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PERSPECTIVES ON COLLABORATIVE RESEARCH IN 
MATHEMATICS EDUCATION WITH INTERDISCIPLINARY 

CONNECTIONS
/HVOLH�3��6WHIIH

8QLYHUVLW\�RI�*HRUJLD
OVWHIIH#XJD�HGX

Introduction

,Q�WKLV�SDSHU��,�GLVFXVV�P\�H[SHULHQFHV�ZLWK�FROODERUDWLYH�UHVHDUFK�DQG�KRZ�LQWHUGLVFLSOLQDU\�UH-
VHDUFK�KDV�DOZD\V�EHHQ�D�PDMRU�SDUW�RI�WKH�FROODERUDWLRQV�LQ�ZKLFK�,�KDYH�HQJDJHG��&ROODERUDWLYH�
UHVHDUFK�KDV�PXFK�WR�UHFRPPHQG�LQWHUGLVFLSOLQDU\�UHVHDUFK��EXW�WKH�FRQFHSW�KDV�EHHQ�GLVWRUWHG�
LQ�UHFHQW�GRFXPHQWV��)RU�H[DPSOH��WR�HQKDQFH�UHVHDUFK�FXOWXUH��WKH�&ROOHJH�RI�(GXFDWLRQ�DW�WKH�
8QLYHUVLW\�RI�*HRUJLD�KDV�SXEOLVKHG�D�VWUDWHJLF�SODQ�LQ�ZKLFK�D�EDVLF�DFWLRQ�LWHP�LV�WKH�LQLWLDWLRQ�
RI�VWUDWHJLF�UHVHDUFK�FROODERUDWLRQV�DQG�SDUWQHUVKLSV�ZLWK�IDFXOW\�DQG�RUJDQL]DWLRQV�LQVLGH�WKH�
&ROOHJH�DQG�RXWVLGH�WKH�&ROOHJH��ZKHUH�WKH�$VVRFLDWH�'HDQ�IRU�5HVHDUFK�LV�WKH�SHUVRQ�SULPDU-
ily responsible1��:K\� ,�FRQVLGHU� WKLV�DFWLRQ� LWHP�D�GLVWRUWLRQ�RI� WKH�FRQFHSW�RI�FROODERUDWLYH�
UHVHDUFK�ZLOO�EHFRPH�FOHDU�DV�,�GHYHORS�WKH�FRQFHSW��,QLWLDOO\��VXI¿FH�LW�WR�VD\�WKDW�LQ�P\�H[SHUL-
ence, it is LQGLYLGXDOV��QRW�LQVWLWXWLRQV��ZKR�LQLWLDWH�DQG�GR�FROODERUDWLYH�UHVHDUFK��$OWKRXJK�LW�
FDQQRW�EH� LQVWLWXWLRQDOL]HG�� FROODERUDWLYH� UHVHDUFK�FDQ�DQG�PXVW�EH� VXSSRUWHG�E\� LQVWLWXWLRQV�
ZKHQ�LW�PLJKW�RFFXU���
� $FFRUGLQJ�WR�'LFWLRQDU\�FRP��WR�FROODERUDWH�PHDQV�WR�ZRUN��RQH�ZLWK�DQRWKHU��WR�FRRSHU-
DWH��DQG�FROODERUDWLRQ�UHIHUV�WR�WKH�DFW�RU�SURFHVV�RI�FROODERUDWLQJ��,Q�P\�ZRUN�ZLWK�(UQVW�YRQ�
*ODVHUVIHOG��D�ZRUOG�UHQRZQHG�HSLVWHPRORJLVW��DQG�-RKQ�5LFKDUGV��D�SKLORVRSKHU�RI�PDWKHPDW-
LFV��ZH�GLG�LQGHHG�ZRUN�RQH�ZLWK�DQRWKHU�RQ�WKH�SURMHFW��,QWHUGLVFLSOLQDU\�5HVHDUFK�RQ�1XPEHU 
>,521@��%XW�LQ�RXU�HIIRUWV�WR�FROODERUDWH��WKHUH�ZHUH�FODVKHV�DPRQJ�WKH�PHPEHUV�RI�WKH�LQWHU-
GLVFLSOLQDU\�UHVHDUFK�WHDP�WKDW�YRQ�*ODVHUVIHOG��������SHUKDSV�VXPPHG�XS�EHVW�LQ�GHVFULELQJ�
RXU�DFWLYLW\�ZKHQ�ZDWFKLQJ�YLGHR�WDSHG�WHDFKLQJ�HSLVRGHV�WKDW�,�KDG�FRQGXFWHG�ZLWK��st�DQG��QG 
*UDGH�FKLOGUHQ��

+H� >/HV� 6WHIIH@�� D� JUDGXDWH� VWXGHQW� RI� KLV� >3DW� 7KRPSVRQ@�� WKH� SKLORVRSKHU� -RKQ�
5LFKDUGV�� DQG�P\VHOI�ZRXOG� VSHQG� FRXQWOHVV�KRXUV�YLHZLQJ� WKHVH� WDSHV� DQG� WU\LQJ�
WR�DJUHH�RQ�ZKDW�ZH�JDWKHUHG�IURP�WKHP��:H�KDG�KHDWHG�DUJXPHQWV�DQG�IRU�DOO�RI�XV�
LW�ZDV�D�SRZHUIXO�OHVVRQ��KDPPHULQJ�LQ�WKH�IXQGDPHQWDO�IDFW�WKDW�ZKDW�RQH�REVHUYHU�
VHHV�LV�QRW�ZKDW�DQRWKHU�PD\�VHH�DQG�WKDW�D�FRPPRQ�YLHZ�FDQ�EH�DFKLHYHG�RQO\�E\�D�
VWUHQXRXV�HIIRUW�RI�PXWXDO�DGDSWDWLRQ���S�����

� ,�UHFROOHFW�WKHVH�FODVKHV�DOO�WRR�ZHOO�DQG�RIIHU�WKHP�DV�DQ�DQWLGRWH�WR�WKRVH�ZKR�LQWHUSUHW�
D�UHVHDUFK�FROODERUDWLRQ�DV�D�JURXS�RI�IDFXOW\�PHPEHUV�KDUPRQLRXVO\�ZRUNLQJ�WRJHWKHU�LQ�QLU-
YDQD��%XW��WKHQ��ZKDW�JOXH�KROGV�D�UHVHDUFK�WHDP�WRJHWKHU�LQ�WKH�IDFH�RI�KHDWHG�DUJXPHQWV�DQG�
WKH�VWUHQXRXV�HIIRUW�WKDW�LV�LQYROYHG�LQ�PXWXDO�DGDSWDWLRQ"��

Preconditions for Collaborative Research

%HFDXVH�RI�WKH�FRPSOH[LWLHV�LQYROYHG�LQ�XQGHUVWDQGLQJ�KRZ�WKH�KXPDQ�PLQG�FRQVWUXFWV�VRPH-
WKLQJ� VR� FRPSOH[� DV�PDWKHPDWLFV�� ,� FRQVLGHU� DQ� LQWHUGLVFLSOLQDU\� GLVSRVLWLRQ� D� QHFHVVLW\� IRU�

�� �KWWS���ZZZ�FRH�XJD�HGX�GHDQ�UHSRUWV�LQGH[�KWPO
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UHVHDUFKHUV� WR�PRYH� WKH�¿HOG� RI�PDWKHPDWLFV� HGXFDWLRQ� IRUZDUG�� ,� KDG� DOUHDG\� HVWDEOLVKHG� DQ�
LQWHUGLVFLSOLQDU\�GLVSRVLWLRQ�ZKHQ�JUDGXDWLQJ�IURP�WKH�8QLYHUVLW\�RI�:LVFRQVLQ�LQ�WKDW�,�ZRUNHG�
DV�D�UHVHDUFK�DVVRFLDWH�LQ�WKH�QHZO\�HVWDEOLVKHG�5HVHDUFK�DQG�'HYHORSPHQW�&HQWHU�IRU�&RJQLWLYH�
/HDUQLQJ�ZKHUH� ,�ZRUNHG�ZLWK�+HQU\�9DQ�(QJHQ��$OWKRXJK�9DQ�(QJHQ�KDG�HDUQHG�D�3K�'�� LQ�
DQDO\VLV�IURP�0LFKLJDQ��KH�VSHQW�KLV�FDUHHU�ZRUNLQJ�LQ�PDWKHPDWLFV�HGXFDWLRQ�SULPDULO\�EHFDXVH�
KH�FRXOGQ¶W�¿QG�D�SRVLWLRQ�LQ�PDWKHPDWLFV�GXULQJ�WKH�JUHDW�GHSUHVVLRQ�RI�WKH�ODVW�FHQWXU\��:RUNLQJ�
ZLWK�9DQ�(QJHQ�ZDV� LQ�SDUW�DQ�DI¿UPDWLRQ�RI�P\�XQGHUVWDQGLQJ�RI� WKH�UROH�RI�PDWKHPDWLFV� LQ�
PDWKHPDWLFV�HGXFDWLRQ²RQH�GRHVQ¶W�GR�PDWKHPDWLFV�HGXFDWLRQ�ZLWKRXW�D�GHHS�XQGHUVWDQGLQJ�RI�
PDWKHPDWLFV��%XW�,�DOVR�OHDUQHG�IURP�KLP�WKDW�³NQRZLQJ�PDWKHPDWLFV´�LV�QRW�VXI¿FLHQW��
� $ORQJ�ZLWK�KLV�FROOHDJXH�0LNH�5RVVNRSI��ZKR�DOVR�KDG�D�PDMRU�LQÀXHQFH�RQ�P\�WKLQNLQJ��
9DQ�(QJHQ�UHDG�ZLGHO\�LQ�SV\FKRORJ\��ZKLFK�ZDV�TXLWH�FRPPRQ�DPRQJ�PDWKHPDWLFV�HGXFDWRUV�
RI�WKDW�WLPH��)HKU��������5RVVNRSI��������5RVVNRSI��6WHIIH��	�7DEDFN��������9DQ�(QJHQ��������
�������,Q�IDFW�� WKH�FRJQLWLYH�GHYHORSPHQW� WKHRU\�RI�3LDJHW�DQG�KLV�FROODERUDWRUV�KDG�D�PDMRU�
LPSDFW� RQ� WKH�PRGHUQ�PDWKHPDWLFV�PRYHPHQW� RI� WKH� ����¶V� LQ� WKDW� WKHLU� JHQHWLF� VWUXFWXUHV�
VHUYHG�DV�D�MXVWL¿FDWLRQ�IRU�WKH�HPSKDVLV�RQ�PDWKHPDWLFDO�VWUXFWXUH�LQ�WKH�PRGHUQ�PDWKHPDWLFV�
FXUULFXOD��%UXQHU���������7KH�GHFDGH�RI�WKH�����¶V�ZDV�GH¿QLWHO\�D�KHDG\�WLPH�LQ�WKH�KLVWRU\�RI�
WKH�¿HOG��D�WLPH�GXULQJ�ZKLFK�LQWHUGLVFLSOLQDULW\�LQ�WKH�¿HOG�ZDV�WUDQVIRUPHG�IURP�WKH�FRQQHF-
WLRQLVP�DQG�RU�EHKDYLRULVP�WKDW�GRPLQDWHG�WKH�¿HOG�GXULQJ�WKH�¿UVW�KDOI�RI�WKH�ODVW�FHQWXU\�WR�D�
PXFK�EURDGHU�DQG�GHHSHU�FRQFHSWLRQ�RI�PLQG�
� ,Q�ZKDW�IROORZV��,�DUJXH�WKDW��LQ�YLHZ�RI�WKH�KLVWRULFDO�UHODWLRQ�EHWZHHQ�PDWKHPDWLFV�HGXFD-
WLRQ�DQG�SV\FKRORJ\��WKH�PHPEHUV�RI�D�FROODERUDWLYH�UHVHDUFK�WHDP�VKRXOG�HLWKHU�KDYH�DOUHDG\�
HVWDEOLVKHG�DQ�LQWHUGLVFLSOLQDU\�GLVSRVLWLRQ�SULRU�WR�HQJDJLQJ�LQ�FROODERUDWLYH�UHVHDUFK�RU�HQJDJH�
LQ�FROODERUDWLYH�UHVHDUFK�WR�GHYHORS�VXFK�D�GLVSRVLWLRQ��7KH�PHPEHUV�RI�WKH�WHDP�DOVR�VKRXOG�
KDYH�HVWDEOLVKHG�SUREOHPV�WKDW�WKH\�ZDQW�WR�VROYH�RU�JRDOV�WKH\�ZDQW�WR�UHDFK��)XUWKHU��WKHUH�PD\�
EH�GLVVDWLVIDFWLRQ�ZLWK�WKHLU�PHWKRGV�RI�GRLQJ�UHVHDUFK�DV�ZHOO�DV�ZLWK�WKH�DQDO\WLFDO�FRQVWUXFWV�
EHLQJ�XVHG�LQ�EXLOGLQJ�H[SODQDWRU\�PRGHOV2��)LQDOO\��PHPEHUV�RI�WKH�WHDP�PLJKW�WXUQ�WR�FROODE-

RUDWLYH�UHVHDUFK�RXW�RI�GLVVDWLVIDFWLRQ�QRW�RQO\�ZLWK�WKHLU�RZQ�SURJUHVV��EXW�DOVR�ZLWK�WKH�VWDWH�RI�
WKHLU�GLVFLSOLQHV�DV�D�ZKROH��7R�H[HPSOLI\�WKHVH�IRXU�SUHFRQGLWLRQV��,�UHYLVLW�P\�HIIRUWV�WR�H[SODLQ�
FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�QXPEHU�SULRU�WR�ZRUNLQJ�LQ�,521�ZLWK�YRQ�*ODVHUVIHOG�DQG�5LFKDUGV��

Dissatisfaction with Mathematics Education circa 1970

:KHQ�,�UHFHLYHG�P\�3K�'��IURP�WKH�8QLYHUVLW\�RI�:LVFRQVLQ��P\�XQGHUVWDQGLQJ�RI�PDWKHPDWLFV�
HGXFDWLRQ�DV�DQ�DFDGHPLF�¿HOG�KDG�LWV�VRXUFHV�LQ�P\�VWXG\�RI�PDWKHPDWLFV�DQG�LQ�ZKDW�,�ODWHU�
FDPH�WR�FRQFHLYH�RI�DV�D�VWUDQJH�DWWHPSW�RQ�P\�SDUW�WR�XVH�)LVKHULDQ�H[SHULPHQWDO�WHFKQLTXHV�
LQ�WKH�VWXG\�RI�FKLOGUHQ¶V�WKLQNLQJ�DQG�OHDUQLQJ��2WKHU�WKDQ�IHHOLQJ�DV�LI�,�ZDV�GRLQJ�SVHXGR�
science, there were two events that were pivotal in initiating changes in my concept of math-

HPDWLFV�HGXFDWLRQ�DV�DQ�DFDGHPLF�¿HOG�DIWHU�MRLQLQJ�WKH�IDFXOW\�RI�PDWKHPDWLFV�HGXFDWLRQ�DW�WKH�
8QLYHUVLW\�RI�*HRUJLD�LQ��������

The Research and Development Center for Educational Stimulation 
7KH� ¿UVW� ZDV� EHLQJ� DVNHG� WR� MRLQ� WKH� HIIRUWV� RI� WKH� 5HVHDUFK� DQG� 'HYHORSPHQW� &HQWHU� IRU�
(GXFDWLRQDO�6WLPXODWLRQ�WKDW�ZDV�KRXVHG�LQ�WKH�&ROOHJH�RI�(GXFDWLRQ��7KH�PDLQ�UHVHDUFK�K\-

SRWKHVLV�RI�WKLV�&HQWHU�ZDV�WKDW�SUHVFKRRO�HGXFDWLRQDO�SURJUDPV�IRU�WKUHH��IRXU��DQG�¿YH�\HDU�
ROG�FKLOGUHQ�ZRXOG�DFFHOHUDWH�WKHLU�FRJQLWLYH�GHYHORSPHQW�IURP�3LDJHW¶V�SUHRSHUDWLRQDO�WR�KLV�
FRQFUHWH�RSHUDWLRQDO�VWDJH��7KH�GLUHFWRU�RI�WKLV�5	'�&HQWHU��'U��:DUUHQ�)LQGOH\��ZDV�D�SV\-

