ECON 5340 Class Notes
Review of Probability and Distribution Theory

1 Random Variables

Definition. Let ¢ represent an element of the sample space C' of a random experiment, ¢ € C. A random
variable is a one-to-one function X = X(c). An outcome of X is denoted z.

Example. Single Coin Toss
e C={c=T;c=H}
o X(¢c)=0ifc=T

o X(c)=1lifc=H

1.1 Probability Distribution Function (pdf)

Two types:
1. Discrete pdf. A function f(x) such that f(z) >0, Vx and ) f(z) = 1.
2. Continuous pdf. A function f(z) such that f(z) > 0, Vo and j;i_oo f(z)dz = 1.
Notes:

1. Pr(X = z) = f(x) in the discrete case, and Pr(X = z) = 0 in the continuous case.

2. Prla< X <b) = ff:a f(x)dz.

1.2 Cumulative Distribution Function (cdf)

Two types:
1. Discrete cdf. A function F/(z) such that >y, f(z) = F(z).
2. Continuous cdf. A function F(z) such that [*__ f(t)dt = F(x).
Notes:

1. F(b) — F(a) = [2 f(t)dt — [ f(t)dt where b > a.



2. 0< F(z) < 1.
3. lim, oo F'(z) =0.
4. limy 400 F(z) = 1.

5. If x>y, F(x) > F(y).

2 Mathematical Expectations

Consider the continuous case only.

2.1 Mean

Definition. The mean or expected value of g(X) is given by

Notes:
1. BE(X)=p= [, xf(z)dz is called the mean of X or the “first moment of the distribution”.

2. E(-) is a linear operator. Let g(X) =a+ bX.

Elg(X)] /I(a+bx)f(:r)dsc:/Iaf(x)d:r+/mbzf(x)d:r

E(a) + E(bX) = a+ bE(X).

3. Other measures of central tendency: median, mode.
2.2 Variance
Definition. The variance of g(X) is given by
Varlg(X)] = E[{g(X) - Elg(X)]}*] = [ {9(z) = Elg(2)]}*f(2)dz.

x

Notes:



1. Let g(X) = X. We have

Var(X) = o2 L(x )2 f () = /xxzf(x)dx _ QM/J;xf(x)d:v +u2/f(x)dx

xT

E(X?) —2uBE(X) + p? = E(X?) — p2.
2. Var(X) is NOT a linear operator. Let g(z) = a + bX.

Varlg(X)] = [ {ale) = g} f@)de = [ (o= ) fla)ds = PV ar(X) = b0
3. o is called the standard deviation of X.

2.3 Other Moments

The measure E(X") is called the “r** moment of the distribution” while E[(X — p)"] is called the “rt

central moment of the distribution”.

r  Central Moment Measure

L E[(X-p]=0

2 E[(X —p)? =o? variance (dispersion)
3 E[(X — p)?) skewness (asymmetry)

4 E[(X —p)Y kurtosis (tail thickness).

Moment Generating Function (MGF). The MGF uniquely determines a pdf when it exists and is given

by
M(t) = E(etX) = / e f(x)dw.
The r** moment of a distribution is given by
d" M (t) |
g "

2.4 Chebyshev’s Inequality

Definition. Let X be a random variable with 02 < co. For any k > 0,

1
Pr(,u—kaﬁXﬁu-l—kU)Zl—ﬁ.



Chebyshev’s inequality is used to calculate upper (and lower) bounds on a random variable without having
to know the exact distribution.

Example. Let X ~ f(z) where

1
f(x):m, ~V3<z<V3

and zero elsewhere. If we let k = 3/2, we get

Cheb Pr(73/2§X§3/2)21—W_
32 1
Ewact : Pr(—3/2< X <3/2) = /_3/2 e = 2 [(3/2) — (<3/2)] = 0566

3 Specific Probability Distributions

3.1 Normal pdf

If X has a normal distribution, then

o) = = s ((202“)2)

where —0o < z < co. In short-hand notation, X ~ N(u,0?).

Notes:

1. The normal pdf is symmetric.

2. Z=(X—p)/o~N(0,1) is called a standardized random variable and

exp(—0.527%)

1
zZ) =
is called the standard normal distribution.

