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Abstract
We present a class of a high-resolution Godunov-type algorithms for solving flow problems governed

by the incompressible Navier-Stokes equations. The algorithms use high-resolution finite volume methods
developed in SIAM J. Numer. Anal., 33, (1996) 627-665 for the advective terms and finite difference
methods for the diffusion and the Poisson pressure equation. The high-resolution algorithm advects the
cell-centered velocities using the divergence-free cell edge velocities. The resulting cell-centered velocity is
then updated by the solution of the Poisson equation. The algorithms are proven to be robust for constant-
density flows at high Reynolds numbers via an example of lid-driven cavity flow. With a slight modification
for the projection operator in the constant-density solvers, the algorithms also solve incompressible flows
with finite-amplitude density variation. The strength of such algorithms is illustrated through problems
like Rayleigh-Taylor instability and the Boussinesq equations for Rayleigh-Bénard convection. Numerical
studies of the convergence and order of accuracy for the velocity field are provided. While simulations
for two-dimensional regular-geometry problems are presented in this study, in principle, extension of the
algorithms to three dimensions with complex geometry is feasible.

keywords: high-resolution, finite volume methods, incompressible Navier-Stokes equations, finite-amplitude density variation, lid-

driven cavity flow, Rayleigh-Taylor instability, Rayleigh-Bénard convection

1 Introduction

Chorin, in a series of papers [7–9] introduced a practical fractional-step method for solving viscous incompress-
ible Navier-Stokes equations. Similar ideas were independently introduced by Temam [29]. This fractional-step
method, or projection method, computes an intermediate velocity without regard to the divergence constraint
and then projects this velocity onto the divergence-free subspace. Many other different forms of projection
methods were developed after those of Chorin and Temam, making it impossible to report an exhaustive ref-
erence list. We review the following two projection methods that are closely related to the proposed high-
resolution algorithms.

Consider the dimensionless incompressible Navier-Stokes equations with an external force

ut + (u · ∇)u+∇p =
1
Re
∇2u+ F ,

∇ · u = 0,
u = b on ∂Ω.

(1.1)

The first projection method we consider is a finite difference method introduced by Kim and Moin [15]. This
method is similar to the first-order scheme of Chorin. The method first computes the intermediate velocity

1



without the gradient pressure term. Then it imposes the incompressibility by solving a Poisson equation. The
method can be written in a semi-discrete form:

u∗ − un

∆t
+ (un+1/2 · ∇)un+1/2 =

1
2Re

(∇2u∗ +∇2un) + F , (1.2)

u∗ = b+ ∆t∇φn on ∂Ω, (1.3)

un+1 − u∗

∆t
= −∇φn+1, (1.4)

∇ · un+1 = 0, (1.5)

n · un+1 = n · b on ∂Ω, (1.6)

where n is the unit normal. The nonlinear convection term (un+1/2 · ∇)un+1/2 can be approximated, for
example, by an explicit Adams-Bashforth formula 3

2(un · ∇)un − 1
2(un−1 · ∇)un−1. The pressure pn+1 can

be obtained from φn+1 through the relationship [2]

pn+1 = φn+1 − ∆t
2Re
∇2φn+1. (1.7)

To compute φn+1, we apply the divergence operator ∇· to (1.4) and use (1.5). We then have the Poisson
equation

∇2φn+1 =
∇ · u∗

∆t
. (1.8)

We refer to this projection method as Kim and Moin’s scheme.
The second method we consider is the pressure-correction scheme first introduced by Van Kan [31], and

later Bell, Colella, and Glaz (BCG) modified the scheme by using Godunov’s methodology to compute the
advection term [1]. We outline this projection method in the semi-discrete form as follows:

u∗ − un

∆t
+ (un+1/2 · ∇)un+1/2 +∇pn−1/2 =

1
2Re

(∇2u∗ +∇2un) + F , (1.9)

u∗ = b on ∂Ω, (1.10)

un+1 − u∗

∆t
= −∇p

n+1/2 −∇pn−1/2

γ
= −∇φn+1, (1.11)

∇ · un+1 = 0, (1.12)

n · un+1 = n · b on ∂Ω. (1.13)

From the first equality of (1.11), we have

un+1 ≈ u∗ − (∆t2)
γ

∂∇p
∂t

. (1.14)

Equation (1.14) implies u∗ = b + O(∆t2) on ∂Ω. Discussion on the choice of γ can be found in [13, 27].
We refer to this project method as the BCG scheme. The projection method introduced for the high-resolution
algorithms can be put into either the framework of Kim and Moin’s scheme or the BCG scheme.
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2 Conservative algorithms for advection

The class of high-resolution algorithms for incompressible flows proposed in this study is motivated by the high-
resolution wave-propagation algorithms for advection in incompressible flows, developed by LeVeque [18]. A
brief introduction for the wave-progation algorithm is described as follows. We consider the scalar advection
equation in a specified velocity field u(x, t) in one, two, or three space dimensions

qt +∇ · (uq) = 0, (2.1)

where q(x, t) is a conservative quantity which can be the scalar concentration or the density function. If the
flow is incompressible,∇ · u = 0, the conservative form (2.1) can be written in a advective form

qt + u · ∇q = 0. (2.2)

where q(x, t) is a conservative quantity which can be the scalar concentration or the density function. If the
flow is incompressible, ! · u = 0, the conservative form (1.3) can be written in a advective form

qt + u ·!q = 0. (1.4)

PSfrag replacements

vi,j+1/2

ui!1/2,j
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ui+1/2,j

Qi,j

Figure 1.1: Cell-variable locations for the conservative algorithm.