�� �,�XVH�WKH�WHUP�³PRGHO´�WR�UHIHU�WR��³D�FRQFHSWXDO�FRQVWUXFW�WKDW�LV�WUHDWHG�DV�WKRXJK�LW�JDYH�DQ�DF-
FXUDWH�SLFWXUH�RI�WKH�UHDO�ZRUOG´��YRQ�*ODVHUVIHOG�	�6WHIIH��������S������
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FKRPHWULFLDQ�ZKRVH�ZRUN�ZDV�EDVHG�SULPDULO\�RQ�WKH�HPSLULFLVW�DVVXPSWLRQV�RI�FODVVLFDO�WHVW�
WKHRU\��7KHVH�DVVXPSWLRQV�ZHUH�PDQLIHVW�LQ�WKH�GLUHFWLYHV�WR�VXSSRUW�WKH�WHDFKHUV�LQ�D�SUHVFKRRO�
WKDW�ZDV�WKH�VLWH�RI�WKH�H[SHULPHQW�E\�VXSSO\LQJ�PDWHULDOV�WKH\�FRXOG�XVH�WR�WHDFK�QXPEHU�DQG�
PHDVXUHPHQW�WR�WKHLU�FKLOGUHQ��
� ³7HDFKLQJ´�QXPEHU�DQG�PHDVXUHPHQW�WR�SUHVFKRRO�FKLOGUHQ�FRQVWLWXWHG�D�FRQÀDWLRQ�RI�JH-
QHWLF�DQG�PDWKHPDWLFDO�VWUXFWXUHV�WKDW�ZDV�SUHYDOHQW�LQ�WKH�DWWLWXGH�RI�PDQ\�RI�WKH�FXUULFXOXP�
GHYHORSHUV�RI�WKH�PRGHUQ�PDWKHPDWLFV�SURJUDPV��3LDJHW�ZDV�FRQVLGHUHG�WR�EH�DQ�REVHUYHU�UDWKHU�
WKDQ�D� WHDFKHU� �(GXFDWLRQDO�6HUYLFHV� ,QFRUSRUDWHG��������DQG� LW�ZDV� WKRXJKW� WKDW�KDG�3LDJHW�
REVHUYHG� WKH�PDWKHPDWLFDO� WKRXJKW�RI� FKLOGUHQ�ZKR�SDUWLFLSDWHG� LQ� WKH�PRGHUQ�PDWKHPDWLFV�
SURJUDPV��KH�ZRXOG�KDYH�UHDOL]HG�WKH�HODVWLFLW\�RI�WKH�OLPLWV�RI�WKHLU�FRJQLWLYH�SURFHVVHV��7KH�
PDWKHPDWLFDO�NQRZOHGJH�RI�WKH�FKLOGUHQ�WKDW�3LDJHW�DQG�KLV�FROODERUDWRUV�KDG�GRFXPHQWHG�LQ�
WKH�EDVLF�ERRNV�VXFK�DV�³7KH�FKLOG¶V�FRQFHSWLRQ�RI�QXPEHU´��3LDJHW�	�6]HPLQVND���������³7KH�
FKLOG¶V�FRQFHSWLRQ�RI�JHRPHWU\´��3LDJHW��,QKHOGHU��	�6]HPLQVND���������DQG�³7KH�FKLOG¶V�FRQ-

FHSWLRQ�RI�VSDFH´��3LDJHW�	�,QKHOGHU��������ZDV�HVVHQWLDOO\�GLVFRXQWHG�DQG�FXUULFXOXP�GHYHORS-

HUV�GLG�QRW�UHJDUG�FKLOGUHQ¶V�PDWKHPDWLFDO�NQRZOHGJH�DV�SDUW�RI�WKH�FXUULFXOD�WKH\�GHYHORSHG��
5DWKHU��WKH�PDWKHPDWLFDO�NQRZOHGJH�RI�FKLOGUHQ�WKDW�3LDJHW�DQG�KLV�FROODERUDWRUV�SURGXFHG�ZDV�
UHJDUGHG�DV�EHORQJLQJ�WR�WKH�¿HOG�RI�GHYHORSPHQWDO�SV\FKRORJ\�DQG�LW�KDG�WR�GR�ZLWK�VFKRRO�
PDWKHPDWLFV�RQO\�WR�WKH�H[WHQW�WKDW�LW�VHUYHG�DV�D�UDWLRQDOH�WKDW�FRQFUHWH�RSHUDWLRQDO�FKLOGUHQ�
ZHUH�UHDG\�WR�DQG�FRXOG�HQJDJH�LQ�VWUXFWXUDO�WKLQNLQJ��H�J���'LHQHV�������3. 

������$OWKRXJK�,�KDGQ¶W�P\VHOI�WDXJKW�������DQG���\HDU�ROG�FKLOGUHQ��,�MXVW�GLG�QRW�DFFHSW�%UXQHU¶V�
�������IDPRXV�K\SRWKHVLV� WKDW��³$Q\�VXEMHFW�FDQ�EH� WDXJKW�HIIHFWLYHO\� LQ�VRPH�LQWHOOHFWXDOO\�
KRQHVW�IRUP�WR�DQ\�FKLOG�DW�DQ\�VWDJH�RI�GHYHORSPHQW´��S�������HYHQ�LI�³DQ\�VXEMHFW´�ZDV�LQWHU-
SUHWHG�DV�WKH�PDWKHPDWLFV�RI�RSHUDWLRQDO�FKLOGUHQ�DQG�WKH�VWDJH�RI�GHYHORSPHQW�ZDV�WKH�SUHRS-

HUDWLRQDO�VWDJH�RI�GHYHORSPHQW�RI�PRVW�������DQG���\HDU�ROGV�
� ,�ZDV�H[WUHPHO\�SHUSOH[HG�E\�WKH�UHVHDUFK�SURMHFW�EHFDXVH��DOWKRXJK�LW�ZDV�ZHOO�EHIRUH�WKH�
(QJOLVK�WUDQVODWLRQ�RI�3LDJHW¶V�ERRN�RQ�UHÀHFWLYH�DEVWUDFWLRQ�E\�5REHUW�/��&DPSEHOO���������,�
XQGHUVWRRG�WKDW�UHÀHFWLYH�DEVWUDFWLRQ�ZDV�WKH�FRQVWUXFW�WKDW�3LDJHW�XVHG�WR�H[SODLQ�WKH�WUDQVLWLRQ�
from the preoperational to the operational stage. 

,W�LV�WKHQ�QHFHVVDU\�WR�VXSSRVH�WKDW�DEVWUDFWLRQ�VWDUWLQJ�IURP�DFWLRQV�DQG�RSHUDWLRQV²
ZKLFK�ZH�VKDOO�FDOO�³UHÀHFWLYH�DEVWUDFWLRQ´²GLIIHUV�IURP�DEVWUDFWLRQ�IURP�SHUFHLYHG�
REMHFWV²ZKLFK�ZH�VKDOO�FDOO�³HPSLULFDO�DEVWUDFWLRQ´��DVVXPLQJ�WKH�K\SRWKHVLV� WKDW�
QRQ�SHUFHSWLEOH�REMHFWV� DUH� WKH�SURGXFW�RI�RSHUDWLRQV�²LQ� WKH� VHQVH� WKDW� UHÀHFWLYH�
DEVWUDFWLRQ�LV�QHFHVVDULO\�FRQVWUXFWLYH���3LDJHW������D��SS���������

7KH�VRXUFH�RI�P\�VNHSWLFLVP�UHVLGHG�QRW�RQO\�LQ�WKH�DVVXPSWLRQ�WKDW�WKH�OLPLWV�RI�FKLOGUHQ¶V�
FRJQLWLYH�SURFHVVHV�DUH�HODVWLF��LW�DOVR�UHVLGHG�LQ�WKH�DVVXPSWLRQ�WKDW�VSRQWDQHRXV�GHYHORSPHQW�
FRXOG�EH�DFFHOHUDWHG�E\�FKLOGUHQ¶V�VSHFLDOL]HG�³PDWKHPDWLFDO´�LQWHUDFWLRQV�ZLWK�WHDFKHUV��7KDW�
LV��,�ZDV�KLJKO\�VNHSWLFDO�WKDW�WKH�SURFHVVHV�WKDW�DUH�LQYROYHG�LQ�UHÀHFWLYH�DEVWUDFWLRQ�WKDW�SUR-

GXFH�WKH�IXQGDPHQWDO�TXDQWLWDWLYH�RSHUDWLRQV�LQ�KXPDQ�EHLQJV�FRXOG�EH�VHW�LQ�PRWLRQ�E\�VXFK�
VSHFLDOL]HG�LQWHUDFWLRQV��7KHUH�ZDV�QR�DFNQRZOHGJPHQW�RI�WKH�SURGXFWV�RI�VSRQWDQHRXV�GHYHO-
RSPHQW�LQ�ZKDW�ZH�ZHUH�EHLQJ�DVNHG�WR�GR�DQG�,�FRQVWUXHG�P\�LQYROYHPHQW�DV�D�YLRODWLRQ�RI�
VFLHQWL¿F�DV�ZHOO�DV�SURIHVVLRQDO�HWKLFV4. 

�� �7KH�FXUULFXOXP�GHYHORSHUV�DSSDUHQWO\�GLG�QRW�XQGHUVWDQG�WKDW�3LDJHW¶V�JHQHWLF�VWUXFWXUHV�ZHUH�KLV�
IRUPDOL]DWLRQV�RI�ZKDW�KH�REVHUYHG�FKLOGUHQ�GR���+H�PDGH�QR�FODLP�WKDW�FKLOGUHQ�ZHUH�DZDUH�RI�WKH�VWUXF-
WXUHV�WKDW�KH�VDZ�LQ�WKHLU�PDWKHPDWLFDO�EHKDYLRU���
�� �,�DOVR�FRQVLGHU�WKH�ODFN�RI�XVH�RI�WKH�SURGXFWV�RI�VSRQWDQHRXV�GHYHORSPHQW�LQ�VFKRRO�PDWKHPDWLFV�
WRGD\�DV�D�YLRODWLRQ�RI�VFLHQWL¿F�DQG�SURIHVVLRQDO�HWKLFV���
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Establishing Problems I Could Not Solve 
8VLQJ�3LDJHW¶V�FRQFHSWLRQ�RI�WKH�QXPHULFDO�RSHUDWLRQV�RI�FRQFUHWH�RSHUDWLRQDO�FKLOGUHQ��,�GH-
FLGHG�WR�LQYROYH�P\VHOI�LQ�WHDFKLQJ�SUHRSHUDWLRQDO�NLQGHUJDUWHQ�FKLOGUHQ�LQ�WKHLU�FRQVWUXFWLRQ�RI�
QXPEHU�LQ�RUGHU�WR�FRQGXFW�P\�RZQ�SHUVRQDO�WHVW�RI�WKH�K\SRWKHVLV�RI�WKH�5	'�&HQWHU5��3LDJHW¶V�
�����E��DQDO\VLV�KDG�OHG�KLP�WR�WKH�IROORZLQJ�SRVLWLRQ�
 

7KH�GHYHORSPHQW�RI�QXPEHU�GRHV�QRW�RFFXU�HDUOLHU�WKDQ�WKDW�RI�FODVVHV��FODVVL¿FDWRU\�
VWUXFWXUHV��RU�RI�DV\PPHWULFDO�WUDQVLWLYH�UHODWLRQV��VHULDO�VWUXFWXUHV���EXW�WKHUH�LV��RQ�
WKH�FRQWUDU\��D�VLPXOWDQHRXV�FRQVWUXFWLRQ�RI�FODVVHV��UHODWLRQV�DQG�QXPEHUV���S������

+LV�PLQLPDO�FULWHULRQ�IRU�FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�QXPEHU�ZDV�RSHUDWLYH�RQH�WR�RQH�FRU-
UHVSRQGHQFH�WKDW��LQ�KLV�PRGHO��ZDV�PDGH�SRVVLEOH�E\�WKH�HPHUJHQFH�RI�WKH�DULWKPHWLF�XQLW��7KH�
VWDJHV�LQ�WKH�FRQVWUXFWLRQ�RI�RQH�WR�RQH�FRUUHVSRQGHQFH�H[DFWO\�SDUDOOHOHG�WKRVH�RI�WKH�FRQVWUXF-
WLRQ�RI�RSHUDWLYH�FODVVL¿FDWLRQ�DQG�VHULDWLRQ��3LDJHW�������D�	�E���VR�,�IRFXVHG�RQ�EULQJLQJ�IRUWK�
FODVVLI\LQJ��RUGHULQJ��DQG�RQH�WR�RQH�FRUUHVSRQGHQFH�DFWLRQV�LQ�VXFK�D�ZD\�WKDW�PLJKW�HQJHQGHU�
WKHLU�LQWHULRUL]DWLRQ�E\�WKH�LQYROYHG�FKLOGUHQ��)RU�H[DPSOH��DIWHU�DVNLQJ�FKLOGUHQ�WR�PDNH�D�WUDLQ�
RI�WR\�UDLOURDG�FDUV��,�ZRXOG�DVN�WKHP�WR�¿QG�DOO�RI�WKH�FDUV�WKDW�ZHUH�EHIRUH�D�JLYHQ�FDU��DOO�WKDW�
ZHUH�DIWHU�D�JLYHQ�FDU��ZKLFK�RQH�ZDV�MXVW�DIWHU�RU�MXVW�EHIRUH�D�JLYHQ�FDU��RU�ZKLFK�RQHV�ZHUH�
EHWZHHQ�WZR�FDUV��,�DOVR�VXSSOHPHQWHG�WKHVH�TXHVWLRQV�E\�VXEVWLWXWLQJ�³KRZ�PDQ\´�IRU�³ZKLFK�
RQHV´�ZKHQ�DSSURSULDWH�DV�ZHOO�DV�DVNLQJ�WKH�FKLOGUHQ�WR�¿QG�WKH�QH[W�WKUHH�FDUV�DIWHU�D�JLYHQ�
FDU�RU�WKH�IRXUWK�RQH�DIWHU�D�JLYHQ�FDU��HWF��,�DOVR�DVNHG�WKHP�UHYHUVLEOH�TXHVWLRQV�WKDW�LQYROYHG�
FRXQWLQJ�LQ�RSSRVLWH�GLUHFWLRQV��,Q�WKH�FDVH�RI�RQH�WR�RQH�FRUUHVSRQGHQFH��,�SUHVHQWHG�WKH�FKLO-
GUHQ�ZLWK�SUREOHPDWLF�VLWXDWLRQV�OLNH�JHWWLQJ�DV�PDQ\�VSRRQV�DV�WKHUH�ZHUH�IRUNV��RQH�IRU�HDFK�
RQH��,�DOVR�H[SHULPHQWHG�ZLWK�LQGXFLQJ�UHFLSURFDO�DQG�WUDQVLWLYH�UHDVRQLQJ�LQ�D�ZD\�VLPLODU�WR�
KRZ�,�H[SHULPHQWHG�ZLWK�³EHIRUH´�DQG�³DIWHU´�DV�LQYHUVH�DFWLRQV�LQ�WKH�RUGHULQJ�WDVNV��

,�QHYHU�UHSRUWHG�WKH�UHVXOWV�RI�WKHVH�H[SHULPHQWV�SULPDULO\�EHFDXVH�RI�WKH�PDMRU�FRQVWUDLQWV�
WKDW�WKH�FKLOGUHQ�SUHVHQWHG�WR�PH�DV�,�ZRUNHG�ZLWK�WKHP��,W�ZDVQ¶W�WKDW�,�KDG�MXVWL¿HG�P\�VNHS-

WLFLVP�DERXW�GLUHFWO\� WHDFKLQJ�QXPEHU�DQG�PHDVXUHPHQW� WR�SUHRSHUDWLRQDO�FKLOGUHQ��5DWKHU�� ,�
UHDOL]HG�WKDW�,�KDG�H[SHULHQFHG�D�UHDOLW\�for which ,�KDG�QR�PRGHO�DQG�,�KDG�QR�ODQJXDJH�WR�VSHDN�
RU�ZULWH�DERXW�WKLV�UHDOLW\�RWKHU�WKDQ�P\�REVHUYDWLRQV�RI�ZKDW�WKH�FKLOGUHQ�FRXOGQ¶W�GR��By teach-
LQJ�FKLOGUHQ��,�KDG�FRQVWUXFWHG�D�SUREOHP�IRU�ZKLFK�,�KDG�QR�VROXWLRQ��7KHVH�FKLOGUHQ�FRXOG�
KDYH�EHHQ�FODVVL¿HG�DV�SUHRSHUDWLRQDO�FKLOGUHQ�LQ�3LDJHW¶V�IUDPHZRUN�EXW�WKDW�GLG�QRW�VROYH�P\�
SUREOHP�EHFDXVH�LW�GLG�QRW�VXSSO\�PH�ZLWK�DQ�RSHUDWLRQDO�PRGHO�WKDW�,�FRXOG�XVH�WR�H[SODLQ�WKHLU�
PDWKHPDWLFDO�WKLQNLQJ��,Q�VKRUW��,�NQHZ�ZKDW�WKH\�FRXOGQ¶W�GR�PDWKHPDWLFDOO\�ZLWK�UHVSHFW�WR�
3LDJHW¶V�IUDPHZRUN��EXW�,�GLGQ¶W�NQRZ�ZKDW�WKH\�FRXOG�GR�DV�,�KDG�QR�RSHUDWLRQDO�PRGHO�RI�WKHLU�
PDWKHPDWLFDO�PLQGV���

7KH�FRQVWUDLQWV�WKDW�,�H[SHULHQFHG�ZKHQ�ZRUNLQJ�ZLWK�WKHVH�SUH�RSHUDWLRQDO�FKLOGUHQ�FRQ-

VWLWXWHG�WKH�VHFRQG�PDMRU�HYHQW�WKDW�ZDV�SLYRWDO�LQ�FKDQJLQJ�P\�FRQFHSW�RI�ZRUNLQJ�VFLHQWL¿-

FDOO\� LQ�PDWKHPDWLFV�HGXFDWLRQ��0\�H[SHULPHQW� IDLOHG�QRW�EHFDXVH� WKH�FKLOGUHQ�GLG�QRW� LQWH-
ULRUL]H� WKHLU�JRDO�GLUHFWHG�DFWLRQV��,W� IDLOHG�EHFDXVH� LQ�PRVW�FDVHV�,�FRXOG�QRW�HYHQ�HQJHQGHU�
WKH�FKLOGUHQ¶V�JRDO�GLUHFWHG�DFWLRQV��,�ZLOO�QHYHU�IRUJHW�KRZ�LQDSSURSULDWH�LW�VHHPHG�WR�DVN�WKH�
FKLOGUHQ�WR�XVH�RQH�WR�RQH�FRUUHVSRQGHQFH�DV�D�PHDQV�RI�VLPSO\�FRPSDULQJ�WKH�SOXUDOLWLHV�RI�
WZR�SHUFHSWXDO�FROOHFWLRQV��6R��LW�JRHV�ZLWKRXW�VD\LQJ�WKDW�PDNLQJ�LQGLUHFW�FRPSDULVRQV�EHWZHHQ�
WZR�VXFK�FROOHFWLRQV�E\�PHDQV�RI�WUDQVLWLYH�UHDVRQLQJ�VHHPHG�IDU�UHPRYHG�IURP�WKH�FKLOGUHQ��

$W�WKDW�SRLQW��,�UHDOL]HG�WKDW�3LDJHW¶V�K\SRWKHVLV�WKDW�PHQWDO�RSHUDWLRQV�DUH�WKH�UHVXOW�RI�WKH�

�� �7KLV�VLJQDOHG�WKH�EHJLQQLQJV�RI�WKH�FRQVWUXFWLYLVW�WHDFKLQJ�H[SHULPHQW��D�PHWKRGRORJ\�GLVWLQFWO\�
GLIIHUHQW�IURP�3LDJHW¶V�FOLQLFDO�LQWHUYLHZ���
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LQWHULRUL]DWLRQ�RI�DFWLRQV� WKDW�DUH� LQWURGXFHG�E\� WKH�VXEMHFW�GLG�QRW�QHFHVVDULO\� LQYROYH� WKRVH�
VSHFLDOL]HG�DFWLRQV�WKDW�DQ�DGXOW�PLJKW�FRQVLGHU�DV�SUHFXUVRUV�WR�WKH�RSHUDWLRQV��7KDW�LV��,�KDG�
QR� UHDVRQ� WR�EHOLHYH� WKDW� FODVVLI\LQJ�� VHULDWLQJ�� RU� FRUUHVSRQGLQJ� DFWLRQV� DUH� LQYROYHG� LQ� WKH�
FRQVWUXFWLRQ�RI�QXPEHU��7KH�XSVKRW�RI�WKLV�UHDOL]DWLRQ�ZDV�WKDW�,�VLPSO\�GLG�QRW�NQRZ�ZKDW�DF-
WLRQV�RU�LQWHUDFWLRQV�RI�FKLOGUHQ�DUH�LQWHULRUL]HG�WR�SURGXFH�3LDJHW¶V�VHULDWHG�FODVVHV�RU�QXPEHU��

,W�DSSHDUV�WR�EH�H[WUHPHO\�GLI¿FXOW�WR�GH¿QH�³PDWKHPDWLFDO�FRQWH[WV�´�HVSHFLDOO\�ZLWK�
UHIHUHQFH�WR�\RXQJ�FKLOGUHQ��*LYHQ�WKH�YHU\�JHQHUDO�EDVLV�IRU�FRQVWUXFWLRQ�RI�ORJLFDO�
PDWKHPDWLFDO�RSHUDWLRQV�«�DOPRVW�DQ\�VLWXDWLRQ� WKDW�FDQ�EH�FRPPHQWHG�RQ��DVNHG�
DERXW��LQGLFDWHG�DV�GHVLUDEOH��HWF���FDQ�OHDG�WR�DFWLRQV��XWWHUDQFHV��JHVWXUHV��RU�RWKHU�
FRPPXQLFDWLYH�DFWV�WKDW�KDYH�VRPHWKLQJ�WR�GR�ZLWK�ORJLF�RU�PDWKHPDWLFV���6LQFODLU��
1990, p. 25) 

6LQFODLU¶V�FRPPHQW�EULQJV�3LDJHW¶V�FODLP�WKDW�WKH�PLQG�RUJDQL]HV�WKH�ZRUOG�E\�RUJDQL]LQJ�
LWVHOI�LQWR�IRFXV��,W�VHHPV�WKDW�DQ�REVHUYHU�ZRXOG�LQGHHG�EH�KDUG�SUHVVHG�WR�LGHQWLI\�FRPPXQLFD-
WLYH�DFWV�RU�VLWXDWLRQV�WKDW�JLYH�ULVH�WR�WKH�RSHUDWLRQV�WKDW�3LDJHW�LGHQWL¿HG��7KLV�LQVLJKW�OHDG�WR�
WKH�UHDOL]DWLRQ�WKDW�3LDJHW�KDG�QRW�VROYHG�WKH�SUREOHP�,�IDFHG�RI�QRW�KDYLQJ�D�PRGHO�RI�WKH�UHDOL-
WLHV�WKDW�³NLFNHG�EDFN¶�DW�PH�ZKHQ�,�WDXJKW�WKHVH�SUHRSHUDWLRQDO�FKLOGUHQ��$OWKRXJK�,�DJUHHG�ZLWK�
KRZ�3LDJHW��������UHJDUGHG�VSRQWDQHRXV�GHYHORSPHQW��WKHUH�ZHUH�IHZ�VXJJHVWLRQV�WKDW�ZRXOG�
EH�XVHIXO�LQ�PDWKHPDWLFV�HGXFDWLRQ�FRQFHUQLQJ�WKH�FRQVWUXFWLYH�DFWLYLWLHV�WKDW�DUH�LQYROYHG�LQ�
WKH�IHZ�\HDUV�WKDW�D�FKLOG�

 

6SRQWDQHRXVO\�UHFRQVWUXFWV�RSHUDWLRQV�DQG�EDVLF�VWUXFWXUHV�RI�D�ORJLFR�PDWKHPDWLFDO�
QDWXUH��ZLWKRXW�ZKLFK�KH�ZRXOG�XQGHUVWDQG�QRWKLQJ� LQ�VFKRRO��«�+H�UHLQYHQWV� IRU�
KLPVHOI��DURXQG�KLV�VHYHQWK�\HDU��WKH�FRQFHSWV�RI�UHYHUVLELOLW\��WUDQVLWLYLW\��UHFXUVLRQ��
UHFLSURFLW\� RI� UHODWLRQV�� FODVV� LQFOXVLRQ�� FRQVHUYDWLRQ� RI� QXPHULFDO� VHWV�� PHDVXUH-
PHQWV��RUJDQL]DWLRQ�RI�VSDWLDO�UHIHUHQWV���S�����

Dissatisfaction with Research Methods and Analytical Constructs

0\�VKRUW�WHQXUH�ZLWK�WKH�5	'�&HQWHU�IRU�(GXFDWLRQDO�6WLPXODWLRQ�GLG�HQJHQGHU�D�VKLIW�LQ�KRZ�
,�WULHG�WR�XVH�3LDJHWLDQ�WKHRU\�LQ�WKH�PDWKHPDWLFV�HGXFDWLRQ�RI�VWXGHQWV�IURP�XVLQJ�)LVKHULDQ�
H[SHULPHQWDO�WHFKQLTXHV�WR�DFWXDOO\�WHDFKLQJ�FKLOGUHQ��*LYHQ�P\�GRXEWV�FRQFHUQLQJ�FKLOGUHQ¶V�
FRQVWUXFWLRQ� RI� QXPEHU�� D� UHWXUQ� WR� WKH� ³XQLQWHUSUHWHG� GDWD´� ZDV� LQ� RUGHU�� 3URIHVVRU� /DUU\�
+DW¿HOG�DQG�,�KDG� MRLQHG� WKH�3URMHFW� IRU� WKH�0DWKHPDWLFDO�'HYHORSPHQW�RI�&KLOGUHQ, a joint 

16)� SURMHFW� EHWZHHQ� )ORULGD� 6WDWH�8QLYHUVLW\� DQG�7KH�8QLYHUVLW\� RI�*HRUJLD�� DQG�ZH� ERWK�
PRXQWHG�ZKDW�WR�P\�NQRZOHGJH�ZHUH�WKH�¿UVW�WHDFKLQJ�H[SHULPHQWV�LQ�PDWKHPDWLFV�HGXFDWLRQ�
LQ�WKH�8QLWHG�6WDWHV��$ORQJ�ZLWK�WZR�GRFWRUDO�VWXGHQWV��,�WDXJKW�WZR�FODVVHV�RI�¿UVW�JUDGHUV�IRU�
RQH�VFKRRO�\HDU��6WHIIH��+LUVWHLQ��	�6SLNHV���������7KHUH�ZHUH�WKUHH�PDMRU�¿QGLQJV�RI�WKLV�VWXG\��

x� 7KH�¿UVW�ZDV� WKDW� FKLOGUHQ�FRXQWHG� LQGHSHQGHQWO\�RI�RXU� VXJJHVWLRQV� WR� VROYH�
WKHLU�DULWKPHWLF�VLWXDWLRQV��

x� 7KH�VHFRQG�ZDV�WKDW�WKHUH�ZHUH�VXEVWDQWLDO�GLIIHUHQFHV�LQ�WKH�WDVNV�WKDW�FKLOGUHQ�
FRXOG�VROYH�DQG�LQ�WKH�XQLWV�WKDW�FKLOGUHQ�FUHDWHG�DQG�FRXQWHG�LQ�WKHLU�VROXWLRQV��

x� 7KH� WKLUG�ZDV� WKDW�ZH�REVHUYHG�FKLOGUHQ�ZKR�FRXOG� LQGHHG�FRXQW�RQ�EXW�ZKR�
FRXOG�QRW�VROYH�3LDJHW¶V�FODVV�LQFOXVLRQ�SUREOHP��

$OO�WKUHH�¿QGLQJV�ZHUH�DQRPDOLHV�ZLWK�UHVSHFW�WR�3LDJHW¶V�JURXSLQJ�VWUXFWXUHV��7KH�¿UVW�WZR�
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ZHUH�DQRPDOLHV�EHFDXVH�WKH�JURXSLQJ�VWUXFWXUHV�GLG�QRW�H[SODLQ�FKLOGUHQ¶V�FRXQWLQJ�RU�WKH�XQLWV�
WKDW�DUH�LQYROYHG��7KH�WKLUG�ZDV�DQ�DQRPDO\�EHFDXVH�,�FRQVLGHUHG�WKDW�FRXQWLQJ�RQ�LQGLFDWHG�WKDW�
FKLOGUHQ�KDG�FRQVWUXFWHG�QXPEHU��VR�WKH�FKLOGUHQ�VKRXOG�KDYH�DOVR�FRQVWUXFWHG�WKH�FODVV�LQFOX-

sion operation. In retrospect, these three observations were the basis of a progressive problem 

VKLIW�LQ�WKH�VHQVH�WKDW�/DNDWRV��������S�������H[SODLQHG��7KH�FKDOOHQJH�ZDV�WR�FRQVWUXFW�D�PRGHO�
RI�FKLOGUHQ¶V�QXPHULFDO�RSHUDWLRQV�LQ�ZKLFK�WKHVH�WKUHH�REVHUYDWLRQV�DV�ZHOO�DV�D�KRVW�RI�RWKHUV�
ZHUH�H[SODLQHG��,W�LV�LPSRUWDQW�WR�QRWH�WKDW�WKLV�FRPPHQW�LV�PDGH�LQ�UHWURVSHFW��$W�WKH�WLPH��,�
DEDQGRQHG�P\�DWWHPSWV�WR�DSSO\�3LDJHW¶V�JURXSLQJ�VWUXFWXUHV�LQ�WKH�PDWKHPDWLFV�HGXFDWLRQ�RI�
FKLOGUHQ�DQG�LQVWHDG�PRXQWHG�D�VHFRQG�WHDFKLQJ�H[SHULPHQW�WR�H[SORUH�WKH�UROH�RI�FRXQWLQJ�LQ�
WKHLU�PDWKHPDWLFDO�HGXFDWLRQ��/LWWOH�GLG�,�UHDOL]H�LW�WKHQ��EXW�WKLV�PDUNHG�WKH�EHJLQQLQJ�RI����
\HDUV�RI�SURGXFWLYH�LQWHUGLVFLSOLQDU\�UHVHDUFK�LQ�,521��

1RW�RQO\�GLG�,�DEDQGRQ�P\�DWWHPSWV�WR�DSSO\�3LDJHW¶V�*URXSLQJ�6WUXFWXUHV�LQ�PDWKHPDWLFV�
HGXFDWLRQ��EXW�,�DOVR�DEDQGRQHG�P\�DWWHPSWV�WR�XVH�)LVKHULDQ�H[SHULPHQWDO�WHFKQLTXHV�LQ�PDWK-

HPDWLFV�HGXFDWLRQ�UHVHDUFK��0HUJLQJ�WKH�SUDFWLFH�RI�WHDFKLQJ�ZLWK�WKH�SUDFWLFH�RI�UHVHDUFK�ZDV�
D�KXJH�EUHDNWKURXJK�IRU�PH�EHFDXVH�P\�LGHQWLW\�DV�D�PDWKHPDWLFV�WHDFKHU�DQG�D�PDWKHPDWLFV�
HGXFDWLRQ�UHVHDUFKHU�ZHUH�EHFRPLQJ�LQWHJUDWHG�DV�HVVHQWLDO�FRPSRQHQWV�LQ�D�ODUJHU�FRQFHSWXDO�
FRPSOH[�WKDW�,�FRQVWUXFWHG�RYHU�WKH�QH[W�¿IWHHQ�\HDUV��D�FRQFHSWXDO�FRPSOH[�WKDW�,�DP�VWLOO�LQ�WKH�
SURFHVV�RI�UHFRQVWUXFWLQJ�DQG�H[WHQGLQJ6. 

0\�FRQFHSWLRQ�RI�GRLQJ�VFLHQFH� LQYROYHG�GHYHORSLQJ�DQG�XVLQJ�H[SODQDWRU\�FRQVWUXFWV��
D�FRQFHSWLRQ�WKDW�,�GHYHORSHG�WKURXJK�P\�VWXGLHV�RI�SK\VLFV�LQ�P\�XQGHUJUDGXDWH�\HDUV��7KLV�
ZDV�WKH�UHDVRQ�ZK\�,�ZDV�VR�DWWUDFWHG�WR�3LDJHW¶V�ZRUN��+H�RIIHUHG�H[SODQDWLRQV�RI�FKLOGUHQ¶V�
WKLQNLQJ�DV�ZHOO�DV�D�PHWKRGRORJ\�IRU�REVHUYDWLRQ�WKDW�EHFDPH�NQRZQ�DV�WKH�FOLQLFDO�LQWHUYLHZ�

7KH�IRFXV�RI�WKH�FOLQLFLDQ�LV�WR�XQGHUVWDQG�WKH�RULJLQDOLW\�RI�>WKH�FKLOG¶V@�UHDVRQLQJ��WR�
GHVFULEH�LWV�FRKHUHQFH��DQG�WR�SUREH�LWV�UREXVWQHVV�RU�IUDJLOLW\�LQ�D�YDULHW\�RI�FRQWH[WV��
�$FNHUPDQQ��������S������

%XW��,�KDG�MXVW�DEDQGRQHG�P\�DWWHPSWV�WR�DSSO\�3LDJHW¶V�JURXSLQJ�VWUXFWXUHV�DQG�,�ZDV�LQ-

YROYHG�LQ�WHDFKLQJ�FKLOGUHQ�IRU�UDWKHU�H[WHQGHG�SHULRGV�RI� WLPH�WR�H[SORUH�WKH�UROH�RI�FRXQWLQJ�
LQ�FKLOGUHQ¶V�PDWKHPDWLFDO�HGXFDWLRQ��6R��,�KDG�DEDQGRQHG�WKH�VFLHQFH�WKDW�,�ZDV�WU\LQJ�WR�DSSO\�
DQG�WKH�FOLQLFDO�LQWHUYLHZ�FRXOG�QRW�EH�P\�VROH�PHWKRGRORJ\��7KH�RQO\�H[SODQDWRU\�FRQVWUXFWV�RI�
FKLOGUHQ¶V�PDWKHPDWLFV�WKDW�ZHUH�DYDLODEOH�WR�PH�ZDV�P\�RZQ�FRQFHSWLRQ�RI�PDWKHPDWLFV�VXFK�
DV�+DXVGRUII¶V��������WKHRU\�RI�FDUGLQDO�DQG�RUGLQDO�QXPEHU�DQG�WKHLU�LQWHUSUHWDWLRQV��DQG�9DQ�
(QJHQ¶V� �������³HPSW\�KDW´�DSSURDFK� WR�FDUGLQDO�QXPEHU��� ,�KDG�QR�RWKHU�PRGHO�RI�FKLOGUHQ¶V�
FRXQWLQJ��VR�LW�ZRXOG�KDYH�EHHQ�H[WUHPHO\�HDV\�WR�UHJUHVV�WR�WKH�FXUULFXOXP�WULDOV�WKDW�ZHUH�XVHG�
GXULQJ�WKH�HUD�RI�WKH�0RGHUQ�0DWKHPDWLFV�0RYHPHQW�RI�WKH�����¶V�ZKHUH�WKH�FXUULFXOXP�GHYHO-
RSPHQW�HIIRUWV�ZHUH�EDVHG�VROHO\�RQ�KRZ�DGXOWV�XQGHUVWRRG�PDWKHPDWLFV8. However, what I was 

REVHUYLQJ�GLG�QRW�¿W�ZLWKLQ�P\�RZQ�FRQFHSWLRQV�DQG�ZD\V�RI�RSHUDWLQJ�ZLWK�FDUGLQDO�DQG�RUGLQDO�
QXPEHU��,�ZDV�DEOH�WR�FRQVWUXFW�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�FKLOGUHQ¶V�ZD\V�RI�RSHUDWLQJ��EXW�
,�ODFNHG�WKH�FRQFHSWXDO�WRROV�WR�FRQVWUXFW�VFLHQWL¿F�H[SODQDWLRQV��7KLV�ODFN�RI�FRQFHSWXDO�WRROV�
LV�WKH�SULPDU\�UHDVRQ�WKDW�,�WXUQHG�WR�LQWHUGLVFLSOLQDU\�ZRUN�ZLWK�YRQ�*ODVHUVIHOG�DQG�5LFKDUGV�

�� �,�WKDQN�3URIHVVRU�/DUU\�+DW¿HOG�IRU�KLV�VXEVWDQWLDO�FRQWULEXWLRQV�WR�WKLV�HVVHQWLDO�FKDQJH�LQ�P\�
FRQFHSWLRQV�RI�ZKDW�LW�PHDQV�WR�GR�UHVHDUFK�LQ�PDWKHPDWLFV�HGXFDWLRQ���
�� �7KH�WKHRU\�RI�FDUGLQDO�QXPEHU�VHUYHG�DV�D�EDVLV�IRU�PDWKHPDWLFDO�FXUULFXOD�LQ�WKH�HOHPHQWDU\�VFKRRO�
DQG�3LDJHW¶V�JURXSLQJ�VWUXFWXUHV�VHUYHG�DV�LWV�SV\FKRORJLFDO�MXVWL¿FDWLRQ���
�� �0D[�%HEHUPDQ��³8,&60��)LIWHHQ�<HDUV�RI�([SHULPHQWDWLRQ´�LQ�%HEHUPDQ��0��	�)ROGHU��56�
���������%R[�����8QLYHUVLW\�RI�,OOLQRLV�$UFKLYHV�
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Elements of a Successful Collaborative Research Program

,�ZLOO� DOZD\V�EH� LQGHEWHG� WR�3URIHVVRU�&KDUOHV�6PRFN�RI� WKH�3V\FKRORJ\�'HSDUWPHQW� DW� WKH�
8QLYHUVLW\�RI�*HRUJLD�IRU�LQYLWLQJ�PH�WR�D�FROORTXLXP�JLYHQ�E\�(UQVW�YRQ�*ODVHUVIHOG��,Q�WKH�
FROORTXLXP�WR�ZKLFK�,�ZDV� LQYLWHG��YRQ� �*ODVHUVIHOG�UHFRXQWHG�D�VWRU\�SXEOLVKHG�E\�/HWWYLQ��
0DWXUDQD��0F&XOORFK��DQG�3LWWV��������WKDW�DW�RQFH�HVWDEOLVKHG�D�ERQG�EHWZHHQ�WKH�WZR�RI�XV�
WKDW�KDV�ODVWHG�IURP�WKHQ�RQ�XS�WKURXJK�WKH�SUHVHQW�WLPH��:KHQ�WDONLQJ�DERXW�D�IURJ�DV�D�À\�
FDWFKHU��KH�FRPPHQWHG�WKDW�

7KH� V\VWHP� >WKH� IURJ¶V� YLVXDO� V\VWHP@� DV� D�ZKROH�PDNHV� WKH� IURJ� DQ� HI¿FLHQW� À\�
FDWFKHU�� EHFDXVH� LW� LV� WXQHG� IRU� VPDOO� GDUN� ³REMHFWV´� WKDW�PRYH� DERXW� LQ� DQ� DEUXSW�
À\�OLNH�ZD\��,Q�WKH�IURJ¶V�QDWXUDO�KDELWDW��DV�ZH��ZKR�REVHUYH�WKH�IURJ�VHH�LW��HYHU\�
LWHP�WKDW�SRVVHVVHV�WKH�FKDUDFWHULVWLFV�QHFHVVDU\�WR�WULJJHU�WKH�IURJ¶V�GHWHFWRUV�LQ�WKH�
SURSHU�VHTXHQFH�LV�D�À\�RU�EXJ�RU�RWKHU�PRUVHO�RI�IRRG�IRU�WKH�IURJ��%XW�LI�WKH�IURJ�LV�
SUHVHQWHG�ZLWK�D�EODFN�EHDG��DQ�DLU�JXQ�SHOOHW��RU�DQ\�RWKHU�VPDOO�GDUN�PRYLQJ�LWHP��
LW�ZLOO�VQDS�LW�XS�DV�WKRXJK�LW�ZHUH�D�À\��,Q�IDFW��WR�WKH�QRUPDO�IURJ¶V�YLVXDO�DSSDUDWXV��
DQ\WKLQJ�WKDW�WULJJHUV�WKH�GHWHFWRUV�LQ�WKH�ULJKW�ZD\��LV�D�³À\´���YRQ�*ODVHUVIHOG��������
UHSULQWHG�LQ�YRQ�*ODVHUVIHOG��������SS���������

,�ZDV�YHU\�H[FLWHG�E\�WKLV�VWRU\�EHFDXVH�LW�FODUL¿HG�ZK\�,�IRXQG�LW�QHFHVVDU\�WR�ZRUN�DV�D�
WHDFKHU�LQ�PDWKHPDWLFV�HGXFDWLRQ�UHVHDUFK�DQG�ZK\��DV�0D[�%RUQ��������VDLG��³7KXV�LW�GDZQHG�
XSRQ�PH� WKDW� HYHU\WKLQJ� LV� VXEMHFWLYH�� HYHU\WKLQJ�ZLWKRXW� H[FHSWLRQ��7KDW�ZDV� D� VKRFN´� �S��
������7KH�SRLQW�RI�WKH�VWRU\��RI�FRXUVH��LV�WKDW�ZKDWHYHU�LV�SHUFHLYHG�LV�EDVLFDOO\�D�FRPSRVLWLRQ�
RI�VLJQDOV�JHQHUDWHG�LQ�RXU�YDULRXV�VHQVRU\�FKDQQHOV��

:H�DUH�IUHH��RI�FRXUVH��WR�FRQVLGHU�WKHVH�RULJLQDO�VLJQDOV�WKH�HIIHFW�RI�VRPH�RXWVLGH�
FDXVHV��%XW�VLQFH�WKHUH�LV�QR�ZD\�RI�DSSURDFKLQJ�RU�³REVHUYLQJ´�WKHVH�K\SRWKHWLFDO�
FDXVHV��H[FHSW�WKURXJK�WKHLU�HIIHFWV��ZH�DUH�LQ�WKH�VDPH�UHODWLRQ�WR�WKDW�³RXWVLGH´�LQ�
ZKLFK� WKH� ¿UVW� F\EHUQHWLFLVWV� IRXQG� WKHPVHOYHV�ZLWK� UHJDUG� WR� OLYLQJ� RUJDQLVPV²
WKDW�LV�WR�VD\��ZH�DUH�IDFLQJ�D�³EODFN�ER[´���YRQ�*ODVHUVIHOG��������UHSULQWHG�LQ�YRQ�
*ODVHUVIHOG��������S������

� 7KH�IURJ�VWRU\��ZKLFK� LV�D� UHVXOW�RI�ELRORJLFDO� UHVHDUFK�� LPPHGLDWHO\� UHVRQDWHG�ZLWK�PH�
EHFDXVH�LW�FODUL¿HG�P\�DWWHPSWV�DW�EXLOGLQJ�PRGHOV�RI�WKH�PDWKHPDWLFDO�PLQGV�RI�WKH�VWXGHQWV�
WKDW�,�WDXJKW��)RU�PH��RU�DQ\�REVHUYHU��WKH�PDWKHPDWLFDO�PLQGV�RI�WKHVH�VWXGHQWV�ZHUH�P\�³EODFN�
ER[HV´�DQG�,�KDG�MXVW�DEDQGRQHG�WKH�PRGHOV�RI�WKHP�WKDW�,�KDG�EHHQ�WU\LQJ�WR�XVH�LQ�WKHLU�PDWK-

HPDWLFDO�HGXFDWLRQ�DV�ZHOO�DV�WKH�PHWKRGRORJ\�WKDW�,�KDG�EHHQ�XVLQJ�LQ�WKH�DSSOLFDWLRQV��)XUWKHU��
WKH�DQDORJ\�EHWZHHQ�WKH�IURJ�DQG�P\VHOI�ZDV�VLPSO\�VWDJJHULQJ²ZKDWHYHU�WKH�IURJ�HVWDEOLVKHG�
DV�D�À\�ZDV�GXH�WR�WKH�ZD\�WKH�IURJ¶V�SHUFHSWXDO�DSSDUDWXVHV�ZHUH�GHVLJQHG��VR�ZKDWHYHU�,�HVWDE-

OLVKHG�DV�D�PRGHO�RI�VWXGHQWV¶�PDWKHPDWLFDO�PLQGV�ZRXOG�EH�GXH�WR�WKH�ZD\�P\�RZQ�FRQFHSWXDO�
FRQVWUXFWV�ZHUH�GHVLJQHG��

The Reality of Children’s Mathematics
:KHQ�WHDFKLQJ�VWXGHQWV��LW�GRHVQ¶W�WDNH�ORQJ�WR�UHDOL]H�WKDW�RQH�UXQV�LQWR�FRQVWUDLQWV�LQ�LQWHUDFW-
ing with them.  

7KH�FRQVWUXFWLYLVW�LV�IXOO\�DZDUH�RI�WKH�IDFW�WKDW�DQ�RUJDQLVP¶V�FRQFHSWXDO�FRQVWUXF-
WLRQV� DUH�QRW� IDQF\�IUHH��2Q� WKH� FRQWUDU\�� WKH�SURFHVV�RI� FRQVWUXFWLQJ� LV� FRQVWDQWO\�
FXUEHG�DQG�KHOG�LQ�FKHFN�E\�WKH�FRQVWUDLQWV�LW�UXQV�LQWR���YRQ�*ODVHUVIHOG��������S�����
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 $QRWKHU�ZD\�RI�VD\LQJ�WKLV�LV�WKDW�DGXOWV�DUH�FRQVWUDLQHG�E\�VWXGHQWV¶�PDWKHPDWLFV�LQ�WKH�
VHQVH�WKDW�LW�³NLFNV�EDFN´�DW�XV�LQ�D�ZD\�VLPLODU�WR�KRZ�YRQ�*ODVHUVIHOG�FRQVLGHUV�UHDOLW\�³NLFN-

LQJ�EDFN�´��+RZ�WR�HOLPLQDWH�WKHVH�FRQVWUDLQWV�FRQVWLWXWHV�PDMRU�SUREOHPV�IRU�WKH�UHVHDUFKHU��
DQG�WKHLU�VROXWLRQV�GHSHQG�RQ�OHDUQLQJ�KRZ�WR�HQJHQGHU�VWXGHQWV¶�VROXWLRQV�RI�WKHLU�SUREOHPV��,Q�
VSLWH�RI�DVVHUWLRQV�E\�RWKHUV��YRQ�*ODVHUVIHOG�KDV�QHYHU�GHQLHG�UHDOLW\�QRU�GR�,�GHQ\�WKH�UHDOLWLHV�
RI�VWXGHQWV¶�PDWKHPDWLFV�HYHQ�WKRXJK�,�FRQVLGHU�WKHP�DV�³EODFN�ER[HV´��

7KH� FRQVWUXFWLYLVW� FRQFOXVLRQ� LV� XQSRSXODU��7KH�PRVW� IUHTXHQW� REMHFWLRQ� WDNHV� WKH�
IRUP�RI�WKH�DFFXVDWLRQ�WKDW�FRQVWUXFWLYLVP�GHQLHV�UHDOLW\��%XW�WKLV�LW�GRHV�QRW��,W�RQO\�
GHQLHV�WKDW�ZH�FDQ�UDWLRQDOO\�NQRZ�D�UHDOLW\�EH\RQG�RXU�H[SHULHQFH���YRQ�*ODVHUVIHOG��
������S�������

� +RZ�WR�EXLOG�H[SODQDWRU\�PRGHOV�RI�WKH�³EODFN�ER[HV´�WKDW�FRQVWLWXWH�VWXGHQWV¶�PDWKHPDW-
LFV�>RU�WKH�PDWKHPDWLFV�RI�WKH�RWKHU@�LV�D�PDMRU�SUREOHP�FRQIURQWLQJ�UHVHDUFKHUV�LQ�PDWKHPDW-
LFV�HGXFDWLRQ��2QH�GRHV�QRW�HQJDJH�LQ�FROODERUDWLYH�UHVHDUFK�WHDPV�WR�OHDUQ�KRZ�WR�apply the 

FRQFHSWV�DQG�PHWKRGV�RI�DQRWKHU�GLVFLSOLQH�WR�PDWKHPDWLFV�HGXFDWLRQ��5DWKHU��RQH�HQJDJHV�LQ�
UHVHDUFK�WHDPV�LQ�RUGHU�WR learn�KRZ�WKRVH�RQH�FKRRVHV�WR�ZRUN�ZLWK�WKLQN��WKH�WRROV�WKH\�XVH�LQ�
WKHLU�UHVHDUFK��DQG�WKH�VLJQL¿FDQW�DXWKRUV�WKH\�UHDG�VR�WKDW�RQH�PD\�XVH�WKH�FRQFHSWV�DQG�WRROV�RI�
RWKHU�LQGLYLGXDOV�RU�GLVFLSOLQHV�LQ�FRQVWUXFWLQJ�H[SODQDWLRQV��,I�LW�LV�D�VFLHQFH�DW�DOO��PDWKHPDWLFV�
HGXFDWLRQ�LV�QRW�DQG�VKRXOG�QRW�EH�UHJDUGHG�DV�DQ�DSSOLHG�VFLHQFH��

7HDFKLQJ�DV�D�0HWKRG�RI�6FLHQWL¿F�,QYHVWLJDWLRQ
%\�PHDQV�RI�FRQVWUXFWLQJ�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV��PDWKHPDWLFV�HGXFDWLRQ�FDQ�DW�OHDVW�
LQ�SDUW�EH�HVWDEOLVKHG�DV�DQ�DFDGHPLF�¿HOG��%XW�WKRVH�ZKR�KDYH�DWWHPSWHG�WR�UHDG�P\�DFFRXQWV�RI�
FKLOGUHQ¶V�QXPEHU�VHTXHQFHV�PLJKW�¿QG�LW�GLI¿FXOW�WR�VHH�KRZ�RQH�PLJKW�XVH�WKHVH�PRGHOV�ZKHQ�
ZRUNLQJ�ZLWK�FKLOGUHQ��,�FDQ�FHUWDLQO\�HPSDWKL]H�ZLWK�VXFK�DWWHPSWV�EHFDXVH�LW�LV�PXFK�OLNH�DW-
WHPSWLQJ�WR�XQGHUVWDQG��VD\��JHRPHWULFDO�WUDQVIRUPDWLRQV�E\�VLPSO\�UHDGLQJ�GH¿QLWLRQV��%\�DQG�
ODUJH��LW�MXVW�GRHVQ¶W�ZRUN��$QG�QHLWKHU�GRHV�DQ�DWWHPSW�WR�XQGHUVWDQG�FKLOGUHQ¶V�PDWKHPDWLFV�E\�
PHDQV�RI�UHDGLQJ�H[SODQDWRU\�PRGHOV�ZLWKRXW�KDYLQJ�DOUHDG\�FRQVWUXFWHG�H[SHULHQWLDO�PRGHOV��
,Q�P\�RSLQLRQ��D�PDMRU�LVVXH�LQ�PDWKHPDWLFV�HGXFDWLRQ�FRQFHUQV�WKH�H[WHQW�WR�ZKLFK�PDWKHPDW-
LFV�HGXFDWRUV�KDYH�FRQVWUXFWHG�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�FKLOGUHQ¶V�PDWKHPDWLFV��$V�,�VHH�LW��
WKHUH�DUH�DW�OHDVW�WZR�PDMRU�DVSHFWV�FRQFHUQLQJ�WKLV�LVVXH��
 Experimental teaching of students. 7KH�¿UVW� DVSHFW� LV� WKH� H[WHQVLYH� DQG� FRQFHQWUDWHG�
HIIRUWV�WKDW�DUH�LQYROYHG�LQ�FRQVWUXFWLQJ�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV��
$OWKRXJK� LW� LV� FULWLFDO� WR� XVH� WHDFKLQJ� DV� D�PHWKRG� RI� H[SHULPHQWLQJ� LQ� RUGHU� WR� XQGHUVWDQG�
VWXGHQWV��LW�LV�HYHQ�PRUH�FULWLFDO�WR�XVH�WHDFKLQJ�DV�D�PHWKRG�RI�H[SHULPHQWLQJ�LQ�RUGHU�WR�XQ-

GHUVWDQG�FKDQJHV�LQ�WKHLU�ZD\V�DQG�PHDQV�RI�RSHUDWLQJ��,W�LVQ¶W�VXI¿FLHQW�WR�REVHUYH�VRPHRQH�
WHDFKLQJ�FKLOGUHQ�EHFDXVH�WKH�DFWLRQV�DQG�LQWHUDFWLRQV�RI�WKH�WHDFKHU�UHVHDUFKHU�DUH�HVVHQWLDO�LQ�
VWXGHQWV¶�FRQVWUXFWLRQ�RI�PDWKHPDWLFV��0RUH�LPSRUWDQWO\��WKH�DFWLRQV�DQG�LQWHUDFWLRQV�RI�WHDFKHU�
UHVHDUFKHUV��ZKHQ�FRXSOHG�ZLWK�VWXGHQWV¶�DFWLRQV�DQG�LQWHUDFWLRQV��DUH�HVVHQWLDO� LQ�WHDFKHU�UH-
VHDUFKHU¶V�FRQVWUXFWLRQ�RI�VWXGHQWV¶�PDWKHPDWLFV�DQG�KRZ�LW�PLJKW�EH�SURGXFWLYHO\�DIIHFWHG��6R��
XQOLNH�3LDJHW¶V�PLQLPDO�LQWHUYHQWLRQ�PHWKRGV��WR�FRQVWUXFW�KRZ�VWXGHQWV�FRQVWUXFW�PDWKHPDWLFV�
WHDFKHU�UHVHDUFKHUV�KDYH�WR�EH�FHQWUDOO\�LQYROYHG�LQ�WKH�SURFHVV��

