polymerization front for every pair of (3,7) in the vicinity of the
values of the two nondimensional parameters corresponding to the neat DCPD resin
(denoted by the red dot). As apparent there, faster front propagation is achieved by
decreasing 3, i.e., by decreasing the activation energy E, and/or by increasing v, i.e.,
by increasing the initial temperature Ty of the resin. The ‘almost parallel nature’ of
the V and V contour lines indicates that the front velocity depends primarily on the
ratio f/vy = E/RTy.

The numerical results shown in Figure 2 can be compared to the following ana-
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Figure 2: Nondimensional (a) and dimensional (b) front velocity contours for a portion of the (5, 7)

space in the neighborhood of the neat DCPD resin (i.e., ¢ = 0%), which is denoted by a red dot.

lytical expression of the front velocity, V,, derived by Novozhilov [25] and discussed
by Garbey et al. [26] for the simplified zeroth-order reaction kinetics (i.e., for which
g(a) =1 for a < 1 and g(«a) = 0 otherwise):

2Ak RT? E
— max _ 12
v, \/ ey~ ), (12)

H
where, for the neat resin, T),ae = Typ + ——. In terms of the parameters $ and v

Com

introduced earlier, this expression can be rewritten in a nondimensional form as

3 9 ) 3
Vo= \/B(l +7) eﬁp(—m)- (13)

Using Eq. (13), we can construct in Figure 3a, a contour plot of V, in the same (8, 7)
space as that used for Figure 2a. As apparent there, the dependence of the front
velocity on the two nondimensional parameters [ and + is very similar, although the

analytical values exceed their numerical counterparts by about an order of magnitude.

10
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Figure 3: (a) Nondimensional front velocity contours obtained analytically using Eq. (13) for a
portion of the (8,v) space in the neighborhood of the neat DCPD resin solution (¢ = 0%), which

is denoted by the red dot. (b) Ratio between analytical and numerical values of the front velocity.

This difference is likely due to the simplified form of the cure kinetics model adopted
in the derivation of V,. As shown in Figure 3b, the ratio V, / V varies with both 3 and
~ with the higher discrepancies between analytical and numerical solutions obtained
for high values of the activation energy E and low values of the initial temperature
To.

Turning our attention to composites, we note that the front velocity V' is doubly
dependent on the fiber volume fraction ¢ through the nondimensional parameters
f and v and the length scale L defined in Eq. (5). We explore this dependency by
computing the nondimensional velocity V for values of (8,7) around those of the
carbon/DCPD composite with ¢ = 50% (for which § = 89.58 and v = 1.97). Using
Eq. (9), we then convert V to the dimensional velocity V' to obtain the contour plot
shown in Figure 4a. As L explicitly depends on the homogenized thermal diffusivity

K/ ﬁép of the composite and the pre-exponential constant A entering the cure kinetics

11
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Figure 4: Numerical (a) and analytical (b) front velocity V' contours obtained for a portion of
the (8,7) space in the neighborhood of the reference carbon/DCPD composite with fiber volume
fracton ¢ = 50% (denoted by the red rot). As alluded to in Figure 3b, the analytical prediction is

an order of magnitude higher than its numerical counterpart.

model, the contours presented in Figure 4 are unique for the reference carbon/DCPD
system whose material properties are given in Table 2.

The analytical expression for the front velocity (Eq. (12)) can be modified for
the composite case by substituting « and p with their homogenized counterparts
(Eq. (2)), replacing H, with (1 — ¢)H, to account for the reduction in total heat of

the reaction associated with the presence of the fibers, and using Eq. (4) for T4, as

2Ak  RT? E
_ mazx _ . 14
Va \/ﬁ(l - (b)Hr E exp( RTmax) ( )

In its nondimensional form, the above relation conveniently reduces to Eq. (13).

The (5,7) dependence of the analytical expression V, of the front velocity for the
carbon/DCPD composite with ¢ = 50% is presented in Figure 4b. A direct com-

parison between Figure 4a and Figure 4b shows that, while it captures the essence

12



17 of the dependence of the front velocity on g and ~, the analytical expression again

168 overpredicts its numerical counterpart by about an order of magnitude.
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Figure 5: Contours of V in the (8, ) space. The dashed curves denote the (3,7) loci as the fiber
volume fraction ranges from 0% to 70% for the case of (a) carbon/DCPD and (b) glass/DCPD
composites. Some specific values of ¢ and their corresponding dimensional velocity V' values are

marked by the red dots.

160 Figure 5 presents similar contour plots for a wider range of values of  and 7,
o showing the loci in the (5,7) space for carbon/DCPD (Figure 5a) and glass/DCPD
wm  (Figure 5b) composites with fiber volume fraction values ranging from ¢ = 0% to
2 ¢ = 70%. The dimensional values V of the front velocity are also provided for
s five values of ¢: 0, 30, 50, 60, and 70%. As shown by Goli et al. [17], the front
s velocity in carbon/DCPD has a non-monotonic dependence on the fiber volume
s fraction, reaching a maximum for ¢ ~ 20% before progressively decreasing due
e to an increasing deficit in resin content as ¢ increases. As pointed out by Vyas et
7 al. [18], the lower thermal conductivity of glass leads to a monotonically decreasing
17zs  dependence of V on ¢, as shown in Figure 5b.