Although (1.3) and (1.4) are mathematically equivalent for incompressibe flow, numerical algorithms based
on the two may behave differently. In two dimensions, a staggered grid as shown in Figure 1.1 is used in [?]
so that the numerical algorithms modeled either from the conservative form or from the advective form are
the same. The notations in Figure 1.1 are as follows. Let Cij be the (i, j) grid cell [xi!1/2, xi+1/2 ] "
[yj!1/2, yj+1/2 ]. The “edge velocities” ui±1/2,j and vi,j±1/2 are the velocities at the midpoints of the inter-
faces (xi±1/2, yj) and (xi, yj±1/2), giving rise to the waves being propagated. They should satisfy the discrete
divergence-free relationship

ui+1/2,j # ui!1/2,j

$x
+

vi,j+1/2 # vi,j!1/2

$y
= 0. (1.5)

Qi,j represents an approximation to the cell average,

Qi,j %
1

$x $ y

!

Ci,j

q(x, y, t) dx dy. (1.6)

Using the relationship (1.5) and the upwind wave-propagation method, LeVeque [?] developed the high-resolution
conservative algorithms for (1.4) in incompressible flow. In these algorithms, a flux-limiter is applied to the
second-order Lax-Wendroff method to deal with steep gradients or even discontinuities in q(x, y, t) without
introducing spurious numerical oscillations or excessive numerical diffusion. This high-resolution property
gives our fractional step method the edge in handling flows where the conserved quantities have a sharp dis-
continuity between fluids, such as the density in Rayleigh-Taylor instability . In two dimensional space, the
high-resolution algorithms can use either dimensional split or unsplit methods. The unsplit method improves
the first-order corner transport upwind (CTU) [?] by adding correction waves and transverse propagation of the
correction waves.
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Figure 2.1: Cell-variable locations for the conservative algorithm.

Although (2.1) and (2.2) are mathematically equivalent for incompressible flow, numerical algorithms
based on the two may behave differently. In two dimensions, the staggered grid as shown in Figure 2.1 is
used in [18] so that the numerical algorithms modeled either from the conservative form or from the advec-
tive form are the same. The notations in Figure 2.1 are described as follows: Let Cij be the (i, j) grid cell
[xi−1/2, xi+1/2 ]× [yj−1/2, yj+1/2 ]. The “edge velocities” ui±1/2,j and vi,j±1/2 are the velocities at the mid-
points of the interfaces (xi±1/2, yj) and (xi, yj±1/2), giving rise to the waves being propagated. They should
satisfy the discrete divergence-free relationship

ui+1/2,j − ui−1/2,j

∆x
+
vi,j+1/2 − vi,j−1/2

∆y
= 0. (2.3)

Qi,j represents an approximation to the cell average at the current time level tn,

Qi,j ≈
1

∆x∆y

∫
Ci,j

q(x, y, t) dx dy. (2.4)

In two dimension space, we consider the scalar color-equation (2.2) in the component form,

qt + u(x, y)qx + v(x, y)qy = 0. (2.5)
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The unsplit finite volume wave propagation algorithm for solving the above equation takes the form

Qn+1
i,j =Qi,j −

∆t
∆x

(
A+∆Qi−1/2,j +A−∆Qi+1/2,j

)
− ∆t

∆y
(
B+∆Qi,j−1/2 + B−∆Qi,j+1/2

)
− ∆t

∆x

(
F̃i+1/2,j − F̃i−1/2,j

)
− ∆t

∆y

(
G̃i,j+1/2 − G̃i,j−1/2

)
.

(2.6)

The term A+∆Qi−1/2,j represents the first-order Godunov update to the cell value Qi,j resulting from the
Riemann problem at the edge (i − 1/2, j). The other three similar terms are the Godunov updates resulting
from the Riemann problems at the other three edges. F̃ and G̃ are the correction fluxes. The Riemann problem
at each interface leads to a single wave with speed given by the edge velocity. In the x-direction we have

wave: Wi−1/2,j = Qi,j −Qi−1,j ,

speed: si−1/2,j = ui−1/2,j ,
(2.7)

and in the y-direction

wave: Wi,j−1/2 = Qi,j −Qi,j−1,

speed: si,j−1/2 = vi,j−1/2.
(2.8)

The first-order Godnov updates then take the following forms

A±∆Qi−1/2,j = s±i−1/2,jWi−1/2,j = u±i−1/2,j (Qi,j −Qi−1,j) ,

B±∆Qi,j−1/2 = s±i,j−1/2Wi,j−1/2 = v±i−1/2,j (Qi,j −Qi,j−1) ,
(2.9)

where u± and v± mean the positive and negative part of the velocity.
For the correction terms, at the beginning of each step, we set the terms to be zeros for all i, j:

F̃i−1/2,j := 0 and G̃i,j−1/2 := 0. (2.10)

After each Riemann problem is solved in the x-direction, at the interface (i − 1/2, j), A±∆Qi−1/2,j is set as
in (2.9), and then the nearby correction fluxes are updated by

G̃i−1,j−1/2 := G̃i−1,j−1/2 −
1
2

∆t
∆x

v−i−1,j−1/2u
−
i−1/2,j (Qi,j −Qi−1,j) ,

G̃i−1,j+1/2 := G̃i−1,j+1/2 −
1
2

∆t
∆x

v+
i−1,j+1/2u

−
i−1/2,j (Qi,j −Qi−1,j) ,

G̃i,j−1/2 := G̃i,j−1/2 −
1
2

∆t
∆x

v−i,j−1/2u
+
i−1/2,j (Qi,j −Qi−1,j) ,

G̃i,j+1/2 := G̃i,j+1/2 −
1
2

∆t
∆x

v+
i,j+1/2u

+
i−1/2,j (Qi,j −Qi−1,j) .

