Homework # 2
Math 5200-Spring 2009
Due date February 19th 20009.

1. Let A be a o-algebra of subsets of a set X. A (set) function p : A —

[0, 0] is called a measure on A if it satisfies the following properties:

(i) (D) = 0.
(ii) Whenever {A,},, is a disjoint sequence of A

n=1 n=1
holds, that is u is o-additive.

e Let X be a set and let A = P(X). Define y; : A — [0, 00] by
11 (A) = oo if A is an infinite subset of X and p;(A)=the number of
elements of A if A is a finite set. Prove that u; is a measure on A.

e Fix an element a € X and define py : A —— [0,00] by pa(A4) = 0 if
a¢ Aand puz(A) =1if a € A. Prove that ps is a measure on A.

2. Prove that any function defined on a set of measure zero is measurable.

3. Let f(z) be a measurable and g(z) be monotone increasing (i .e. g(z) is

such that g(z1) > g(x2) for z; > z2). Prove that ¢ (f(z)) is measurable.

4. Investigate the measurability of the function

(@) = 1 if z is a rational number in (0, 1)
| 0 if zis an irrational number in (0, 1)



