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1 Introduction

A sign pattern is an n X n matrix, A, with entries in {+, —,0}. If A is a real
n X n matrix for which each entry has the same sign as its corresponding entry
in A, then A is a realization of A, and we write A € A. The 2n-conjecture is
related to the study of the spectral properties among the matrices in A.

The n x n sign pattern A is a spectrally arbitrary pattern (or a SAP, for
short), provided that for each real, monic polynomial r(z) of degree n there is a
realization A € A whose characteristic polynomial p4(z) is r(z). Equivalently,
A is a SAP provided each conjugate-closed multi-set of n complex numbers is
the spectrum of at least one realization of A.

As an example, consider the sign-pattern

_l’_ —
A =
]
and an arbitrary real polynomial 7(x) = 22 + ux + v. It is easy to verify that

|u| + o] +1 -1
v+ (Jul + o]+ D(Ju] + v+ 1+w) —(Jul+ |Jv]+ 14+ u)

has sign pattern .4 and characteristic polynomial r(z). Hence A is a SAP. More

*Please feel free to e-mail me with corrections and suggestions.



generally, in [BMOV04],
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is shown to be a SAP for n > 3, by explicitly showing that each characteristic
polynomial can be realized.

Each 2 x 2 sign pattern whose diagonal vector is one of (4, +), (+,0), (0,+),
or (0,0) is not a SAP, as the coefficient of the linear term in the characteristic
polynomial of each realization of such a sign pattern will be non-positive. Sim-
ilarly each 2 x 2 sign pattern whose diagonal entries are (—,—), (—,0), (0,—)
or (0,0) is not a SAP. Each 2 x 2 sign pattern with at least one off-diagonal
entry equal to zero is not a SAP, as the constant terms of the characteristic
polynomials of such realizations don’t take on each possible sign.

Since their introduction in [DJOVO00] , there has been a flurry of research on
SAPs. Research has focused on construction of SAPs [BMOV04, CV05, MTVO05,
CKSVO05], the classification of small order SAPs and the combinatorial structure
of SAPs [BMOV04, CM06, DHHMMPSV06]. The 2n-conjecture concerns the
latter line of research, and stems from the question:

What is the smallest number of nonzero entries in an n x n SAP?

The following theorem shows that an irreducible! n x n sign pattern has at
least 2n — 1 nonzero entries.

Theorem 1 If A is an irreducible n x n SAP with n > 2, then A has at least
2n — 1 nonzero entries.

In light of Theorem 1, the smallest number of nonzero entries in an irre-
ducible SAP of order n (n > 2) is either 2n — 1 or 2n. Several families of n by
n SAPs with exactly 2n nonzero entries are known (see Section 2). At this time
there are no known examples of n x n SAPs with 2n — 1 nonzero entries. This
leads to the 2n-conjecture (first stated in [BMOV04]).

Conjecture 1 For each integer n > 2, the smallest number of nonzero entries
in annxn SAP is 2n.

1Recall that an n X m matrix with n > 2 is reducible if it is permutationally similar to a

matrix of the form
B O
C D |’

where B and D are square (nonvacuous) matrices. A matrix is irreducible if it is not reducible.



In other words, the 2n-conjecture proposes that no n x n sign pattern with less
than 2n nonzero entries is a SAP. In [BMOV04, DHHMMPSVO06], it is shown
that the conjecture is true for n < 5. Kevin Vander Meulen’s student, Kevin
West, is currently working on the n = 6 case, and appears to have a lengthly
proof that the conjecture is valid for n = 6.

The only known proofs of Theorem 1 are algebraic. We include a proof of this
theorem to illustrate techniques whose refinement might lead to the resolution
of the conjecture. This proof is similar to the one in [BMOV04], but better
lends itself to generalizations.

The proof depends on a lemma about diagonal scalings of irreducible matri-
ces. Let A = [a;;] be areal, n x n matrix. Given a set S = {(i1,J1),..., (ip, Jp)}
of positions of A whose entries are nonzero, we define Gg to be the graph with
vertices 1,2,...,n and edges joining i and j; for k = 1,2,...,p. We say that
G is a tree of A provided Gg is a connected, acyclic graph that spans the vertex
set {1,2,...,n}. The digraph of A consists of the vertices 1,2,...,n, and the
arcs (4, j) for which a;; # 0. Note that if A is irreducible, and S consists of the
arcs of a breadth-first search of the digraph of A, then Gg is a tree of A.

Lemma 2 Let A = [a;;] be an irreducible, nxn matriz, and let S = {(i1,j1), .., (in—1,Jn—1)}
be a set of positions of A whose entries are nonzero such that Gg is a tree of A.

Then there exist positive real numbers dy, ..., d, such that the (ig,ji)-entry of

DAD™! equals ai, j, /|ai, ji |, where D = diag(dy, ..., d,).