(2.11)

Similarly, after solving the Riemann problem in the y- direction at interface (i, j − 1/2), we set B±∆Qi,j−1/2
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as in (2.9) and then update the nearby fluxes by

F̃i−1/2,j−1 := F̃i−1/2,j−1 −
1
2

∆t
∆y

u−i−1/2,j−1v
−
i,j−1/2 (Qi,j −Qi,j−1) ,

F̃i+1/2,j−1 := F̃i+1/2,j−1 −
1
2

∆t
∆y

u+
i+1/2,j−1v

−
i,j−1/2 (Qi,j −Qi,j−1) ,

F̃i−1/2,j := F̃i−1/2,j −
1
2

∆t
∆y

u−i−1/2,jv
+
i,j−1/2 (Qi,j −Qi,j−1) ,

F̃i+1/2,j := F̃i+1/2,j −
1
2

∆t
∆y

u+
i+1/2,jv

+
i,j1/2 (Qi,j −Qi,j−1) .

(2.12)

For practical implementation of (2.11) and (2.12), we refer readers to [18, 19].
The algorithms discussed so far are first-order accurate. For second-order accurate methods, in each direc-

tion we can replace the first-order upwind approximation by a Lax-Wendroff approximation in that direction.
To achieve this, we make the following updates to the correction fluxes already defined:

F̃i−1/2,j := F̃i−1/2,j +
1
2

∣∣ui−1/2,j

∣∣ (1− ∆t
∆x

∣∣ui−1/2,j

∣∣) W̃i−1/2,j ,

G̃i,j−1/2 := G̃i,j−1/2 +
1
2

∣∣vi,j−1/2

∣∣ (1− ∆t
∆y

∣∣vi,j−1/2

∣∣) W̃i,j−1/2.

(2.13)

Here W̃i−1/2,j represents a limited version of the single wave Wi−1/2,j , obtained by comparing this wave
Wi−1/2,j with the wave in the upwind direction. For example, if ui−1/2,j > 0 and vi,j−1/2 < 0, thenWi−1/2,j is
compared toWi−3/2,j whileWi,j−1/2 is compared toWi,j+1/2. It is worth noting that if we apply the algorithms
to constant-coefficient advection equation with no limiter, these second-order corrections are exactly the same
as the corresponding terms in the standard Lax-Wendroff method [18, 19]. A flux-limiter is normally applied
for problems with steep gradients or discontinuities in q(x, y, t) to avoid spurious numerical oscillations. For
detailed explanation of the high-resolution algorithms and limiter functions, we refer readers to [18, 19].

3 The advection-diffusion equation

Adding a diffusive term to (2.2), obtains the advection-diffusion equation. The equations (1.2) and (1.9) are
the semi-discrete forms of the advection-diffusion equations. For the high-resolution algorithms, one way to
tackle the advecton-diffusion equation is to use fractional step methods [4]. We consider the semi-discrete
advection-diffusion equation

Qn+1 −Qn

∆t
+ (un · ∇)Qn+1 =

µ

2
(∇2Qn+1 +∇2Qn), (3.1)

where the spatial discretization ofun satisfies (2.3) and µ is the viscosity. The first-order fractional step method,
sometimes called the Godunov splitting, can be written as follows

Q∗ −Qn

∆t
+ (un · ∇)Q∗ = 0, (3.2)

Qn+1 −Q∗

∆t
=
µ

2
(∇2Qn+1 +∇2Q∗). (3.3)
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We first compute Q∗ in (3.2) using the high-resolution method described in the previous section. Equation
(3.3) is a Crank-Nicolson discretization for the diffusion. It results in a Helmholtz type equation. This splitting
method is only first-order accurate. Using the same notation, we can write a formally second-order method, the
Strang splitting, as follows

Q∗ −Qn

∆t/2
=
µ

2
(∇2Q∗ +∇2Qn), (3.4)

Q∗∗ −Q∗

∆t
+ (un · ∇)Q∗∗ = 0, (3.5)

Qn+1 −Q∗∗

∆t/2
=
µ

2
(∇2Qn+1 +∇2Q∗∗). (3.6)

In order to reduce numerical diffusion and computational cost, (3.4) from one step and (3.6) from the following
step can be combined into a single step of length ∆t. By doing so, Strang splitting uses ∆t/2 only in the first
and last time step. In between, Strang splitting is identical to Godunov splitting. In practice (see [4]), one can
obtain better than first-order accuracy using Godunov splitting.

4 A projection method: conservative algorithm approach

We begin this section with the definitions of our discrete divergence and discrete gradient operators. In order
to use the high-resolution algorithms from Section 2, the discrete values of the cell interface velocities have to
satisfy(2.3). In two dimension space, let

ui±1/2,j±1/2 = (ui±1/2,j , vi,j±1/2)

denote the horizontal and vertical components of the discrete velocity field at the edges of the (i, j) cell Ci,j

and let
U i,j = (Ui,j , Vi,j)

denote the approximation to the cell average

U i,j ≈
1

∆x∆y

∫
Ci,j

U(x, y, t) dx dy.