3. Linear transformations of normal random variables are normal. If Y = a + bX where X ~ N(p,0?),

then Y ~ N(a + b, b*c?).



3.2 Chi-square pdf

If Z;, i =1,...,n, are independently distributed N (0, 1) random variables,

Y= Z}~x(n)

where E(Y) =n and Var(Y) = 2n.
Exercise. Find the MGF for Y = Z2 and use it to derive the mean and variance.

Answer. We begin by calculating the MGF for Z2 where t < 0.5:

o0 oo

(27r)_0'5e(t_0‘5)zzdz=/ (277)_0'56_0‘5(1_2t)z2dz.

— 00

M(t) = B(e!?*) = / T e () ds = /

— 00 — 00

Now using the method of substitution, let w = /(1 — 2t)z so that dw = (1 — 2t)"/2dz. Now making the

substitution produces

M(t) = (1—2t)"/? /OO (2) 0B 05" gy = (1 — 2t)~1/2,

—00
To calculate the mean, we take the first derivative of M (¢) and evaluate at t = 0:

_dM(1)

o =0 = (1-20) 7%} = 1.

To calculate the variance, we take the second derivative of M(t), evaluate at t = 0, and subtract p?:

d>M (t)
o= { dt?

|t_0:| - ,UQ - 3(1 — Qt)‘t:(] — /_,62 = 2

3.3 F pdf

If X; and X, are independently distributed x?(n;) random variables,

_Xl/nl

F =
Xz/nz

~ F(nl,ng).



3.4 Student’s t pdf

If Z~ N(0,1) and X ~ x%(n) are independent,

3.5 Lognormal pdf

If X ~ N(p,0?) then Y = exp(X) has the distribution

1 (ln(y) 2y

f(y) = \/%O'y GXp[—O.5

for y > 0. Sometimes this is written as y ~ LN(u,0%). The mean and variance of Y are E(Y) =
exp(p+02/2) and Var(Y) = exp(2u + 02)(exp(c?) — 1).

Notes:

1. If Yy ~ LN (py,0%) and Yo ~ LN(piy,03) are independent random variables, then

Y1Ys ~ LN (py + piy, 05 + 03).

3.6 Gamma pdf

The gamma distribution is given by

f(z) = F(a—l)ﬁaxa_l exp(—z/f3)

for 0 < < oco. The mean and variance are F(X) = af and Var(X) = af”.

Notes:

1. T(a) = fooo y*~Lexp(—y)dy is called the gamma function, a > 0.
2. T'(a) = (e — 1)!'if @ is a positive integer.

3. Greene sets § =1/X and o = P.

4. When a = 1, you get the exponential pdf.

5. When o = n/2 and 8 = 2, you get the chi-square pdf.



Example. Gamma distributions are sometimes used to model “waiting times”. Let W be the waiting
time until death for a human. Let W ~ Gamma(a = 1,8 = 80) so that the expected waiting time until

death is 80 years. (Note: W ~ Exponential()). Find the Pr(W < 30).

30 4 1 30
< = — [ —
Pr(W < 30) /0 T80 exp(—w/80)dw %/, exp(—w/80)dw

% (—80exp(—w/80)) [3—g = — [exp(—3/8) — exp(0)] = 1 — 0.687 = 0.313.

3.7 Beta pdf

If X; and X5 are independently distributed Gamma random variables then Y7 = X7 + X5 and Yo = X7 /Y3

are independently distributed. The marginal distribution fo(y2) of f(y1,y2) is called the beta pdf:

where 0 <y < ¢. The mean and variance are E(Y) = ca/(a+ ) and Var(Y) = c2aB/(a+ B+ 1).

3.8 Logistic pdf

The logistic distribution is

f(@) = A(z) [1 = A(2)]

where —0o < z < o0 and A(z) = (1 + exp(—z))~!. The mean and variance are F(X) =0 and Var(X) =

72/3. A useful property of the logistic distribution is that the cdf has a closed-form solution

3.9 Cauchy pdf

If X; and X5 are independently distributed N (0, 1), then

YIXl/XQNf(y):m



where —0o < y < co. The mean and the variance of the Cauchy pdf do not exist because the tails are too

thick.