� ,Q�WKH�ZRUGV�RI�WKH�F\EHUQHWLFLVW�)UHG�6WHLHU�VSHDNLQJ�RI�VHFRQG�RUGHU�F\EHUQHWLFV��

$SSURDFKHV�WR�LQTXLU\�ó�KDYH�FHQWHUHG�RQ�WKH�LGHD�RI�ZRUOGV�EHLQJ�FRQVWUXFWHG�ó�E\�
LQTXLUHUV�ZKR�DUH�VLPXOWDQHRXVO\�SDUWLFLSDQWV�LQ�WKRVH�VDPH�ZRUOGV���6WHLHU��������S�����
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� ,W�LV�ZHOO�DFFHSWHG�LQ�F\EHUQHWLFV�WKDW�D�VFLHQFH�RI�REVHUYHG�V\VWHPV�FDQQRW�EH�GLYRUFHG�
IURP�D�VFLHQFH�RI�REVHUYLQJ�V\VWHPV�EHFDXVH�LW�LV�ZH�ZKR�REVHUYH��7KH�F\EHUQHWLF�DSSURDFK�DQG�
WKH�UDGLFDO�FRQVWUXFWLYLVW�DSSURDFK�FRQYHUJH�RQ�WKLV�YHU\�LPSRUWDQW�SRLQW�LQ�WKDW�ERWK�HPSKDVL]H�
RXU�RZQ�VXEMHFWLYLW\�DV�REVHUYHUV��7KLV�SODFHV�D�YHU\�KHDY\�UHVSRQVLELOLW\�RQ�WHDFKHU�UHVHDUFK-

HUV�EHFDXVH�LW�SODFHV�WKH�H[SHULHQFH�RI�WKH�WHDFKHU�UHVHDUFKHU�DW�WKH�IURQW�DQG�FHQWHU�LQ�UHVHDUFK�
WKDW�DLPV�WR�FRQVWUXFW�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV��6WHIIH�	�7KRPSVRQ������D�	�E��
 Elimination of the duality between children and mathematics.�7KH�VHFRQG�PDMRU�DVSHFW�
FRQFHUQV� WKH�YLHZ� WKDW�FKLOGUHQ�DQG�PDWKHPDWLFV�DUH� WZR�VHSDUDWH�HQWLWLHV��6HSDUDWLQJ�PDWK-

HPDWLFV�DQG�VWXGHQWV�LQ�WKLV�ZD\�KDV�DOZD\V�SODFHG�VFKRRO�PDWKHPDWLFV�RXWVLGH�RI�WKH�PLQGV�
RI�WKH�VWXGHQWV�ZKR�DUH�WR�OHDUQ�LW�UHJDUGOHVV�RI�KRZ�OHDUQLQJ�ZDV�FRQFHLYHG��9RQ�*ODVHUVIHOG�
�������SURYLGHV�DQ�H[WHQVLYH�GLVFXVVLRQ�RI�UHVHDUFK�WKDW�XQGHUPLQHV�WKH�EHOLHI�WKDW�WKH�NQRZHU�
DQG�WKH�WKLQJV�RI�ZKLFK��RU�DERXW�ZKLFK��KH�RU�VKH�FRPHV�WR�NQRZ�DUH��IURP�WKH�RXWVHW��VHSDUDWH�
DQG�LQGHSHQGHQW�HQWLWLHV��7KH�EDVLF�UHVHDUFK�WKDW�KH�GUDZV�IURP�LV�3LDJHW¶V�DFFRXQW�RI�WKH�FKLOG¶V�
FRQVWUXFWLRQ�RI�WKH�FRQFHSW�RI�DQ�REMHFW�WKDW�KDV�VRPH�NLQG�RI�SHUPDQHQFH�LQ�KLV�RU�KHU�VWUHDP�
RI�H[SHULHQFH��5DWKHU�WKDQ�DWWHPSW�WR�UHFDSLWXODWH�3LDJHW¶V�UHVHDUFK�DQG�YRQ�*ODVHUVIHOG¶V�LQWHU-
SUHWDWLRQ�RI�LW��,�HQFRXUDJH�WKH�UHDGHU�WR�HPEDUN�RQ�KLV�RU�KHU�RZQ�MRXUQH\�WKURXJK�WKHLU�LQWULFDWH�
DQG�HOHJDQW�DFFRXQWV�RI�KRZ�WKH�LQIDQW�FRPHV�WR�EH�EXW�RQH�HOHPHQW�RU�HQWLW\�DPRQJ�RWKHUV�LQ�
D�XQLYHUVH� WKDW�KH�RU�VKH�KDV�JUDGXDOO\�FRQVWUXFWHG�IRU�KLP�RU�KHU�VHOI�RXW�RI� WKH�HOHPHQWDU\�
SDUWLFOHV�RI�H[SHULHQFH��7KLV�SRZHUIXO�LQVLJKW�LQWR�WKH�FKLOG¶V�FRQVWUXFWLRQ�RI�KLV�RU�KHU�RUGLQDU\�
LWHPV�RI�H[SHULHQFH�VHUYHV�DV�D�³GHPRQVWUDWLRQ´�WKDW�&DUWHVLDQ�GXDOLW\�LV�XQWHQDEOH���7KDW�LV��WKH�
EHOLHI�WKDW�IURP�WKH�RXWVHW�WKH�NQRZHU�DQG�WKH�WKLQJV�RI�RU�DERXW�ZKLFK�KH�RU�VKH�FRPHV�WR�NQRZ�
DUH�VHSDUDWH�DQG�LQGHSHQGHQW�HQWLWLHV�LV�QRW�YLDEOH��
� ,I�LQGHHG�LW�LV�DFFHSWHG�WKDW�WKH�VWXGHQW�DQG�PDWKHPDWLFV�DUH�QRW�WZR�VHSDUDWH�DQG�LQGHSHQ-

GHQW�HQWLWLHV��ZKDW�GRHV�WKLV�PHDQ�IRU�VFKRRO�PDWKHPDWLFV�DQG�IRU�WKH�DFWLYLWLHV�WKDW�DUH�LQYROYHG�
LQ�VSHFLI\LQJ�VXFK��D��PDWKHPDWLFV"��(UQHVW��������>DV�ZHOO�DV�-DQYLHU�������@�KDV�DUJXHG�WKDW�
UDGLFDO�FRQVWUXFWLYLVP�KDV� OLWWOH� WR�RIIHU�IRU�VHOHFWLQJ�WKH�PDWKHPDWLFV� WKDW�FRQVWLWXWHV�VFKRRO�
mathematics. 

:KDW� VHOHFWLRQ� IURP� WKH� VWRFN� RI� FXOWXUDO� NQRZOHGJH� LV� YDOXDEOH� WR� WHDFK"� � �+HUH�
DJDLQ�� ,�SDXVH� WR�FRQVLGHU�ZKHWKHU� UDGLFDO�FRQVWUXFWLYLVP� LV�HYHQ�DEOH� WR�SRVH� WKLV�
TXHVWLRQ�����(UQHVW��������S�������

7KH�LPSOLFLW�DVVXPSWLRQ�LQ�(UQHVW¶V�FRPPHQW�LV�WKDW�³FXOWXUDO�NQRZOHGJH´�LV�WKDW�NQRZO-
HGJH�SURGXFHG�WKURXJK�WKH�PDWKHPDWLFDO�DFWLYLW\�RI�DGXOW�PDWKHPDWLFLDQV��7KLV�UDLVHV�D�VHULRXV�
LVVXH� FRQFHUQLQJ� WKH� FRPPHQVXUDELOLW\� RI� WKH�PDWKHPDWLFDO� NQRZOHGJH� RI� DGXOW�PDWKHPDWL-
FLDQV�DQG�FKLOGUHQ¶V�PDWKHPDWLFDO�NQRZOHGJH9��*LYHQ�WKDW� WKH�&DUWHVLDQ�GXDOLW\�LV�XQWHQDEOH��
D�PDMRU�VKLIW�LV�FDOOHG�IRU�LQ�WKH�SUREOHP�RI�FRQVWUXFWLQJ�D�PDWKHPDWLFV�WKDW�FRQVWLWXWHV�VFKRRO�
mathematics. 

5DWKHU�WKDQ�IRFXV�RQ�WKH�VHOHFWLRQ�IURP�WKH�VWRFN�RI�FXOWXUDO�NQRZOHGJH�WKDW�LV�YDOXDEOH�
WR�WHDFK��ZH�DGXOWV�VKRXOG�FRQFHQWUDWH�RQ�OHDUQLQJ�KRZ�WR�XVH�RXU�PDWKHPDWLFDO�NQRZOHGJH�LQ�
PDWKHPDWLFDO�FRPPXQLFDWLRQ�ZLWK�FKLOGUHQ��2XU�JRDO�VKRXOG�QRW�EH�WR�WUDQVIHU�FXOWXUDO�NQRZO-
HGJH�WR�FKLOGUHQ�LQ�WKH�SDUWLFXODU�ZD\�WKDW�ZH�XQGHUVWDQG�LW��5DWKHU��RXU�JRDO�VKRXOG�EH�WR�OHDUQ�
KRZ� WR� HQJHQGHU� FKLOGUHQ¶V� SURGXFWLYH�PDWKHPDWLFDO� WKLQNLQJ� DQG�KRZ� WR� EXLOG� H[SODQDWRU\�
PRGHOV�RI�WKDW�WKLQNLQJ��7KLV�PD\�VHHP�WR�EH�D�UDWKHU�DPELWLRXV�JRDO��EXW�ZH�KDYH�WR�UHPHPEHU�
WKDW�FKLOGUHQ�VSRQWDQHRXVO\�FRQVWUXFW�WKHLU�REMHFW�FRQFHSWV�DQG�D�XQLYHUVH�LQ�ZKLFK�WKH\�DUH�EXW�

�� �7KH�LVVXH�LV�DQDORJRXV�WR�WKH�VHSDUDWLRQ�EHWZHHQ�PDWKHPDWLFDO�VWUXFWXUHV�DQG�JHQHWLF�VWUXFWXUHV�WKDW�
SODJXHG�WKH�PRGHUQLVW�PRYHPHQW�GXULQJ�WKH�ODVW�FHQWXU\�
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RQH�HOHPHQW�RXW�RI�WKH�HOHPHQWDU\�SDUWLFOHV�RI�H[SHULHQFH��&KLOGUHQ�HQWHU�VFKRRO�KDYLQJ�DOUHDG\�
HQJDJHG�LQ�FRQVWUXFWLYH�DFWLYLW\�RI�HQRUPRXV�PDJQLWXGH��VR�WKHLU�DELOLW\�WR�FRQVWUXFW�D�XQLYHUVH�
RI�PDWKHPDWLFDO�FRQFHSWV�RI�FRPSDUDEOH�PDJQLWXGH�VKRXOG�QRW�EH�DQ�LVVXH��:KDW�LV�DW� LVVXH��
KRZHYHU��LV�RXU�GLVSRVLWLRQ�WRZDUG�FKLOGUHQ�DV�SURGXFWLYH�PDWKHPDWLFDO�WKLQNHUV��RXU�DELOLW\�WR�
HQJHQGHU�FKLOGUHQ¶V�SURGXFWLYH�PDWKHPDWLFDO�WKLQNLQJ��DQG�RXU�DELOLW\�WR�FRQVWUXFW�H[SODQDWRU\�
PRGHOV�RI�FKLOGUHQ¶V�PDWKHPDWLFDO�WKLQNLQJ�WKDW�SRUWUD\V�LW�DV�D�FRKHUHQW�DQG�LQWHUQDOO\�FRQVLV-
tent mathematics. 

Conceptual Analysis
1RW�HYHU\RQH�RQ�D�UHVHDUFK�WHDP�QHHGV�WR�KDYH�FRQVWUXFWHG�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�FKLO-
GUHQ¶V�PDWKHPDWLFV�ZKHQ�HQJDJLQJ�LQ�FROODERUDWLRQ�ZLWK�RWKHU�PHPEHUV�RI�WKH�WHDP��%XW�WKHUH�
QHHGV�WR�EH�DW�OHDVW�RQH�PHPEHU�RI�D�WHDP�ZKR�KDV�HQJDJHG�RU�ZKR�ZLOO�HQJDJH�LQ�WKLV�DFWLYLW\�
LQ�DWWHPSWV�E\�WKH�WHDP�WR�FRQVWUXFW�PRGHOV�RI�FKLOGUHQ¶V�PDWKHPDWLFDO�PLQGV�DQG�KRZ�WKHVH�
PLQGV�HYROYH�DQG�FKDQJH�RYHU� WLPH� LQ� WKH�FRQWH[W�RI�VSHFLDOL]HG� LQWHUDFWLRQV�� ,Q� ,521��YRQ�
*ODVHUVIHOG�LQLWLDOO\�OHG�WKH�ZD\�ZKHQ�ZH�HQJDJHG�LQ�FRQFHSWXDO�DQDO\VLV�RI�WKH�OLYLQJ��H[SHUL-
HQWLDO�PRGHOV�WKDW�,�KDG�FRQVWUXFWHG�E\�PHDQV�RI�WHDFKLQJ�FKLOGUHQ��&RQFHSWXDO�DQDO\VLV�LV�WKH�
SULPDU\�PHWKRG�RI�EXLOGLQJ�H[SODQDWRU\�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV�DQG�WKH�FRQVWUXFWLYH�
DFWLYLW\�WKDW�SURGXFHV�LW��9RQ�*ODVHUVIHOG�OHDUQHG�FRQFHSWXDO�DQDO\VLV�WKURXJK�KLV�ZRUN�RQ�WKH�
DQDO\VLV�RI�ZRUG�PHDQLQJ�ZLWK�6LOYLR�&HFFDWR�LQ�WKH�,WDOLDQ�RSHUDWLRQDO�VFKRRO�LQ�0LODQ��,WDO\�
�$FFDPH��������� ,Q�D�FRQFHSWXDO�DQDO\VLV�� WKH�TXHVWLRQ� LV��³:KDW�PHQWDO�RSHUDWLRQV�PXVW�EH�
FDUULHG�RXW�WR�VHH�WKH�SUHVHQWHG�VLWXDWLRQ�LQ�WKH�SDUWLFXODU�ZD\�LQ�ZKLFK�RQH�LV�VHHLQJ�LW"´��YRQ�
*ODVHUVIHOG��������S�������9RQ�*ODVHUVIHOG�WROG�PH�WKDW�WKH�RSSRUWXQLW\�WR�FRQWLQXH�WR�HQJDJH�
LQ�FRQFHSWXDO�DQDO\VLV�ZDV�ZKDW�DWWUDFWHG�KLP� WR� WKH� LQWHUGLVFLSOLQDU\�ZRUN�RI� ,521�� ,Q�KLV�
ZRUGV��³,W�ZDV�P\�LQWHUHVW�LQ�FRQFHSWXDO�DQDO\VLV�WKDW�PDGH�LW�DWWUDFWLYH�WR�ZDWFK�FKLOGUHQ�JHW�
LQWR�DULWKPHWLF��0\�SDSHU�RQ�8QLWV�DQG�1XPEHU�FRXOG�QRW�KDYH�EHHQ�ZULWWHQ�ZLWKRXW�WKH�FOLQLFDO�
LQWHUYLHZV�ZLWK�WKH�FKLOGUHQ´��3HUVRQDO�&RPPXQLFDWLRQ��0D\������������
� ,Q�KLV�ZRUN�LQ�,521��YRQ�*ODVHUVIHOG�¿UVW�FRQGXFWHG�D�¿UVW�RUGHU�FRQFHSWXDO�DQDO\VLV�RI�
KLV�RZQ�RSHUDWLRQV�WKDW�SURGXFH�XQLWV�DQG�QXPEHU��YRQ�*ODVHUVIHOG���������7KH�JRDO�RI�D�¿UVW�
RUGHU� FRQFHSWXDO� DQDO\VLV� FRQFHUQV� VSHFLI\LQJ� WKH�PHQWDO� RSHUDWLRQV� WKDW� SURGXFH� SDUWLFXODU�
FRQFHSWLRQV�RI�WKH�DQDO\VW��,W�LV�DQ�DQDO\VLV�RI�¿UVW�RUGHU�PRGHOV��ZKLFK�DUH�PRGHOV�WKH�DQDO\VW�
KDV�FRQVWUXFWHG� WR�RUJDQL]H��FRPSUHKHQG��DQG�FRQWURO�KLV�RU�KHU�H[SHULHQFH�� WKDW� LV�� WKH�DQD-
O\VW¶V�RZQ�NQRZOHGJH��7KH�GLVWLQFWLRQ�,�DP�PDNLQJ�EHWZHHQ�WKH�PHQWDO�RSHUDWLRQV�WKDW�SURGXFH�
SDUWLFXODU�FRQFHSWLRQV�RI�WKH�DQDO\VW�DQG�WKRVH�FRQFHSWLRQV�LV�FUXFLDO�LQ�XQGHUVWDQGLQJ�KRZ�WKH�
NQRZOHGJH�RI�UHVHDUFKHUV�FDQ�EH�XVHG�LQ�UHVHDUFK�SURJUDPV�FRQFHUQHG�ZLWK�H[SORULQJ�WKH�RSHUD-
WLRQV�E\�PHDQV�RI�ZKLFK�KXPDQ�EHLQJV�FRQVWUXFW�WKHLU�FRQFHSWLRQV��6WHIIH���������,W�LV�FUXFLDO�
EHFDXVH�WKHVH�RSHUDWLRQV�DUH�LQYROYHG�LQ�SURGXFLQJ�VHFRQG�RUGHU�PRGHOV��ZKLFK�DUH�PRGHOV�DQ�
REVHUYHU�FRQVWUXFWV�RI�WKH�REVHUYHG�SHUVRQ¶V�NQRZOHGJH�LQ�RUGHU�WR�H[SODLQ�WKHLU�REVHUYDWLRQV�
�6WHIIH��YRQ�*ODVHUVIHOG��5LFKDUGV��	�&REE�������S��[YL���%HFDXVH� WKH�JRDO�RI� WKH�DQDO\VW� LQ�
FRQVWUXFWLQJ�VHFRQG�RUGHU�PRGHOV�FRQFHUQV�FRQVWUXFWLQJ�FRQFHSWXDO�RSHUDWLRQV�WKDW�H[SODLQ�WKH�
REVHUYHG�ODQJXDJH�DQG�DFWLRQV�RU�LQWHUDFWLRQV�RI�WKH�REVHUYHG�SHUVRQ��,�UHIHU�WR�LW�DV�D�VHFRQG�RU-
GHU�DQDO\VLV10��FI��6WHIIH��YRQ�*ODVHUVIHOG��5LFKDUGV��	�&REE���������7KH�UHFLSURFDO�UHODWLRQVKLS�
EHWZHHQ�¿UVW��DQG�VHFRQG�RUGHU�DQDO\VHV�LV�EDVLF�LQ�FRQVWUXFWLYLVW�UHVHDUFK�SURJUDPV�EHFDXVH�LW�
LOOXVWUDWHV�WKDW�UHVHDUFKHUV�DQG�WKHLU�ZD\V�DQG�PHDQV�RI�RSHUDWLQJ�DQG�REVHUYLQJ�FRQVWLWXWH�WKH�
research programs.