179 The results presented thus far have assumed a fixed expression for g(«) defined

13
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in Eq. (7) with the associated parameters listed in Table 1. To assess the impact of
the exponents m and n entering the cure kinetics model, we present in Figure 6 front
velocity contours in the (m,n) space for the two reference cases showed in Figure 1,
while keeping the values for ¢; and a4 constant. As apparent there, the sensitivity of
the front speed V' on m and n is relatively small, with higher front speeds obtained
for lower values of the two exponents as decreasing the values on m and n leads to

a net increase in the reaction rate.

06 0.65 07 0.75 08 0.85 06 065 0.7 0.75 0.8 0.85

(a) (b)

Figure 6: Front velocity contours (in mm/s) in a portion of the (m,n) space around the reference
carbon/DCPD composite case (denoted by the red dot) with fiber volume fraction values ¢ = 0%
(a) and ¢ = 50% (b).

4. Frontal polymerization vs. bulk polymerization

One of the key results of the previous section is the existence of a steadily prop-
agating polymerization front for a wide range of values of § and . However, for
many of these values, the predicted front speed is very small, which makes the FP-

based manufacturing of composites impractical. To assess the feasibility of FP-based

14
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manufacturing, one should compare the time scale tgp involved in the bulk polymer-
ization of the resin to that associated with frontal polymerization of a manufactured

part of size D,

D

lpp = v (15)
which, in its nondimensional form, is given by
D

=T (16)

Due to the distributed nature of the bulk polymerization (BP), the time scale asso-
ciated with BP, tgp, does not depend on the size of the manufactured part, but can

be determined by solving Eq. (6) in the absence of the diffusion term:

do_ a9
dr — dr’

(17)
da 15}
- = 693p(—m)9( )

This system of coupled ODEs can also be readily solved with the aid of MATLAB
function ODE15s by setting the initial conditions «(0) = ag (set at 0.01 as indicated
earlier) and 6(0) = 0, yielding evolution curves for the temperature and degree
of cure such as those shown in Figure 7. As also illustrated in that figure, the
characteristic time scale associated with BP, 7gp, can be extracted as the time value
for which a(rpp) = 0.5. As expected, the characteristic time associated with the
bulk polymerization of the composite is higher than that for neat resin due to the

factor (1 — ¢) multiplying the heat of reaction H, in the expression of 5 and 7 in
Eq. (7).

15
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Figure 7: Bulk polymerization: evolution of # and « obtained by solving Eq. (17) for the car-
bon/DCPD system with fiber volume fractions ¢ = 0% (black curves) and ¢ = 50% (red curves)

and extraction of the characteristic time 7p.

Based on these definitions of the characteristic time scales, we can describe the
competition between FP and BP by revisiting the contour plots of the front velocity
V presented earlier in Figure 2b and Figure 4a, and by indicating on those graphs the
minimum front speed marking the ‘feasibility boundary’ between FP- and BP-based
manufacturing for a given part size D. The results are presented in Figure 8 for
D = 1m and D = 10m for the case of the neat reference DCPD resin (Figure 8a)
and reference carbon/DCPD system with ¢ = 50% (Figure 8b). As indicated there,
the (3,7) values located above the reference (thicker) contour line correspond to cases
for which 1m or 10m-size parts can be manufactured using FP. Conversely, the area
of the (/5,7) domain located below the reference contour denotes conditions for which
BP would take place before a polymerization front can propagate the entire length

of the manufactured part.
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Figure 8: Competition between FP and BP: Reference contour line of the front velocity V' (given
in mm/s), with the thicker contour lines marking the feasibility boundary between BP (below) and
FP (above) for parts of size D = 1m and D = 10m for the manufacturing of neat resin i.e., ¢ = 0%
(a) and ¢ = 50% (b). The red dots correspond to the results for the reference carbon/DCPD

system.

5. Conclusion

In this manuscript, we have presented an analytical study of the competition
between frontal- and bulk-polymerization-based manufacturing of thermosetting-
matrix composites with the aid of a nondimensional form of the reaction-diffusion
thermo-chemical equations. After reducing the problem to two key nondimensional
parameters and extracting the steady-state solution, we have explored the effects
of fiber volume fraction, thermal properties, and cure-kinetics parameters on the
velocity of the front for a range of material systems. The time scale involved in
the propagation of the polymerization front over the size of the manufactured part
was then compared to the time scale associated with the bulk polymerization of the
resin, suggesting the existence of a feasibility limit of the FP-based manufacturing

of thermosetting-matrix composites.
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