Assuming that φ is a scalar function, we consider a staggered grid as shown in Figure 4.1 and define the discrete
gradient and divergence operators as follows

(Du)i,j =
ui+1/2,j − ui−1/2,j

∆x
+
vi,j+1/2 − vi,j−1/2

∆y
, (4.1)

(Gφ)i,j = (
φi,j − φi−1,j

∆x
,
φi,j − φi,j−1

∆y
), (4.2)

(D◦U)i,j =
Ui+1,j − Ui−1,j

2∆x
+
Vi,j+1 − Vi,j−1

2∆y
, (4.3)

(G◦φ)i,j = (
φi+1,j − φi−1,j

2∆x
,
φi,j+1 − φi,j−1

2∆y
). (4.4)

Using these operators, we introduce the algorithm of the new projection method in two-dimensional space. Let
U be the divergence-free velocity field with respect to the continuous divergence operator. U i,j is the discrete
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Figure 3.1: Cell variables of the projection method .

denote the approximation to the cell average

U i,j !
1

"x " y

!

Ci,j

U(x, y, t) dx dy.

Assuming that ! is a scalar function, we consider a staggered grid as shown in Figure 3.1 and define the discrete
gradient and divergence operators as follows

(Du)i,j =
ui+1/2,j # ui!1/2,j

"x
+

vi,j+1/2 # vi,j!1/2

"y
(3.1)

(G!)i,j = (
!i,j # !i!1,j

"x
,
!i,j # !i,j!1

"y
) (3.2)

(D"U)i,j =
Ui+1,j # Ui!1,j

2 " x
+

Vi,j+1 # Vi,j!1

2 " y
(3.3)

(G"!)i,j = (
!i+1,j # !i!1,j

2 " x
,
!i,j+1 # !i,j!1

2 " y
). (3.4)

Using these operators, we introduce the algorithm of the new projection method in two-dimensional space. Let
U be the divergence-free velocity field with respect to the continuous divergence operator. U i,j is the discrete
value of U at the cell center of Ci,j . We find the discrete edge velocity by taking the average the cell-centered
values. For example, the left edge value of cell Ci,j is

ui!1/2,j =
1

2
(Ui!1,j + Ui,j) (3.5)

and the bottom edge value is
vi,j!1/2 =

1

2
(V,j!1 + Vi,j). (3.6)

If the edge values (3.5) and (3.6) satisfy (1.5) initially, the edge velocities are discrete divergence free with
respect to the operator (3.1). Otherwise, we need to apply one projection step so that (1.5) is satisfied. We will
explain the projection step in Step P2.
The algorithm then takes the following form.

4

Figure 4.1: Cell variables of the projection method .

value of U at the cell center of Ci,j . We find the discrete edge velocity by taking the average the cell-centered
values. For example, the left edge value of cell Ci,j is

ui−1/2,j =
1
2

(Ui−1,j + Ui,j) (4.5)

and the bottom edge value is

vi,j−1/2 =
1
2

(Vi,j−1 + Vi,j). (4.6)

If the edge values (4.5) and (4.6) satisfy (2.3) initially, the edge velocities are discrete divergence free with
respect to the operator (4.1). Otherwise, we need to apply one projection step so that (2.3) is satisfied. We will
explain the projection step in Step P2. The algorithm then takes the following steps:

Step P1. Using the edge values un
i−1/2,j and vn

i,j−1/2, we advect and diffuse the cell-centered velocities
over a time step ∆t using the algorithm in Section 2, with the conservative quantity Qi,j to be the centered
value Un

i,j or V n
i,j . This results in the intermediate velocity field U∗i,j = (U∗i,j , V

∗
ij).

Step P2. We average the discrete centered values to get the edge values

u∗i−1/2,j =
1
2

(U∗i−1,j + U∗i,j), (4.7)

v∗i,j−1/2 =
1
2

(V ∗i,j−1 + V ∗i,j). (4.8)

To compute divergence-free edge values that satisfy (2.3) from u∗i−1/2,j and v∗i,j−1/2, we need to find the scalar
field φ by solving

DG(∆t φ)n+1
i,j = Du∗i,j , (4.9)

where the D, G operators and Du∗i,j are defined as (4.1) and (4.2). The DG operator is a compact five-point
Laplacian operator and (4.9) is the discrete version of the Poisson equation (1.8).

Step P3. Let
G(∆t φ)n+1

i,j = (G1,(i,j), G2,(i,j)). (4.10)

We update the interface values by
un+1

i−1/2,j = u∗i−1/2,j − G1,(i,j), (4.11)
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vn+1
i,j−1/2 = v∗i,j−1/2 − G2,(i,j), (4.12)

so that Dun+1
i,j = 0 and (2.3) is satisfied.

Step P4. Let
G0(∆t φ)n+1

i,j = (G0
1,(i,j), G

0
2,(i,j)). (4.13)

We update the cell-centered values by
Un+1

i,j = U∗i,j − G0
1,(i,j), (4.14)

V n+1
i,j = V ∗i,j − G0

2,(i,j). (4.15)

The exactly divergence-free edge values are obtained by subtracting G1,(i,j) and G2,(i,j) from the intermediate
edge velocities. It is easy to show

G0
1,(i,j) =

1
2

(G1,(i,j) + G1,(i+1,j)), (4.16)

G0
2,(i,j) =

1
2

(G2,(i,j) + G2,(i,j+1)), (4.17)

by the definition of equations (4.2) and (4.4). So it is natural to update cell-centered values Un+1 using (4.14)
and (4.15). One can expect Un+1 to be divergence free up to second order, since the edge values are exactly
divergence free. This completes one time step. Go to Step P1 for the next time step.