10� �$�JRDO�RI�3LDJHW¶V�JHQHWLF�HSLVWHPRORJ\�ZDV�WR�SURYLGH�DQ�RQWRJHQHWLF�H[SODQDWLRQ�RI�PDWKHPDWLFV��
DQG�WKLV�LV�RQH�RI�P\�JRDOV�DV�ZHOO���
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Epistemic Students 
7KH�SULPDU\�JRDO�RI�FRQFHSWXDO�DQDO\VLV�LV�WR�SURGXFH�VHFRQG�RUGHU�PRGHOV�WKDW�FRQVWLWXWH�HSLV-
WHPLF�VWXGHQWV��:LWKRXW�GLIIHUHQWLDWLQJ�WKH�HSLVWHPLF�VWXGHQW�DQG�WKH�SV\FKRORJLFDO�VWXGHQW��HP-

EHGGLQJ�VWXGLHV�RI�PDWKHPDWLFDO�OHDUQLQJ�LQ�WKH�FRQWH[W�RI�XVLQJ�WHDFKLQJ�DV�D�PHWKRG�RI�VFLHQ-

WL¿F�LQYHVWLJDWLRQ�PLJKW�EH�LQWHUSUHWHG�DV�D�PRUH�RU�OHVV�HPSLULFDO�HQWHUSULVH�DQG�DV�JHQHUDWLQJ�
D�ZKROH�LQGXVWU\�RI�HPSLULFDO�UHVHDUFK�RQ�PDWKHPDWLFDO�OHDUQLQJ��WR�SDUDSKUDVH�0LFKDHO�&ROH¶V�
�������FRPPHQWV�FRQFHUQLQJ�WKH�WUDLQLQJ�VWXGLHV�RI�WKH�����¶V�WKDW�ZHUH�FRQGXFWHG�WR�SURYH�
3LDJHW�ZURQJ��%XW�WKH�HPSKDVLV�RQ�FRQFHSWXDO�DQDO\VLV�DQG�WKH�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV�
WKDW�LW�SURGXFHV�FRXQWHUPDQGV�WKLV�LQWHUSUHWDWLRQ��

,W�LV�XVHIXO�WR�PDNH�D�GLVWLQFWLRQ�EHWZHHQ�3LDJHW¶V�HSLVWHPLF�VXEMHFW�DQG�ZKDW�,�UHIHU�WR�DV�
DQ�HSLVWHPLF�VWXGHQW��$Q�HSLVWHPLF�VXEMHFW�LV��³WKDW�ZKLFK�LV�FRPPRQ�WR�DOO�VXEMHFWV�DW�WKH�VDPH�
OHYHO�RI�GHYHORSPHQW��ZKRVH�FRJQLWLYH�VWUXFWXUHV�GHULYH�IURP�WKH�PRVW�JHQHUDO�PHFKDQLVPV�RI�
WKH�FR�RUGLQDWLRQ�RI�DFWLRQV´��3LDJHW������E��S��������7KH�GHYHORSPHQW�RI�ZKLFK�3LDJHW�VSRNH�RI�
ZDV�VSRQWDQHRXV�GHYHORSPHQW�WR�ZKLFK�IRXU�PDLQ�IDFWRUV�FRQWULEXWH��PDWXUDWLRQ�RI�WKH�FHQWUDO�
QHUYRXV� V\VWHP��SK\VLFDO� H[SHULHQFH�� VHOI�UHJXODWLRQ�� DQG� VRFLDO� WUDQVPLVVLRQ� �3LDJHW�� �������
2I� WKHVH� IRXU�PDLQ� IDFWRUV�� DOWKRXJK� WKH�¿UVW� WKUHH�DUH� VRPHWLPH�FRQVLGHUHG� LQ�PDWKHPDWLFV�
HGXFDWLRQ��VRFLDO�WUDQVPLVVLRQ�LV�RIWHQ�FRQVLGHUHG�ZLWKLQ�WKH�FODVVURRP�WR�EH�WKH�PRVW�LPSRUWDQW�
IDFWRU�� 3LDJHW�� KRZHYHU�� GLG� QRW�PHDQ� VRFLDO� WUDQVPLVVLRQ� DV� WUDQVPLVVLRQ� IURP�DQ�REMHFWLYH�
VRFLDO�UHDOLW\�WR�WKH�LQGLYLGXDO�DV�LV�FRPPRQ�LQ�PDWKHPDWLFV�HGXFDWLRQ��7KDW�PHDQLQJ�ZRXOG�
EH�LQFRQVLVWHQW�ZLWK�KLV�UHDFWLRQ�WR� WKH�FODLP�WKDW�NQRZOHGJH�DQG�ODQJXDJH�DUH�SHUIRUPHG�LQ�
VRFLHW\��³7KH�SUHIRUPDWLRQ�RI�VRFLDO�FKDUDFWHULVWLFV�LV��DV�LQ�RWKHU�FRQWH[WV��QRWKLQJ�EXW�D�FRP-

PRQ�VHQVH�LOOXVLRQ�FRQVROLGDWHG�E\�$ULVWRWHOLDQ�SKLORVRSK\�RI�SRWHQWLDOLW\�DQG�DFWLRQ´��3LDJHW��
�����������S��������,QVWHDG��3LDJHW�WKRXJKW�RI�VRFLDO�WUDQVPLVVLRQ�LQWHUDFWLYHO\���³,QGLYLGXDOV�
HVWDEOLVK�HTXLOLEULXP�DPRQJ�SHUVRQDO�VFKHPHV�RI�DFWLRQ�DQG�DQWLFLSDWLRQ�DV�WKH\�LQWHUDFW�LQ�PX-

WXDO�DGDSWDWLRQ²DV�FRQVWUDLQHG�E\�WKH�ORFDO�OLPLWDWLRQV�RI�WKHLU�DELOLWLHV�WR�DFFRPPRGDWH�WKRVH�
YHU\�VFKHPHV´��3LDJHW������������6WHIIH�	�7KRPSVRQ������D��SS�����������

7KLV�FRQFHSW�RI�³VRFLDO� WUDQVPLVVLRQ´� LV�EDVLF� LQ� WKH�FRQVWUXFWLRQ�RI� OLYLQJ��H[SHULHQWLDO�
PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV��7KH�FRQFHSW�LV�DOVR�EDVLF�LQ�WKH�SURFHVVHV�RI�WKH�FRQVWUXFWLRQ�
RI�HSLVWHPLF�VWXGHQWV��$Q�HSLVWHPLF�VWXGHQW�FRQVLVWV�RI�LQIHUUHG�PDWKHPDWLFDO�VFKHPHV�RI�DFWLRQ�
DQG�RSHUDWLRQ�RI�VWXGHQWV�DQG�WKH�DFFRPPRGDWLRQV�LQ�WKHP�WKDW�DUH�EURXJKW�IRUWK�DQG�VXVWDLQHG�
E\�WKH�VWXGHQWV¶�WHDFKHUV��FI��YRQ�*ODVHUVIHOG��������IRU�DQ�DFFRXQW�RI�VFKHPHV���7R�RIIVHW�DQ�
LQWHUSUHWDWLRQ�RI�WKH�HSLVWHPLF�VWXGHQW�DV�D�VWDWLF�PRGHO��,�LQWHUSUHW�VFKHPHV�DV�LQVWUXPHQWV�RI�
LQWHUDFWLRQ��:KHQ� ,� WKLQN� RI� FKLOGUHQ¶V� QXPEHU� VHTXHQFHV�� IRU� H[DPSOH�� ,� FRQFHSWXDOL]H�P\�
LQWHUDFWLRQV�ZLWK� WKH� VSHFL¿F�FKLOGUHQ�ZKR�ZHUH� LQYROYHG� LQ�P\�FRQVWUXFWLRQ�RI� WKH�QXPEHU�
VHTXHQFHV��6R��WR�HODERUDWH��IRU�PH��HSLVWHPLF�VWXGHQWV�DUH�G\QDPLF�RUJDQL]DWLRQV�RI�VFKHPHV�
RI�DFWLRQ�DQG�RSHUDWLRQ�LQ�P\�PHQWDO�OLIH��%XW�ZLWKRXW�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�FKLOGUHQ¶V�
ZD\V�DQG�PHDQV�RI�DFWLQJ�DQG�LQWHUDFWLQJ��WKH�PRGHOV�WKH�HSLVWHPLF�VWXGHQWV�FRPSULVH�ZRXOG�
KDYH�QR�PHDQLQJ�QRU�ZRXOG�FKDQJHV�LQ�WKHP��,Q�IDFW��,�¿QG�LW�QRW�SRVVLEOH�WR�FRQVWUXFW�HSLVWHPLF�
VWXGHQWV� ZLWKRXW� FRQVWUXFWLQJ� OLYLQJ�� H[SHULHQWLDO�PRGHOV� RI� VWXGHQWV¶�PDWKHPDWLFV�� 3HUKDSV�
FRQWUDU\� WR� FRQYHQWLRQDO�ZLVGRP� LQ� GRLQJ� VFLHQFH� LQ�PDWKHPDWLFV� HGXFDWLRQ�� ,� KDYH� DOZD\V�
IRXQG�WKDW�EXLOGLQJ�OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�VWXGHQWV¶�PDWKHPDWLFV�WKURXJK�LQWHQVLYH�DQG�
H[WHQVLYH�LQWHUDFWLRQ�ZLWK�WKHP�SUHFHGHV�WKH�DFWLYLW\�RI�FRQVWUXFWLQJ�H[SODQDWLRQV11. 

� %XW�ZKDW�RI�WKH�RWKHU�WKUHH�IDFWRUV�LQYROYHG�LQ�VSRQWDQHRXV�GHYHORSPHQW"��7KH\�DUH�DOO�

11� �3URIHVVRU�-RKQ�5LFKDUGV¶�JRDO�ZKHQ�MRLQLQJ�,521�ZDV�WR�HVWDEOLVK�D�MXVWL¿FDWLRQ�IRU�PDWKHPDWLFV�
EDVHG�RQ�LWV�FRQVWUXFWLRQ�LQ�LQGLYLGXDOV���,Q�UHWURVSHFW��KH�ZDV�FRQFHUQHG�SULPDULO\�ZLWK�WKH�FRQVWUXFWLRQ�
RI�HSLVWHPLF�VWXGHQWV���
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LPSOLFDWHG�LQ�WKH�FRQFHSW�RI�HSLVWHPLF�VWXGHQWV��6HOI�UHJXODWLRQ�LV�DOUHDG\�LPSOLFDWHG�E\�HTXLOL-
EUDWLRQ�DPRQJ�SHUVRQDO� VFKHPHV�RI� DFWLRQ�DQG�DQWLFLSDWLRQ�DV� LQGLYLGXDOV� LQWHUDFW� LQ�PXWXDO�
DGDSWDWLRQ�LQ�WKH�FRQFHSW�RI�³VRFLDO�WUDQVPLVVLRQ´��)XUWKHU��ZKHQ�FRQVLGHULQJ�WKDW�PDWKHPDW-
LFV�HGXFDWLRQ� LV�FRQFHUQHG�ZLWK�HGXFDWLQJ�FKLOGUHQ�IURP�WKUHH� WR�VHYHQWHHQ�\HDUV�RI�DJH�DQG�
EH\RQG²IURP�HDUO\�FKLOGKRRG�WKURXJK�\RXQJ�DGXOWKRRG��LW�DOZD\V�VXUSULVHV�PH�WKDW�HPEU\R-

JHQHVLV�LV�UDUHO\�D�WRSLF�RI�FRQYHUVDWLRQ�DW�PDWKHPDWLFV�HGXFDWLRQ�SURIHVVLRQDO�PHHWLQJV�HYHQ�LQ�
WKH�FDVH�RI�WKH�3V\FKRORJ\�RI�0DWKHPDWLFV�(GXFDWLRQ�PHHWLQJV��$UH�ZH�WR�EHOLHYH�WKDW�WKHUH�DUH�
QR�SK\VLRORJLFDO�FKDQJHV�LQ�KXPDQ�EHLQJV�WKURXJKRXW�WKLV�DJH�UDQJH�WKDW�RSHQ�QHZ�SRVVLELOLWLHV�
IRU�PDWKHPDWLFDO� WKLQNLQJ�DQG�OHDUQLQJ"� �,Q�DOO�RI� WKH�WHDFKLQJ�H[SHULPHQWV� WKDW�,�KDYH�GRQH�
ZLWK�FKLOGUHQ��,�KDYH�QHYHU�EHHQ�DEOH�WR�VHSDUDWH�WKH�FRQWULEXWLRQV�RI�VSRQWDQHRXV�GHYHORSPHQW�
DQG�VSHFLDOL]HG�LQWHUDFWLRQV�LQ�FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�WKHLU�QXPEHU�VHTXHQFHV��6WHIIH��HW�DO��
�������)RU�H[DPSOH��ZKHQ�FKLOGUHQ�DUH�\HW�WR�FRQVWUXFW�DULWKPHWLF�XQLWV��ZKLFK�,�KDYH�FRPH�WR�
EHOLHYH�LV�D�SURGXFW�RI�VSRQWDQHRXV�GHYHORSPHQW��DWWHPSWV�WR�HQJHQGHU�WKDW�FRQVWUXFWLRQ�FDQ�EH�
MXVW�DV�IXWLOH�DV�ZHUH�WKH�DWWHPSWV�RI�WKH�5	'�&HQWHU�IRU�(GXFDWLRQDO�6WLPXODWLRQ�WR�DFFHOHU-
DWH� WKH� FRQVWUXFWLRQ�RI�3LDJHW¶V� FRQFUHWH�RSHUDWLRQV� �6WHIIH�	�&REE���������)LQDOO\��3LDJHW¶V�
SK\VLFDO�NQRZOHGJH�UHIHUV�WR�SURGXFWV�RI�FKLOGUHQ¶V�LQWHUDFWLRQV�LQ�WKHLU�SK\VLFDO�HQYLURQPHQWV��
7KH�PDWKHPDWLFDO�NQRZOHGJH�WKDW�WKHVH�LQWHUDFWLRQV�SUHFLSLWDWHG�KDV�EHHQ�GRFXPHQWHG��3LDJHW��
,QKHOGHU��	�6]HPLQVND��������3LDJHW�	�,QKHOGHU��������3LDJHW���������6R��DOWKRXJK�,�FRQVLGHU�
KXPDQ�EHLQJV�DV�LQWHUDFWLYH�RUJDQLVPV��LQWHUDFWLRQ�LV�FRQVWUDLQHG�E\�VSRQWDQHRXV�GHYHORSPHQW�
� 7KH� OLYLQJ��H[SHULHQWLDO�PRGHOV�RI�VWXGHQWV� WKDW�D� UHVHDUFKHU�FRQVWUXFWV�E\�PHDQV�RI� LQ-

WHUDFWLQJ�ZLWK�WKHP�DUH�ZKDW�IDPLO\�WKHUDSLVWV�FDOO�WKH�LQWHUQDOL]HG�RWKHU��7KH\�DUH�QRW�VLPSO\�
LPDJHV�RI�KRZ�WKH�VWXGHQWV�ORRN��5DWKHU��WKH\�FRQVLVW�RI�LPDJHV�RI�VWXGHQWV¶�DFWLRQV�DQG�LQWHUDF-
WLRQV�WKDW�RQH�DEVWUDFWV��(SLVWHPLF�VWXGHQWV�DUH�LQWHULRUL]HG�RWKHUV²WKH�G\QDPLF�RUJDQL]DWLRQ�RI�
VFKHPHV�RI�DFWLRQ�DQG�RSHUDWLRQ�LQ�RQH¶V�PHQWDO�OLIH��)XUWKHU��ZKHQ�LQWHUDFWLQJ�PDWKHPDWLFDOO\�
ZLWK�SDUWLFXODU�VWXGHQWV��,�FRQVLGHU�P\�H[SHULHQFH�RI�WKHLU�PDWKHPDWLFV�DV�PDWKHPDWLFDO�H[SHUL-
ences��,�FRQVLGHU�VWXGHQWV�DV�UDWLRQDO�EHLQJV�DQG�WKH�H[SODQDWLRQV�RI�WKHLU�PDWKHPDWLFV�GR�EHORQJ�
to mathematics��7KHVH�H[SODQDWLRQV��ZKLFK�FRQVWLWXWH�HSLVWHPLF�VWXGHQWV��PXVW�EH�FRQVLGHUHG�DV�
VHULRXV�DQG�LPSRUWDQW�PDWKHPDWLFV��

Progressive Research Programs

5HVHDUFK�WHDPV�DUH�QRW�HDV\�WR�VXVWDLQ�DQG�WKH\�GR�GLVLQWHJUDWH�IRU�DQ\�QXPEHU�RI�UHDVRQV��9RQ�
*ODVHUVIHOG�UHWLUHG�IURP�WKH�8QLYHUVLW\�RI�*HRUJLD�FLUFD������DQG�PRYHG�WR�WKH�8QLYHUVLW\�RI�
0DVVDFKXVHWWV�WR�ZRUN�ZLWK�-DFN�/RFNKHDG��DQG�-RKQ�5LFKDUGV�OHIW�WKH�8QLYHUVLW\�RI�*HRUJLD�
DQG� ODXQFKHG�DQ� HGXFDWLRQDO� FRQVXOWLQJ�EXVLQHVV�12�8SRQ� WKH�GHSDUWXUH�RI�5LFKDUGV� DQG�YRQ�
*ODVHUVIHOG�IURP�WKH�8QLYHUVLW\�RI�*HRUJLD��,�KDG�FRQVWUXFWHG�PRGHOV�RI�FKLOGUHQ¶V�QXPEHU�VH-
TXHQFHV�DQG��LQ�UHWURVSHFW��SHUKDSV�PRUH�LPSRUWDQWO\��,�KDG�FRQVWUXFWHG�PRGHOV�RI�WKH�QXPHULFDO�
FRQFHSWV�DQG�RSHUDWLRQV�FKLOGUHQ�FRQVWUXFW�XVLQJ�WKHLU�QXPEHU�VHTXHQFHV��6WHIIH���������������
6R��,�IHOW�UHDG\�WR�DWWDFN�WKH�LQWUDFWDEOH�SUREOHP�RI�FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�IUDFWLRQV�LQ�ZKLFK�
,�KDG�EHHQ�ORQJ�LQWHUHVWHG��+RZHYHU��,�ZDV�\HW�WR�FRQVWUXFW�HSLVWHPLF�VWXGHQWV�LQ�WKLV�FRQWHQWXDO�
area. 