3.10 Binomial pdf

The distribution for x successes in n trials is

b(n, o, z) = (Z) a®(1— )"

where £ = 0,1,...,n and 0 < o < 1. The mean and variance of the binomial distribution are E(X) = na

and Var(X) = na(l — «). The combinatorial formula for the number of ways to choose x objects from a

()= sy

set n distinct objects is

3.11 Poisson pdf

The Poisson pdf is often used to model the number of changes in a fixed interval. The Poisson pdf is

exp(—A)A\”
x!

fz) =

where  =0,1,... and A > 0. The mean and variance are E(X) = Var(X) = .

Example. Let the probability of Spina Bifida in one child be 1/1000. Let X be the number of Spina
Bifida cases in 3000 births. With stochastic independence and X ~ Poisson(A = 3000/1000 = 3), find the
probability that there are five cases in 3000 births.

Answer.

4 Distributions of Functions of Random Variables

Let X1, Xo,..., X, have joint pdf f(zi,...,2,). What is the distribution of ¥ = g(X3, Xs,..., X,,)? To
answer this question, we will use the change-of-variable technique.

Change of Variable Technique. Let X; and X5 have joint pdf f(z1,z2). Let Y7 = ¢1(X1, X2) and

Y2 = g2(X7, X2) be the transformed random variables. If A is the set where f > 0, then let B be the set



defined by the one-to-one transformation of A to B. Then

91, v2) = f(hi(y1,y2), ha(y1,92)) - ||

where (y1,y2) € B, 1 = h1(y1,¥2), 2 = ha(y1,y2) and

69;1 69;1
2] 2]

J =% vz |
6222 6222
Jy1  Oy2

Example. Let X; and X5 be uniformly distributed on 0 < X; < 1. The random sample X, X5 is jointly

distributed

f(x1,22) = fi(zy) fo(z2) =1

over 0 < 1,22 < 1 and zero elsewhere. Find the joint distribution of Y7 = X; + X5 and Y5 = X7 — Xos.
Answer. We know that 21 = hy(y1,y2) = 0.5(y1 +y2) and x2 = ha(y1,y2) = 0.5(y1 — y2). We also know

that

0.5 0.5
J= =—0.5.

0.5 —0.5

Therefore,

9(1,y2) = fi(hi(y1,y2)) f2(h1(y1,92)) - [J| = 0.5

where (y1,y2) € B and zero elsewhere.

5 Joint Distributions

5.1 Joint pdfs and cdfs

e A joint pdf for X; and X» gives Pr(X; = z1, Xo = x3) = f(x1,22). A proper joint pdf will have the

property [* [% f(x1,22)dzadzy =1 and f(z1,22) > 0 for all 2y and xs.

o A jOiIlt cdf for Xl and X2 is PI‘(Xl S .731,X2 S 5132) = F(wl,xg) = ff;o ffio f(tl,tQ)dthtl.



5.2 Marginal Distributions

The marginal pdf of X; is found by integrating over all Xs:

fi(z1) = /00 f(z1,22)dzo

and likewise for Xs.

Example. Let X; and X5 have joint pdf
f(:[,’l,{L'Q) :2, O<zri<a9<1

and zero elsewhere. Is this a proper pdf?

11 1 1
/ / 2dxodry = / [22]s,—s, | doy = / 2(1 — zy)dwy = 2m1[y, g — 230, =2—-1=1.
0 Ja, 0 0

So yes, this is a proper pdf. The marginal distribution for X; is

1
fl(ml) = / 2dzy = 2.’172‘:102:1,1 = 2(1 — 1'1), O<zi <1

1

and zero elsewhere. The marginal distribution for X is
T2
fQ(:I?Q) = / 2dzr, = 2$1|£f:0 =2xg, 0 <2 <1
0

and zero elsewhere.

Notes:
1. Two random variables are stochastically independent if and only if fi(z1)fa(z2) = f(x1,22).
2. In our example, X; and X5 are not independent because fi(x1)fa(x2) = 4xe — dz120 # 2 = f(21,22).