4.1 Discussion

1. The boundary conditions used for the elliptic equation (4.9) are the Neumann boundary conditions dis-
cussed in [10].

2. From (4.1), (4.3), (4.7), and (4.8), it is easy to show

Du∗i,j = D0U∗i,j . (4.18)

Combining (4.9) and (4.18) gives
DG(∆t φ)n+1

i,j = D0U∗i,j . (4.19)

If we apply the operator D0 on (4.14) and (4.15) and compare the resulting equation with (4.19), we see
that the cell-centeredUn+1 is not discrete divergence free with respect to the discrete divergence operator
D0, but it is divergence free up to second order. Minion [21] used a similar approach in his BCG version
of adaptive projection methods to avoid the decoupled stencil arising from the projection step.

3. Although in Step P1 we do not need the pressure p to advance the velocity, we can obtain the pressure
pn+1 from (1.7) within each time step. The projection method stated in the previous section is parallel to
the finite difference scheme of Kim and Moin.

4. If we update the pressure gradient ∇pn+1/2 using (1.11) and add ∇pn−1/2 in the advection-diffusion
equation in Step P1, the modified projection method is parallel to the pressure-correction (BCG) scheme.
The term∇pn−1/2 in the advection-diffusion equation is treated as an external force and is solved together
with the diffusive term using the fractional-step method in Section 3.
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5. Since the high-resolution method used in Step P1 to advect the intermediate velocity field is explicit, a
CFL condition must be imposed to ensure stability. The method requires

max
i,j

(
∆t
∆x
|ui−1/2,j |,

∆t
∆y
|vi,j−1/2|) 6 1. (4.20)

6. It was pointed out in [20] that if we use an interpolant, such as the arithmetic average, to interpolate the
divergence free cell-edge values back to the cell centers, instead of using the approximate projection,
i.e. (4.14) & (4.15), it will introduce a diffusive term into the discretized equation which resembles a
one-dimensional Laplacian with a magnitude which scales like the grid size h. Even if higher order
interpolation is used, a similar diffusive term will result, making this approach undesirable for flows at
high Reynolds numbers.

7. The authors in [1] indicated that 76% of the computational time for their projection method is used
to solve the elliptic potential equation (the projection linear algebra). While the high-resolution wave
propagation algorithms are robust for treating flows at high Reynolds numbers, potentially they could be
more expensive than traditional finite difference methods, due to the cost of solving Riemann problem
at each interface, but we expect that this is not the dominant cost for the proposed projection methods.
Since the computational cost heavily depends on the choice of elliptic solvers for projection methods, we
expect that the efficiency of the proposed algorithms should be at least comparable to traditional finite
difference methods.

5 A projection method for variable-density flows

In this section, we extend the high-resolution algorithms for solving the variable-density incompressible Navier-
Stokes equations. Only a slight modification of the projection operator is required. We consider the unsteady
incompressible Navier-Stokes equations for flows with finite-amplitude density variation. Conservation of mass
is described by an advection equation. We write the system of equations as follows

ut + (u · ∇)u =
1
ρ

(∇ · µ(∇u+ (∇u)T )−∇p+ F ),

ρt + (u · ∇)ρ = 0,
∇ · u = 0,

(5.1)

where ρ is the density and µ is the viscosity that is allowed to depend on density. Function F is an external
force while u and p are the velocity and hydrodynamic pressure respectively. In two-dimensional space, let
u = (u, v) and q = (u, v, ρ) = (u, ρ). For simplicity, we assume µ is a constant. Again for simplicity, we
consider the Dirichlet boundary conditions. The projection method based on the high-resolution conservative
algorithm for the above system can be stated as follows.

Step V1. Use the centered valuesQn = (Un, V n, ρn) and edge valuesun = (un, vn) to solve the advection
equation

Q−Qn

∆t
+ un · ∇Q = 0. (5.2)

This is solved on a finite-volume grid using the explicit second-order high-resolution algorithm developed by
LeVeque [19]. The resulting solution isQ† = (U †, ρ†) = (U †, V †, ρ†).
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Step V2. Use a Crank-Nicolson discretization for the diffusion

U∗ −U †

∆t
=

µ

2ρ†
(∇2U∗ +∇2U † + F ). (5.3)

This gives the intermediate velocity U∗ at cell center.
Step V3. Obtain the edge velocity un+1 by

un+1 = u∗ − 1
ρ̂
G(∆tφn+1), (5.4)

where u∗ is the average of the adjacent U∗ and ρ̂ is the average of the adjacent ρ†.
The update (5.4) requires the value φn+1, which can be obtained by solving a discrete Poisson problem:
Taking the discrete divergence of (5.4) and using the fact that we want Dun+1 = 0, we obtain the variable-

coefficient Poisson problem

D
(

1
ρ̂
Gφn+1

)
=

1
∆t
Du∗. (5.5)

This is solved on a finite-volume grid using the explicit second-order high-resolution algorithm from CLAW-
PACK. The resulting solution isQ† = (U †, !†) = (U †, V †, !†).
Step V2. Use a Crank-Nicolson discretization for the diffusion

U! ! U †

"t
=

µ

2!†
(#2U! + #2U † + F ). (4.3)

This gives the intermediate velocity U ! at cell center.
Step V3. Obtain the edge velocity un+1 by

un+1 = u! !
1

!̂
G("t"n+1), (4.4)

where u! is the average of the adjacent U ! and !̂ is the average of the adjacent !†.
The update (4.4) requires the value "n+1, which can be obtained by solving a discrete Poisson problem:
Taking the discrete divergence of (4.4) and using the fact that we want Dun+1 = 0, we obtain the variable-

coefficient Poisson problem
D

!