� $SSDUHQWO\�� WKH� ODFN�RI�PRGHOV�RI�FKLOGUHQ¶V�IUDFWLRQDO�FRQFHSWV�DQG�RSHUDWLRQV�ZDV�QRW�
UHVWULFWHG�WR�P\VHOI�DV�DWWHVWHG�E\�D�FRPPHQW�E\�'DYLV�HW�DO���������WKDW��³WKH�OHDUQLQJ�RI�IUDF-
WLRQV�LV�QRW�RQO\�YHU\�KDUG��LW� LV��LQ�WKH�EURDGHU�VFKHPH�RI�WKLQJV��D�GLVPDO�IDLOXUH´��S�������,�
ZDV�LQ�D�VLPLODU�SRVLWLRQ�ZLWK�UHVSHFW�WR�FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�IUDFWLRQV�WKDW�,�ZDV�LQ�ZLWK�
UHVSHFW�WR�FKLOGUHQ¶V�FRQVWUXFWLRQ�RI�QXPEHU�ZKHQ�ZRUNLQJ�LQ�WKH�5HVHDUFK�DQG�'HYHORSPHQW�

12� �&RQVXOWLQJ�6HUYLFHV�IRU�(GXFDWLRQ��,QF������)ORUDO�6WUHHW��1HZWRQ��0$��������������������������������
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&HQWHU�IRU�(GXFDWLRQ�6WLPXODWLRQ�XSRQ�PDWULFXODWLRQ�DW�WKH�8QLYHUVLW\�RI�*HRUJLD¶V�'HSDUWPHQW�
RI�0DWKHPDWLFV�(GXFDWLRQ��%XW�,�KDG�D�VWDUWLQJ�SRLQW�EHFDXVH�,�WKRXJKW�WKDW�FKLOGUHQ¶V�QXPEHU�
VHTXHQFHV�VKRXOG�VHUYH�LQ�WKHLU�FRQVWUXFWLRQ�RI�IUDFWLRQ�VFKHPHV��,Q�IDFW��WKLV�EHFDPH�NQRZQ�DV�
WKH�UHRUJDQL]DWLRQ�K\SRWKHVLV²³FKLOGUHQ¶V�IUDFWLRQDO�VFKHPHV�FDQ�HPHUJH�DV�DFFRPPRGDWLRQV�
LQ�WKHLU�QXPHULFDO�FRXQWLQJ�VFKHPHV´��6WHIIH��������S������%XW�,�KDG�OLWWOH� LGHD�RI�ZKDW�WKRVH�
VFKHPHV�PLJKW�FRQVLVW�RI�RU�KRZ�WKH\�PLJKW�EH�FRQVWUXFWHG���
� )RUWXQDWHO\�� 3URIHVVRU� -RKQ� 2OLYH� MRLQHG� WKH� IDFXOW\� RI� PDWKHPDWLFV� HGXFDWLRQ� DW� WKH�
8QLYHUVLW\�RI�*HRUJLD�DQG�WKH�WZR�RI�XV�IRUPHG�WKH�SURMHFW� WKDW�KDV�EHFRPH�NQRZQ�DV�³7KH�
)UDFWLRQ�3URMHFW´��,�UHJDUGHG�LW�DV�DQ�H[WHQVLRQ�RI�,521��EXW�-RKQ�KDG�QRW�ZRUNHG�LQ�,521�VR�
LW�ZDV�DSSURSULDWH�WR�UHIHU�WR�WKH�SURMHFW�ZLWK�D�QHZ�WLWOH��,W�ZDV�DQ�H[WHQVLRQ�RI�,521�IRU�PH�
EHFDXVH�WKH�UHRUJDQL]DWLRQ�K\SRWKHVLV�ZDV�RXU�RULJLQDO�K\SRWKHVLV��,W�LV�FUXFLDO�WR�VWUHVV�WKDW�ZH�
KDG�QR�PRGHOV�RI�FKLOGUHQ¶V�IUDFWLRQ�VFKHPHV�RU�RI�WKHLU�FRQVWUXFWLRQ�EH\RQG�WKH�K\SRWKHWLFDO�
VFKHPHV�WKDW�KDG�WKHLU�VRXUFHV�LQ�RXU�¿UVW�RUGHU�DQDO\VHV�RI�RXU�RZQ�FRQFHSWLRQV�RI�IUDFWLRQV���
6R��DORQJ�ZLWK�VHYHUDO�GRFWRUDO�VWXGHQWV�WKDW�LQFOXGHG�5RQ�7]XU��%DUU\�%LGGOHFRPE��DQG�$]LWD�
0DQRXFKHUL��ZH�VHW�RXW�WR�ZRUN�ZLWK�HLJKW�FKLOGUHQ�WKURXJKRXW�WKHLU��UG, 4th��DQG��th�JUDGHV�LQ�D�
WHDFKLQJ�H[SHULPHQW��6WHIIH�	�2OLYH����������,�FDQ¶W�HPSKDVL]H�HQRXJK�WKH�QHFHVVLW\�RI�HQJDJ-

LQJ�LQ�GHHS�DQG�VXVWDLQHG�LQWHUDFWLRQV�ZLWK�FKLOGUHQ�RYHU�H[WHQGHG�SHULRGV�RI�WLPH�LQ�RUGHU�WR�
FRQVWUXFW�OLYLQJ��H[SHULPHQWDO�PRGHOV�RI�WKHLU�ZD\V�DQG�PHDQV�RI�RSHUDWLQJ�DQG�FKDQJHV�WKDW�
RQH�PLJKW�HQJHQGHU� LQ� WKRVH�ZD\V�DQG�PHDQV��7KH�SULPDU\�JRDO� LV� WR� OHDUQ� WR� WKLQN� OLNH� WKH�
FKLOGUHQ�ZLWK�ZKRP�RQH�LV�LQWHUDFWLQJ�DQG�WR�¿QG�SUREOHPV�WKDW�FDQ�RQO\�HPHUJH�LQ�WKDW�FRQ-
WH[W.13���,Q�GRLQJ�WKLV��RQH�LV�DEOH�WR�OHDUQ�WKH�³OD\�RI�WKH�ODQG´�DQG�H[SHULHQFH�UHJXODULWLHV�DQG�
RU�FRQVWUDLQWV�ERWK�ZLWKLQ�DQG�DFURVV�WKH�FKLOGUHQ�ZLWK�ZKRP�RQH�LV�ZRUNLQJ�ZLWKRXW�QHFHVVDU-
LO\�EHLQJ�DEOH�WR�H[SODLQ�WKH�FRQFHSWXDO�PHFKDQLVPV�WKDW�PLJKW�SURGXFH�WKH�UHJXODULWLHV�DQG�RU�
constraints. 

� $W�WKH�VWDUW�RI�WKH�WHDFKLQJ�H[SHULPHQW��WKH�UHRUJDQL]DWLRQ�K\SRWKHVLV�FRQVWLWXWHG�D�SUREOHP�
VKLIW��7KDW�WKH�K\SRWKHVLV�ZDV�FRQ¿UPHG��6WHIIH�	�2OLYH��������LV��DFFRUGLQJ�WR�/DNDWRV��HV-
VHQWLDO�WR�FODLP�WKDW�WKH�,521�UHVHDUFK�SURJUDP�ZDV�D�SURJUHVVLYH�SURJUDP��³)LQDOO\��OHW¶V�FDOO�D�
SUREOHP�VKLIW�SURJUHVVLYH�LI�LW�LV�ERWK�WKHRUHWLFDOO\�DQG�HPSLULFDOO\�SURJUHVVLYH��DQG�GHJHQHUDW-
LQJ�LI�LW�LV�QRW´��/DNDWRV��������S��������)RU�/DNDWRV��D�SUREOHP�VKLIW�LV�WKHRUHWLFDOO\�SURJUHVVLYH�
LI�D�VXSHUVHGLQJ�WKHRU\�LV�SRVLWHG�WKDW�KDV�H[FHVV�HPSLULFDO�FRQWHQW�RYHU�LWV�SUHGHFHVVRU�DQG�LW�LV�
HPSLULFDOO\�SURJUHVVLYH�LI�VRPH�RI�WKH�H[FHVV�HPSLULFDO�FRQWHQW�LV�FRUURERUDWHG���

Final Comments

,�KDYH�DUJXHG�WKDW�FROODERUDWLYH�UHVHDUFK� LQ�PDWKHPDWLFV�HGXFDWLRQ�VKRXOG�EH�EDVHG� LQ� LQWHU-
GLVFLSOLQDU\�UHVHDUFK��+RZHYHU��WZR�RU�PRUH�UHVHDUFKHUV�ZRUNLQJ�WRJHWKHU�ZKR�DUH�VLPSO\�LQ�
GLIIHUHQW�GLVFLSOLQHV�GRHV�QRW�FRQVWLWXWH�WKH�LQWHUGLVFLSOLQDULW\�WKDW�LV�QHHGHG�WR�FRQVWLWXWH�D�WHDP�
DV�D�FROODERUDWLYH�UHVHDUFK�WHDP��)RU�H[DPSOH��LW�LV�QRW�WKH�FDVH�WKDW�D�SUDFWLFLQJ�PDWKHPDWLFV�
HGXFDWRU�DQG�D�SUDFWLFLQJ�PDWKHPDWLFLDQ�FDQ�DXWRPDWLFDOO\�HQJDJH�LQ�LQWHUGLVFLSOLQDU\�UHVHDUFK��
0DWKHPDWLFV�HGXFDWLRQ�LV�RIWHQ�WKRXJKW�RI�DV�WKH�SUDFWLFH�RI�PDWKHPDWLFV�WHDFKLQJ��ZKLFK�TXDOL-
¿HV�PRVW�PDWKHPDWLFLDQV�DV�SUDFWLFLQJ�PDWKHPDWLFV�HGXFDWRUV��,W�LV�UDUH��KRZHYHU��WR�¿QG�SUDF-
WLFLQJ�PDWKHPDWLFLDQV�HQJDJLQJ�LQ�PDWKHPDWLFV�HGXFDWLRQ�UHVHDUFK�MXVW�DV�LW�LV�UDUH�WR�¿QG�SUDF-
WLFLQJ�PDWKHPDWLFV�HGXFDWLRQ�UHVHDUFKHUV�HQJDJLQJ�LQ�PDWKHPDWLFV�UHVHDUFK��7KH�WZR�¿HOGV�DUH�
LQGHHG�TXLWH�GLIIHUHQW�¿HOGV�RI�UHVHDUFK�DQG�HYHQ�¿HOGV�RI�WHDFKLQJ�SUDFWLFH��6WLOO��P\�H[SHULHQFH�
is that it can be very important for mathematicians sympathetic with precollege mathematics 

13� �:KHQ�ZULWLQJ�D�SURVSHFWXV�IRU�GRLQJ�UHVHDUFK��WKH�PDLQ�JRDO�LV�RIWHQ�WR�VWDWH�WKH�SUREOHPV�RQ�ZKLFK�
RQH�LV�JRLQJ�WR�ZRUN���,�¿QG�WKLV�JRDO�PLVGLUHFWHG�ZKHQ�WKHUH�LV�DQ�DVVXPSWLRQ�WKDW�RQH�FDQ�NQRZ�WKH�
UHVXOWV�RI�H[SHULHQFH�SULRU�WR�H[SHULHQFH����
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HGXFDWLRQ�WR�HQJDJH�LQ�LQWHUGLVFLSOLQDU\�UHVHDUFK�ZLWK�PDWKHPDWLFV�HGXFDWRUV��
� +LVWRULFDOO\��ZKHQ�PDWKHPDWLFLDQV�KDYH�EHFRPH�HQJDJHG� LQ�FROODERUDWLYH� UHVHDUFK�ZLWK�
PDWKHPDWLFV�HGXFDWRUV��WKH�JRDO�XVXDOO\�KDV�EHHQ�WR�GHYHORS�VXFK�WKLQJV�DV�FXUULFXODU�VWDQGDUGV�
RU�HYHQ�IXOO�ÀHGJHG�PDWKHPDWLFV�FXUULFXOD�VXFK�DV�ZDV�GHYHORSHG�GXULQJ�WKH�PRGHUQ�PDWKHPDW-
LFV�PRYHPHQW�RI�WKH�ODVW�FHQWXU\��,Q�WKHVH�FDVHV��WKH�PDWKHPDWLFLDQV�DQG�WKH�PDWKHPDWLFV�HGXFD-
WRUV�KDYH�QRW�EHHQ�RQ�DQ�HTXDO�IRRWLQJ�DQG�PDWKHPDWLFV�DV�NQRZQ�E\�WKH�PDWKHPDWLFLDQV�KDV�
EHHQ�WKH�QRUP�LQ�FRQVWLWXWLQJ�VFKRRO�PDWKHPDWLFV��:KDW�KDV�EHHQ�PLVVLQJ�LQ�WKHVH�DV\PPHWULFDO�
FROODERUDWLRQV�LV�D�PDWKHPDWLFV�HGXFDWLRQ�WKDW�KDV�EHHQ�FRQVWLWXWHG�DV�DQ�DFDGHPLF�GLVFLSOLQH��
,I�PDWKHPDWLFV�HGXFDWLRQ�LV� WR�GLVWLQJXLVK�LWVHOI�DV�DQ�DFDGHPLF�GLVFLSOLQH�IURP��VD\��VFLHQFH�
HGXFDWLRQ�RU�(QJOLVK�HGXFDWLRQ��WKHUH�PXVW�EH�D�FRQWHQW�GLVWLQFWLRQ��,Q�WKH�SDVW��WKLV�GLVWLQFWLRQ�
KDV�EHHQ�VHUYHG�PDLQO\�E\�PDWKHPDWLFV��0\�DUJXPHQW�WKURXJKRXW�WKH�SDSHU�KDV�EHHQ�WKDW�WR�
GLVWLQJXLVK�PDWKHPDWLFV�HGXFDWLRQ�DV�DQ�DFDGHPLF�¿HOG��ZH�PXVW�UHDFK�EH\RQG�(UQHVW¶V���������
³FXOWXUDO� NQRZOHGJH´� RI� PDWKHPDWLFV� SURGXFHG� WKURXJK� WKH� PDWKHPDWLFDO� DFWLYLW\� RI� DGXOW�
PDWKHPDWLFLDQV�WR�D�³FXOWXUDO�NQRZOHGJH´�RI�FKLOGUHQ¶V�PDWKHPDWLFV�WKDW�LV�SURGXFHG�WKURXJK�
WKH�PRGHO�EXLOGLQJ�DFWLYLW\�RI�FROODERUDWLYH�UHVHDUFK�WHDPV��7KLV�LV�EDVLF�LQ�DQ\�FRQVLGHUDWLRQ�
RI�PDWKHPDWLFV�HGXFDWLRQ�DV�DQ�DFDGHPLF�¿HOG��DQG�LW�FDQ�SUR¿WDEO\�LQFOXGH�FROODERUDWLRQ�ZLWK�
mathematicians. 