3. Moments (e.g., means and variances) in joint distributions are calculated using marginal densities (e.g.,

E(X1) = [ @1 fi(z)de;.

10



5.3 Covariance and Correlation

Definition. The covariance between X and Y is
COU(Xv Y) =K [(X - IU‘.I)(Y - /’[’y)] = E(XY) - /J‘.I/’Ly

Definition. The correlation coefficient between X and Y removes the dependence on the unit of measurement:

XY
p=corr(X,Y) = cov(X,Y)
O30y
where —1 < p < 1.
Notes:
1. If X and Y are independent, then cov(X,Y) = 0:
cov(X,)Y) = BE(XY)— pyp, = / / vy fo(@) fy(y)dyde — p,p,

= /wfz(w)dx/yfy(y)dy = fhghly = fghly — Hyht, = 0.

2. However, cov(X,Y) = 0 does not imply stochastic independence. Consider the following joint distri-

bution table

Y fu(z)
-1 0 1
~1] 0] 0 |1/3]| 1/3
z 0|0 |1/3| 0 | 1/3
1|0 o0 |1/3| 1/3
fy(y) 0 1/3 2/3

where i, = 0, p1,, = 2/3 and

coo(X,Y) = D3 (x—p,)(y—m)f(z,y)
= (=1)(1/3)(1/3) + (0)(=2/3)(1/3) + (1)(1/3)(1/3) = 0.

11



However, X and Y are not independent because for (z,y) = (0,0) we have

f2(0)£,(0) = 1/9 # f(0,0) = 1/3.

6 Conditional Distributions

Definition. The conditional pdf for X given Y is

_ fy)

Notes:

1. If X and Y are independent, f(z|y) = fz(x) and f(y|z) = fy(v).
2. The conditional mean is E(X|Y) = [z f(z|y)dz = p,,.

3. The conditional variance is Var(X|Y) = [(z — p,,)* f(z]y)dz.

7 Multivariate Distributions

Let X = (X1,...,Xp) be a (n x 1) column vector of random variables. The mean and variance of X is

n = E(X> = (:U’la "'nun)l

and ) _
011 012 **° O1ip
021 022 O2n
S = Var(X) = E[(X — p)(X — )] =
Onil 0n2 Onn
Notes:

1. Let W = A+ BX. Then E(W) = A+ BE(X).

12



2. The variance of W is

Var(W) = E[W — E(W))(W — E(W))| = E[(BX — BE(X))(BX — BE(X))']

= E[B(X - E(X))(X — E(X))B| = BEB'.

7.1 Multivariate Normal Distributions
Let X = (X1,...,Xpn) ~ N(u,2). The form of the multivariate normal pdf is

Flz) = 2r) "2 |72 exp[—0.5(z — 1) S (@ — p)].

See Gauss example P.1 for an example of a bivariate normal density function.

7.2 Quadratic Form in a Normal Vector
If (X — ) is a normal vector, then the quadratic form Q = (X — p)'S~HX — u) ~ x2(n).
Proof. The moment generating function of @ is
M) =

E(e'?)
- / ' '/(277)_”/2 272 explt(e — p) S @ — p) = 05(2 — p)'S7 (@ — p))das - - day,

/. . ./(zw)*nﬂ 15172 expl=0.5(x — )/ (1 — 25 (& — )] das - - - dy.

Next, multiply and divide by (1 — 2¢)™/2:

[ fr) 2|5 /(1 = 2t) 72 exp[—0.5(x — p)' (1 — 26) S (& — p))day - - - day,
(1 —2t)n/2

M(t) =

(1—2t)"/2 1 <0.5.

The numerator is the integral of a multivariate normal random distribution with variance ¥/(1 — 2t) and so

it equals one. M (t) then simplifies to the MGF for a x?(n) random variable.

7.3 A Couple of Important Theorems

1. Let X ~ N(0,1) and A% = A (i.e., A is idempotent). X’'AX ~ x?(r) where the rank of A is r.

13



2. Let X ~ N(0,I). X’AX and X'BX are stochastically independent iff A- B = 0.
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