1

!̂
G"n+1

"

=
1

"t
Du! (4.5)

PSfrag replacements

!̂i,j+1/2

!̂i"1/2,j

!̂i,j"1/2

!̂i+1/2,j

"i,j

Figure 4.1: Staggered grid for the Poisson problem with variant coefficients

Consider the staggered grid shown in Figure 4.1. If we denote

#i"1/2,j =
1

!̂i"1/2,j
, (4.6)

then a finite difference discretization for (4.5) is

"i+1,j #i+1/2,j ! "i,j(#i+1/2,j + #i"1/2,j) + "i"1,j #i"1/2,j

("x)2
+

"i,j+1 #i,j+1/2 ! "i,j(#i,j+1/2 + #i,j"1/2) + "i,j"1 #i,j"1/2

("y)2
=

1

"t

!

u!
i+1,j ! 2u!

i,j + u!
i"1,j

("x)2
+

v!i,j+1 ! 2v!i,j + v!i,j"1

("y)2

"

.

(4.7)

7

Figure 5.1: Staggered grid for the Poisson problem with variant coefficients

Consider the staggered grid shown in Figure 5.1. If we denote

βi−1/2,j =
1

ρ̂i−1/2,j
, (5.6)

then a finite difference discretization for (5.5) is

φi+1,j βi+1/2,j − φi,j(βi+1/2,j + βi−1/2,j) + φi−1,j βi−1/2,j

(∆x)2
+

φi,j+1 βi,j+1/2 − φi,j(βi,j+1/2 + βi,j−1/2) + φi,j−1 βi,j−1/2

(∆y)2
=

1
∆t

(
u∗i+1,j − 2u∗i,j + u∗i−1,j

(∆x)2
+
v∗i,j+1 − 2v∗i,j + v∗i,j−1

(∆y)2

)
.

(5.7)

The resulting linear system from (5.7) is
Aφ = f , (5.8)
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where the coefficient matrixA is symmetric and positive definite [12].
Step V4. In the final step, we update the cell-centered values by

Un+1 = U∗ − ∆t
2

(
1

ρ̂i−1/2,j
(φi,j − φi−1,j) +

1
ρ̂i+1/2,j

(φi+1,j − φi,j)
)
, (5.9)

V n+1 = V ∗ − ∆t
2

(
1

ρ̂i,j−1/2
(φi,j − φi,j−1) +

1
ρ̂i,j−1/2

(φi,j+1 − φi,j)
)
, (5.10)

and set ρn+1 = ρ†. This completes one time step. Go to Step V1 for next time step.
It is worth noting that if the density ρ ≡ 1 is constant, then the algorithm is identical to the projection

method in Section 4. We remark that the proposed algorithm becomes unstable if the density ratio is over a
threshold (between 100 and 200).

6 A high-resolution method for the Boussinesq flow

We consider the convection of a Boussinesq fluid in a two-dimension rectangular cavity on x-z plane. The flow
is governed by the dimensionless Boussinesq equations [11]:

Pr−1 [ut + (u · ∇u)u ] = −∇p+∇2u+RaTez,

Tt + (u · ∇)T = ∇2T,

∇ · u = 0,
u = 0 on z = Za and z = Zb,

T = Ta on z = Za, T = Tb on z = Zb,

(6.1)

where T is the temperature, Pr the Prantal number, and Ra the Rayleigh number. Here ez is the unit vector in
the vertical direction. The dimensionless parameter Ra is given by

Ra =
α g (Tb − Ta) d3

ν κ
, (6.2)

where α is the thermal expansion coefficient, Ta and Tb the temperatures of the top and bottom plates, d =
Za − Zb the height of the cavity, g the gravity acceleration, ν the kinematic viscosity, and κ the thermal
diffusion. The other parameter Pr is given by

Pr =
ν

χ
, (6.3)

where χ is the thermal conductivity.
The Boussinesq equation is a good approximation for studying Rayleigh-Bénard convection, in which a

viscous fluid in a cavity is heated from the bottom plate and the top plate is maintained at a lower temperature.
When the temperature between the top and bottom plates is a linear function of the height of the cavity and the
initial velocity is zero everywhere, the linear stability theorem shows that a static solution exists to the problem
(6.1) [5]. Increasing the temperature of the hot plate until the Rayleigh number is above a critical value,
Rac, the static solution becomes unstable to any small disturbance. The system then turns from conduction to
convection. Some properties of non-linear thermal convection are analyzed and compared with experimental
observations in the paper by Busse [3] .
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Similar to Section 5, in two-dimensional space, let u = (u, v) and define q = (u, v, T ) = (u, T ). The
high-resolution algorithm for the Boussinesq approximation can be described in the following:

Step B1. Use the centered values Qn = (Un, V n, Tn) and edge values un = (un, vn) to solve the
advection equation

Q−Qn

∆t
+ un · ∇Q = 0. (6.4)

Similar to Step V1, this is solved by the high-resolution algorithm developed in [19], and the resulting solution
isQ† = (U †, T †) = (U †, V †, T †).

Step B2. Use a Crank-Nicolson discretization for the thermal diffusion and the diffusive term.

T n+1 − T †

∆t
=

1
2

(∇2T n+1 +∇2T †), (6.5)

and
U∗ −U †

∆t
=
Pr

2
(∇2U∗ +∇2U †) + PrRaTn+1 ez. (6.6)

Both Step B1 and Step B2 are subject to boundary conditions accordingly.
Step B3. Obtain the edge velocity un+1 by

un+1 = u∗ − Pr G(∆tφn+1), (6.7)

and update the centered velocity
Un+1 = U∗ − Pr G0(∆tφn+1). (6.8)

Again u∗ is the average of the adjacent U∗, and φn+1 is obtained by solving (4.9) with Neumann boundary
condition (1.8). G and G0 are defined as before.