Learning from Others
7KH�PRVW� LPSRUWDQW� WKLQJ� WKDW� RFFXUV� LQ� FROODERUDWLYH� UHVHDUFK� LV� WKH� WUDQVIRUPDWLRQV� LQ� WKH�
NQRZOHGJH�RI�WKH�PHPEHUV�RI�WKH�WHDP��0RUH�VLPSO\��OHDUQLQJ�IURP�RWKHUV�LV�WKH�SULPDU\�UHDVRQ�
WR�HQJDJH�LQ�FROODERUDWLYH�UHVHDUFK��:KHQ�FRQVLGHULQJ�WKDW�WKH�KXPDQ�PLQG�LV�QHFHVVDULO\�PRUH�
FRPSOH[�WKDQ�PDWKHPDWLFV�LW�SURGXFHV��WKLV�SURYLGHV�D�PHDVXUH�RI�WKH�FRPSOH[LW\�RI�PDWKHPDW-
LFV� HGXFDWLRQ�� 6R�� WKH� LQWHUGLVFLSOLQDU\� IRFXV� LQ� FROODERUDWLYH� UHVHDUFK� LV� QRW� VRPHWKLQJ� WKDW�
VKRXOG�EH�FRQVLGHUHG�DV�QLFH�EXW�QRQHVVHQWLDO��5DWKHU��DQ�LQWHUGLVFLSOLQDU\�IRFXV�LQ�FROODERUDWLYH�
UHVHDUFK�LV�HVVHQWLDO�WR�PRYH�WKH�¿HOG�IRUZDUG�WRZDUG�D�PRUH�DGHTXDWH�PDWKHPDWLFDO�HGXFDWLRQ�
RI�SUHFROOHJH�VWXGHQWV��
� ,�OLNH�WR�WKLQN�RI�FROODERUDWLYH�UHVHDUFK�DV�ZRUNLQJ�WRJHWKHU�EXW�DORQH��LI�WKDW�PDNHV�DQ\�
VHQVH��3HUKDSV�UHVWDWLQJ�3LDJHW¶V�FRQFHSW�RI�VRFLDO�WUDQVPLVVLRQ�LV�KHOSIXO�LQ�XQGHUVWDQGLQJ�ZKDW�
,�PHDQ��³,QGLYLGXDOV�HVWDEOLVK�HTXLOLEULXP�DPRQJ�SHUVRQDO�VFKHPHV�RI�DFWLRQ�DQG�DQWLFLSDWLRQ�
DV�WKH\�LQWHUDFW�LQ�PXWXDO�DGDSWDWLRQ²DV�FRQVWUDLQHG�E\�WKH�ORFDO�OLPLWDWLRQV�RI�WKHLU�DELOLWLHV�
WR�DFFRPPRGDWH�WKRVH�YHU\�VFKHPHV´��3LDJHW���������������,W�LV�HVVHQWLDO�WKDW�HDFK�UHVHDUFKHU�
PDLQWDLQV�DXWRQRP\�LQ�WKH�UHVHDUFK�WHDP�DQG�PDLQWDLQV�DQ�HTXDO�IRRWLQJ�ZLWK�WKH�RWKHU�PHP-

EHUV�RI�WKH�WHDP��0DLQWDLQLQJ�DXWRQRP\�GRHV�QRW�PHDQ�LVRODWLQJ�RQHVHOI�IURP�RWKHUV��5DWKHU��
LW�PHDQV�PDLQWDLQLQJ�WKH�YLDELOLW\�RI�RQH¶V�VFKHPHV�RI�DFWLRQ�DQG�RSHUDWLRQ�E\�PHDQV�RI� WKH�
DFFRPPRGDWLRQV� LQ� WKHP� WKDW� IROORZ�RQ� IURP� LQWHUDFWLRQV�ZLWK� RWKHU�PHPEHUV� RI� WKH� WHDP��
3HUKDSV�ZKDW� ,�PHDQ� LV� EHVW� H[SUHVVHG� E\� YRQ�*ODVHUVIHOG¶V� ������� FRPPHQW� WKDW� ,� TXRWHG�
HDUOLHU�WKDW��³>ZH@�ZRXOG�VSHQG�FRXQWOHVV�KRXUV�YLHZLQJ�WKHVH�WDSHV�DQG�WU\LQJ�WR�DJUHH�RQ�ZKDW�
ZH�JDWKHUHG�IURP�WKHP��:H�KDG�KHDWHG�DUJXPHQWV�DQG�IRU�DOO�RI�XV�LW�ZDV�D�SRZHUIXO�OHVVRQ��
KDPPHULQJ�LQ�WKH�IXQGDPHQWDO�IDFW�WKDW�ZKDW�RQH�REVHUYHU�VHHV�LV�QRW�ZKDW�DQRWKHU�PD\�VHH�DQG�
WKDW�D�FRPPRQ�YLHZ�FDQ�EH�DFKLHYHG�RQO\�E\�D�VWUHQXRXV�HIIRUW�RI�PXWXDO�DGDSWDWLRQ´��S��������
7KH�KHDWHG�DUJXPHQWV�DWWHVW�WR�WKH�ORFDO�OLPLWDWLRQV�LQ�RXU�DELOLWLHV�WR�DFFRPPRGDWH�WKH�VFKHPHV�
ZH�ZHUH�XVLQJ�LQ�DVVLPLODWLRQ�RI�QRW�RQO\�WKH�YLGHR�UHFRUGHG�PDWHULDO��EXW�DOVR�WKH�ODQJXDJH�RI�
HDFK�RWKHU�DV�ZH�PDGH�RXU�RZQ�LQWHUSUHWDWLRQV�RI�WKH�FKLOGUHQ¶V�ODQJXDJH�DQG�DFWLRQV��,W�LV�WKHVH�
DFFRPPRGDWLRQV�WKDW�,�EHOLHYH�DUH�WKH�PRVW�YDOXDEOH�RXWFRPH�RI�FROODERUDWLYH�UHVHDUFK��
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Viability Rather than Validity
,�SRLQWHG�WR�GLVVDWLVIDFWLRQ�ZLWK�WKH�VWDWH�RI�WKH�¿HOG�RI�PDWKHPDWLFV�HGXFDWLRQ�DV�ZHOO�DV�GLV-
VDWLVIDFWLRQ�ZLWK�P\�RZQ�SURJUHVV�DV�D�SUHFRQGLWLRQ�IRU�WKH�FROODERUDWLYH�UHVHDUFK�LQ�ZKLFK�,�
HQJDJHG��)RU�PH��ERWK�RI�WKHVH�VRXUFHV�RI�GLVVDWLVIDFWLRQ�KDG�RULJLQV�LQ�WKH�FRQFHSW�RI�WUXWK�DV�
FRQWDLQHG�LQ�WKH�6LIWLQJ�DQG�:LQQRZLQJ�SODTXH�DW�WKH�HQWUDQFH�WR�%DVFRP�+DOO�DW�WKH�8QLYHUVLW\�
RI�:LVFRQVLQ�IURP�ZKLFK�,�JUDGXDWHG����

:KDWHYHU�PD\�EH�WKH�OLPLWDWLRQV�ZKLFK�WUDPPHO�LQTXLU\�HOVHZKHUH��ZH�EHOLHYH�WKDW�WKH�
JUHDW�6WDWH�8QLYHUVLW\�RI�:LVFRQVLQ�VKRXOG�HYHU�HQFRXUDJH�WKDW�FRQWLQXDO�DQG�IHDUOHVV�
VLIWLQJ�DQG�ZLQQRZLQJ�E\�ZKLFK�DORQH�WKH�WUXWK�FDQ�EH�IRXQG���7DNHQ�IURP�D�UHSRUW�RI�
WKH�%RDUG�RI�5HJHQWV�LQ������

� 7KH�WH[W�RI�WKLV�SODTXH�KDV�ERWK�LQVSLUHG�DQG�GHELOLWDWHG�PH�WKURXJKRXW�WKH�\HDUV�VLQFH�,�
JUDGXDWHG��7KH�SULPDU\�VRXUFH�RI�LQVSLUDWLRQ�UHVLGHV�LQ�WKH�LPDJH�DERXW�KRZ�RQH�PLJKW�FRQGXFW�
RQH¶V�SURIHVVLRQDO�OLIH��%XW�LW�ZDV�DOVR�GHELOLWDWLQJ�EHFDXVH�LW�VHHPHG�WR�PH�WKDW�WKH�WUXWK�ZDV�
DOZD\V�RQ�WKH�RWKHU�VLGH�RI�WKH�GLYLGH�EHWZHHQ�ZKDW�D�KXPDQ�EHLQJ�FRXOG�NQRZ�DQG�ZKDW�ZDV�
³WKHUH´�RQ�WKH�RWKHU�VLGH�WR�EH�IRXQG��,�FRXOG�QRW�XQGHUVWDQG�E\�ZKDW�PHDQV�,�FRXOG�SRVVLEO\�
FURVV�WKDW�GLYLGH�DQG�LW�VHHPHG�WKDW�WUXWK�ZDV�XQDWWDLQDEOH��8SRQ�EHFRPLQJ�LPPHUVHG�LQ�3LDJHW¶V�
FRQVWUXFWLYLVP��,�EHFDPH�DZDUH�WKDW�WKH�&DUWHVLDQ�GXDOLW\�EHWZHHQ�PLQG�DQG�UHDOLW\�RQ�ZKLFK�
WKH�SODTXH�ZDV�EDVHG�GLVVLSDWHG�IRU�PH�LQ�WKDW�ZH�KXPDQ�EHLQJV�FRQVWUXFW�RXU�RZQ�H[SHULHQWLDO�
UHDOLWLHV��7KLV�ZDV�YHU\�OLEHUDWLQJ�DQG�KHDG\�EHFDXVH�,�UHDOL]HG�WKDW� WKH�PRGHOV�RI�FKLOGUHQ¶V�
PDWKHPDWLFV�WKDW�,�FRQVWUXFWHG�GLGQ¶W�QHHG�WR�EH�WUXH�LQ�WKDW�WKH\�GLGQ¶W�QHHG�WR�EH�FRQVLGHUHG�DV�
PDWFKLQJ�ZKDW�JRHV�RQ�LQ�WKH�KHDGV�RI�FKLOGUHQ��7KH\�GLG�QRW�QHHG�WR�EH�YDOLG��MXVW�YLDEOH��
� -XVW�DV�WKH�VWXGHQW�DQG�PDWKHPDWLFV�DUH�QRW�WZR�VHSDUDWH�DQG�LQGHSHQGHQW�HQWLWLHV��D�UH-
VHDUFKHU¶V�PRGHOV�RI�D�VWXGHQW¶V�PDWKHPDWLFV�DQG�WKH�VWXGHQW¶V�PDWKHPDWLFV�DUH�QRW�WZR�VHSD-
UDWH�DQG�LQGHSHQGHQW�HQWLWLHV��$V�ORQJ�DV�WKRVH�PRGHOV�¿W�ZLWKLQ�P\�H[SHULHQFH�RI�FKLOGUHQ¶V�
PDWKHPDWLFDO�ODQJXDJH�DQG�DFWLRQV�WKH\�DUH�³JRRG�HQRXJK´�QRW�RQO\�WR�H[SODLQ�ZKDW�PLJKW�EH�
JRLQJ�RQ�LQ�WKH�KHDGV�RI�FKLOGUHQ��EXW�DOVR�³JRRG�HQRXJK´�WR�PDNH�SUHGLFWLRQV�DERXW�ZKHUH�,�
PLJKW�WU\�WR�WDNH�FKLOGUHQ�,�DP�FKDUJHG�ZLWK�WHDFKLQJ�DQG�LI�WKH\�ZRXOG�EH�DEOH�WR�WUDYHUVH�WKH�
MRXUQH\�ZLWK�PH��6XFK�SUHGLFWLRQV�DUH�FUXFLDO�LQ�FRUURERUDWLQJ�WKH�PRGHOV�RQH�FRQVWUXFWV�LQ�WKH�
VHQVH� WKDW�/DNDWRV� �������VSRNH�RI�FRUURERUDWLQJ�QHZ�HPSLULFDO�FRQWHQW��(YHQ�PRUH�VDWLVI\-

LQJ��KRZHYHU��DUH�WKRVH�RFFDVLRQV�ZKHQ�,�PHHW�D�FKLOG�,�KDYH�QHYHU�PHW�EHIRUH�DQG��DIWHU�D�IHZ�
H[FKDQJHV��IHHO�WKDW�,�XQGHUVWDQG�WKH�FKLOG¶V�PDWKHPDWLFDO�PLQG�EHFDXVH�P\�H[SHULHQFH�RI�WKH�
FKLOG¶V�PDWKHPDWLFDO�ODQJXDJH�DQG�DFWLRQV�WKDW�,�DP�DEOH�WR�EULQJ�IRUWK�¿W�ZLWKLQ�P\�PRGHOV�RI�
HSLVWHPLF�VWXGHQWV��

A New Revolution in Mathematics Education?
7KHUH�DUH�PDQ\�UHDVRQV�WKDW�KDYH�EHHQ�DGYDQFHG�IRU�ZK\�WKH�PDWKHPDWLFV�HGXFDWLRQ�RI�VWXGHQWV�
LV�QRW�DV�VXFFHVVIXO�DV�LW�PLJKW�EH��EXW�RQO\�UDUHO\�GRHV�RQH�¿QG�HYHQ�DQ�DOOXVLRQ�WR�ZKDW�WHDFKHUV�
PDNH�RI�FKLOGUHQ¶V�PDWKHPDWLFV��:KDW�WHDFKHUV�PDNH�RI�WKHLU�VWXGHQWV¶�PDWKHPDWLFDO�ODQJXDJH�
DQG�DFWLRQV�LV�D�YHU\�EDVLF�DVSHFW�RI�PDWKHPDWLFV�WHDFKLQJ��DQG�LW�LV�GH¿QLWHO\�RQH�SODFH�ZKHUH�
PDWKHPDWLFV�HGXFDWLRQ�LV�IDLOLQJ�ZRUOGZLGH��7KH�WHDFKHU�PXVW�FRQVWUXFW�WKH�PDWKHPDWLFV�RI�WKH�
FKLOGUHQ�VKH�RU�KH�LV�FKDUJHG�ZLWK�WHDFKLQJ�E\�PHDQV�RI�LQWHUDFWLQJ�ZLWK�WKHP�EHFDXVH�LW�LV�QRW�
JLYHQ�QRU�FDQ�LW�EH�JLYHQ�E\�WKH�XVXDO�PDWKHPDWLFV�WH[WV��FXUULFXODU�JXLGHV��RU�OLVWV�RI�VWDQGDUGV��
%\�PHDQV�RI�FRQVWUXFWLQJ�WKH�PDWKHPDWLFV�RI�WKH�FKLOGUHQ�KH�RU�VKH�LV�FKDUJHG�ZLWK�WHDFKLQJ��
the teacher confers PDWKHPDWLFDO�H[LVWHQFH�RQ�WKH�FKLOGUHQ��:LWKRXW�VXFK�D�FRQIHUUDO��WKH�WHDFKHU�
QHFHVVDULO\�SURFHHGV�DV�D�VROLSVLVW�DQG�WKH�RQO\�PDWKHPDWLFDO�UHDOLW\�LQ�WKH�FODVVURRP�LV�WKDW�RI�
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WKH�WHDFKHU��,Q�WKLV�FDVH��WKH�WHDFKHU�LQWHUSUHWV�WKH�FKLOGUHQ¶V�PDWKHPDWLFDO�EHKDYLRU�UHODWLYH�WR�
WKH�PDWKHPDWLFV� WH[W��FXUULFXODU�JXLGHV��RU� OLVWV�RI� VWDQGDUGV�DQG� WKH�FKLOGUHQ�KDYH�QR�PDWK-

HPDWLFDO�H[LVWHQFH�DV�DXWRQRPRXV�DQG�VHOI�RUJDQL]LQJ�HQWLWLHV�DSDUW�IURP�WKH�WHDFKHU¶V�SURMHFWV��
� 7KH� FXUUHQW� VWDQGDUGV�PRYHPHQW� LV� DQRWKHU� VRXUFH� RI� GLVVDWLVIDFWLRQ�ZLWK�PDWKHPDWLFV�
WHDFKLQJ�LI�IRU�QR�RWKHU�UHDVRQ�WKDQ�LW�LV�KRPRJHQL]LQJ�PDWKHPDWLFV�WHDFKLQJ�LQ�WKH�VFKRROV��7KH�
IROORZLQJ�FRPPHQWV�IURP�D�*HRUJLD�PDWKHPDWLFV�WHDFKHU�IRU�ZKRP�,�KDYH�JUHDW�UHVSHFW�SHUKDSV�
VHUYHV�DV�D�³VPRNLQJ�JXQ´�FRQFHUQLQJ�WKLV�PRYHPHQW��

<RX�FDQQRW�LPDJLQH�WKH�LQVDQLW\�RI�0DWK����7KDQN�*RG�,�KDYHQ¶W�KDG�WR�WHDFK�LW��EXW�
LW¶V� WRR�PXFK�FRQWHQW��DQG� WKH�FRQFHSWV�DUH� WRR�DGYDQFHG�IRU�PRVW�RI� WKH�VWXGHQWV��
,�DWWHQG�D�FRXSOH�RI�FROODERUDWLYHV�HDFK�PRQWK�DQG�KHDU�WKH�VDPH�KRUURU�VWRULHV�IURP�
WHDFKHUV�HYHU\ZKHUH���VR�LW¶V�QRW�MXVW�XV��0RVW�RI�RXU�0DWK���VWXGHQWV�VWD\�DIWHU�VFKRRO�
IRU�D�FRXSOH�RI�KRXUV�RQ�HDFK�RI�WZR�GD\V�D�ZHHN�IRU�H[WUD�KHOS���SUHWW\�PXFK�HYHU\-

ERG\�LV�KDYLQJ�WR�SURYLGH�D�ORW�RI�EHIRUH�DIWHU�VFKRRO�WXWRULQJ���EXW�LW�LV�VWLOO�MXVW�WRR�
PXFK�IRU�WKHP��1RWH�WKDW�ZKDW�ZH�DUH�WU\LQJ�WR�GR�LV�WHDFK�ZKDW�XVHG�WR�EH�DFFHOHUDWHG�
³FROOHJH�WUDFN´�PDWKHPDWLFV�WR�HYHU\ERG\��(YHU\RQH�MXVW�LV�QRW�FDSDEOH�RI��RU�LQWHU-
HVWHG�LQ��GRLQJ�WKLV��DQG�ZKHQ�WHDFKHUV�FDUH�DERXW�WKHLU�VWXGHQWV�DQG�WKHLU�VWXGHQWV¶�
IXWXUHV�� LW� LV�KHDUWEUHDNLQJ���DQG�PRVW�RI�WKH�WHDUV�FRPH�IURP�D�IHHOLQJ�WKDW�ZH�DUH�
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