7 Numerical results

In this section, we present several examples that validate the convergence properties of the methods developed
previously. We demonstrate the performance of the methods via numerical results and show their potential for
solving more realistic problems.

Example 7.1 The first example is the stationary Taylor’s vortices [28]. We use this example to demonstrate
the rate of convergence of our methods. We consider a stationary inviscid flow to show that our method is
suitable for fluids at high Reynolds numbers.

In the absence of viscosity, an exact steady solution of the incompressible Navier-Stokes equations in a
periodic unit square is given by

u(x, y) = −cos(2mπx)sin(2mπy), (7.1)

v(x, y) = sin(2mπx)cos(2mπy), (7.2)

where m is some integer. We consider the case m = 2. Using (7.1) and (7.2) as initial data, we show the results
for time t = 1. Ideally the solution would be unchanged. Table 7.1 shows the l2 and infinity norms for the error
of the u-component velocity. The l2 norm is defined by
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‖ u ‖2=

√∑
|u|2

mxmy
, (7.3)

where mx and my are the numbers of grid cells in x and y directions, respectively.
The CFL number is fixed at 0.9. It appears that the method is formally second-order accurate. We show that

the method used to compute the results has the same formulation as the BCG scheme. The algorithm is stable
for 0 < γ ≤ 2/3. We choose γ = 2/3 and no limiter is used for this simulation. A fixed time step ∆t = 0.01
is used for the 32 × 32 grid. The time step is reduced to a half when the grid size is reduced to a half. The
projection method that uses the formulation resembling Kim and Moin’s scheme has similar results.

Table 7.1: Convergence rate, u-component velocity.

32×32 rate 64×64 rate 128×128 rate 256×256
‖ u− uexact ‖2 2.066E-3 2.69 3.196E-3 2.83 4.506E-4 2.74 6.724E-5
‖ u− uexact ‖∞ 4.526E-2 2.73 6.825E-3 2.84 9.534E-4 2.64 1.531E-4

0 0.5 1
0

0.5

1

(a) t=0

0 0.5 1
0

0.5

1

(b) t=1

Figure 7.1: u-component velocity contour of the Taylor’s vortex. 20 contour lines with equally spaced values
between ± 1.

Figure 7.1 shows the u-component velocity contours. The computation is done using a 256×256 grid. The
interval between plotted contour lines is 0.1. There are 20 contour lines with equally spaced values between± 1.

Example 7.2. The second example is the bench-mark lid-driven cavity flow, which has been intensively
studied. It is a hard test problem, particularly at high Reynolds numbers, due to the two singular points at
the upper corners. In the paper by Gresho and Chan [13], several finite difference schemes based on projec-
tion methods were tested and compared with the stream-function-vorticity formulation [6]. They all delivered
weaker flows than desired. Compared with the results by Gresho and Chan [13], our methods give a stronger
primary vortex. For Fig 7.2, we use a uniform 256 × 256 grid and the Reynolds number is Re=5000. The CFL
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number is 0.9. Figure 7.2 is almost identical to Fig 3 in [6], except for the top left vortex. The primary vortex
is slightly weaker than the one in [6], but the difference is in a satisfactory range. For comparison, we use the
same set of contour values as that in [6]. Stronger primary vortices than those in Figure 7.2 can be achieved
by decreasing the CFL number. No limiter is used for this problem. The Poisson problem is solved by a Fast
Poisson Solver.
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Figure 7.2: Stream function contour.

Table 7.2: Values for stream function contour for Fig 7.2

Contour letter values Contour number values
d -1.0E-4 5 1.0E-4
e -1.0E-2 6 2.5E-4
f -3.0E-2 7 5.0E-4
g -5.0E-2 8 1.0E-3
h -7.0E-2 9 1.5E-3
i -9.0E-2 10 2.7E-3
j -1.0E-1
k -1.1E-1

Example 7.3. The example shown here is the Rayleigh-Taylor problem first documented by Tryggvason
[30] for inviscid fluids using boundary integral methods. Later, Quartapelle et al. [24, 25] repeated the same
calculation for viscous fluids by means of finite elements and finite volumes. The problem consists of two
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layers of fluid initially at rest in a gravity field. A heavy fluid is put on top of the light fluid, and the heavy fluid
accelerates into the light fluid under the action of gravity. The domain for the fluid is (−d/2, d/2) × (2d, 2d),
and the initial position of the interface of the layers is given by

η(x) = −0.1 d cos
(

2πx
d

)
.

The density ratio of heavy fluid to light fluid is 3, which makes the Atwood number 0.5. The Atwood
number At is defined as At = (ρmax − ρmin)/(ρmax + ρmin). In order to compare this with the results
in [24, 25], we regularize the transition between the two fluids by a tanh profile:

ρ(x, y, t = 0)
ρmin

= 2 + tanh
(
y − η(x)

0.01d

)
.

The governing equations are made dimensionless by using the following references: ρmin for density, d for
length, d1/2g−1/2 for time, where g is the magnitude of gravity field, and g for gravity. The reference velocity
is d1/2g1/2, and the Reynolds number is defined by Re = ρmind

2/3g1/2/µ. No-slip boundary conditions are
applied to the top and bottom walls while periodic boundary conditions are imposed on the two vertical sides.
The output time t̂ is in the scale of Tryggvason. t̂ is related to our dimensionless time scale t by t̂ = t

√
At.

Figure 7.3 shows the results for Re = 1000 using 128× 512 cells. In order to compare the positions of the
falling jet and the uprising bubble with those in [24,25], we only plot half of the domain, which is composed of
32768 cells. Both the positions and the development of the roll-up structure of our results are similar to those
in [24, 25], for which 30189 P2 nodes are used. There are no noticeable differences between the two sets of
results, except that our results reveal more detailed roll-up structure. It is worth noting that in [24, 25], a rather
small time step ∆t̂ = 5 × 10−4 is chosen for the spatial discretization. Our CFL number is fixed at 0.9 and
time step can be chosen by ∆t̂ ∼ 6× 10−3. A monotonized centered (MC) limiter is used for both velocity and
density field, and the linear system (5.8) is solved by an incomplete Cholesky conjugate-gradient method.

Based on their results, the authors in [24, 25] indicate that obtaining an accurate and detailed prediction of
the large-time phenomena for the viscous Rayleigh-Taylor instability at high Reynolds numbers is very difficult.
They report that for t̂ ≥ 1.5 and Re ≥ 5000, the numerical results of this problem are not only sensitive to the
grid resolutions but also to the numerical methods used to compute those results. The solutions computed by
either the finite element method or the finite volume method for Reynolds numberRe = 5000 are very different
from the inviscid one reported in [30] at or beyond t̂ = 1.5. The solutions of the two methods are also different
from each other. The authors speculate that this problem has no smooth inviscid solution for large time, based
on Birkhoff’s conjecture. Birkhoff’s conjecture says that the initial-value problem for inviscid stratified flows
might be ill-posed, as a consequence of the fact that the growth rate of an infinitely small unstable wave is
proportional to the square root of its wave number. Figure 7.4 shows the solutions computed by our algorithm
for Re = 5000. (a) uses the MC limiter and (b) uses the superbee limiter to eliminate the numerical oscillation
due to the density discontinuity. In contrast to the results reported in [24, 25], our results are compatible with
those in [30] before t̂ = 2, especially for the solution using the MC limiter. However, after t̂ = 2 we did
observe that the results are sensitive to the limiters used for the computation. We conclude that it is hard to give
an accurate and detailed prediction of the large-time phenomena for this problem at high Reynolds numbers, as
the authors in [24, 25] indicated.

Because the above example does not consider surface tension that is a curvature-dependent effect, no inter-
face tracking scheme is required. When the surface tension is taken into account, different approaches such as
the volume of fluid method [22], the front-tracking algorithm [23], or the immersed interface method [17] will
be needed to do this work.
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Figure 7.3: Density profile of the Rayleigh-Taylor instability. Re = 1000; Atwood number is 0.5 (density
ration=3). Only a half of the computational domain is shown above. The initial amplitude is 10% of the
wavelength. Density contours shown are 1.4 ≤ ρ ≤ 1.6.

Example 7.4. The last example of this chapter is two-dimensional Rayleigh-Bénard convection. Linear
stability theory predicts that if the top and bottom of the domain are rigid while the horizontal is infinite, then
at the onset of instability, the critical Rayleigh number is Ra = 1707.762 and the corresponding dimensionless
critical wave number is a = 3.117. This implies that the convection roll develops most readily in cells with an
aspect ratio of 2π/a = 2.016 (see [5] page 43). In order to compare our results with the linear stability theory,
we set periodic boundary conditions in the horizontal direction for both hydrodynamic and thermal equations.
No-slip boundary conditions are imposed on the top and bottom for the velocity, and the temperature is -0.5 for
the top and 0.5 for the bottom. The channel is chosen with an aspect ratio 2:1.

We compute three different cases with Rayleigh numbers, Ra = 5000; 10,000; and 50,000 respectively.
These numbers are all above the predicted critical Rayleigh number. We expect Rayleigh-Bénard convection
to occur. Figure 7.5 shows the temperature contours in Rayleigh-Bénard convection for the three cases. For
Ra = 5000 and 10,000 our results are identical to those in [14]. For Ra = 50, 000, however, our result is more
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symmetric between hot and cold fluids. For comparison, our computational grid is 80 × 40, and the Prantal
number is Pr = 0.71. Both are the same as [14].

8 Conclusion

We presented a class of high-resolution algorithms for incompressible flows that prove to be robust and suit-
able for incompressible flows at high Reynolds numbers. The implementation of the proposed algorithms for
variable-density flows is straightforward, and the strength of the algorithms is illustrated through problems
like Rayleigh-Taylor instability and the Boussinesq equations for Rayleigh-Bénard convection. Although only
two-dimensional regular-geometry problems are present in this study, extension of the algorithms to three di-
mensions with complex geometry is possible, because the wave-propagation algorithms on curved manifold
has been introduced in [26] and three-dimensional wave-progation algorithms are available though [16].
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Figure 7.4: Re=5000; density ratio 3. The grid is 128×512. The interface is shown at times 0, 1, 1.5, 1.75, 2,
2.25, and 2.5 using the density contours 1.4 ≤ ρ ≤ 1.6. The initial amplitude is 10% of the wavelength. (a) is
computed with the MC limiter; (b) is computed with the superbee limiter.
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Figure 7.5: The temperature contour of the Rayleigh-Bénard convection. (a) Ra=5,000, (b) Ra=10,000, and (c)
Ra=50,000. A total of 21 equally spaced contour lines that are of the values between -0.5 and 0.5 (including
-0.5 and 0.5) for each plot.
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