Proof. Without loss of generality we may assume that the vertices 1,2,...,n
are ordered so that exactly one of iy and ji belong to {1,2,...,k} for k =
1,...,n—1. We define the d;’s recursively. Set d; = 1. Assume that dy,...,dg_1
have been defined and 2 < k < n. If iy ¢ {1,2,...,k}, then set d;, =
djk/\a,;k7jk|, and if jk ¢ {1,2,,](1} set djk- = dik|aik,jk|. Setting D to be
diag(dy, da, ..., d,) we see that the (iy,ji)-entry of DAD™ ! is d;, a;, ;. /dj, =
(djk/la’ikajk |)(aik7jk /djl«) = aikujk/‘aikvjk| if iy, {17 2., k}v and is dika’ikgjk /djk =
dikaik,jk/(dik |aik,jk |) = aik,jk/\aik,jk| if j. & {1, 2,..., k} The result follows. &

Throughout the remainder of these notes, let X7, Xs,..., be distinct indeter-
minates, and let R[X7,..., X,,] denote the ring of polynomials in X7,...,X,.
Also, for ay,s,...,ar € R[Xy,...,X,], let Rlay,...,ax] denote the sub-
ring of R[Xy,...,X,] generated by ai,...,ax. The list ay,...,q is alge-
braically independent provided p(ay,...,ax) # 0 for every nonzero polynomial
p € R[X1,..., Xk]. A well-known result (see [I94]) asserts that no list of n 4 1
or more elements of R[X7, X, ..., X,] is algebraically independent over R.

Proof of Theorem 1. Let A be an irreducible n x n SAP with m nonzero

entries, and let S = {(im—n+2, fm-n+2)s tm—n+3; Jm-n+3)s- -, (im,Jm)} be a

set of n — 1 positions of nonzero entries of A4 such that Gg is a tree. Let (i1, 1),
-y (Im—n+1,Jm-n+1) be the remaining positions of nonzero entries of A.

Let B be the matrix obtained from A by replacing the entries corresponding

to the arcs of S by +1 according to the sign of the entry in A, and the (i, ji)-

entry by +X}, according to the sign of the entry in A (k =1,2,...,m—n+1).



Then the characteristic polynomial of B has the form

:E" — Oél(Xl, N ,Xm_n_i_l)xnil —+ -4 (71)”Oén(X1, e 7Xm—n+1)

for some polynomials oy, ag, ..., am—nt1 € R[X1,..., X;m—nt1]-
Assume that m — n + 1 < n. Then the n «;’s are algebraically depen-
dent over R, and hence there exists a nonzero p € R[Xy,...,X,] such that

plaa (X1, oy, Xonent1)s -« oy an (X1, ..o, Xon—nt1)) = 0. Since A is a SAP, Lemma
2, implies that

{[al(ylv cee 7ym7n+1), .. 'aan(ylv cee 7ym*n+1)]T 1Y > 0} =R".

Hence, p vanishes everywhere in R™. This contradicts the fact that p is nonzero.
Therefore m — n + 1 > n, and we conclude m > 2n — 1. [ |

In light of Theorem 1, and known examples of SAPs, the smallest number
of nonzero entries in an irreducible SAP of order n (n > 2) is either 2n — 1
or 2n. At this time there are no known examples of n x n SAPs with 2n — 1
nonzero entries. In [DHHMMPSVO06], it is shown that for n < 5 every n x n
SAP has at least 2n nonzero entries.

Note that if A is an n x n irreducible sign pattern with 2n—1 nonzero entries,
S a set of positions of nonzero entries of A such that Gg is a tree, and the «a;’s
and B are defined as in the proof of Theorem 1, then a necessary condition for
A to be a SAP is that ay, ag, ..., a, are algebraically independent over R.
The algebraic independence can be efficiently checked for specific sign patterns
with the aid of a computer algebra package such as Maple.

The proofs of Lemma 2 and Theorem 1 can be easily adapted? to prove:

Corollary 3 If A is a SAP and has k irreducible components, then A has at
least 2n — k monzero entries.

The relationship between reducibility and the spectral arbitrariness is more
subtle than first sight might indicate. First note, that it need not be the case
that the direct sum of SAPs is a SAP. For example, if A is an n x n SAP with n
odd, then A® A is not a SAP because every realization of the sign pattern A®.A
has two real eigenvalues. Perhaps, even more surprisingly, there are examples
of SAPs of the form B@® C where not both B and C are SAPs [DHHMMPSV06].
Therefore, in particular, the 2n-conjecture for reducible sign patterns would not
immediately follow from the validity of the 2n-conjecture for irreducible sign
patterns.

We conclude this section with several specific problems:

Problem 1 Determine the validity of the 2n-conjecture for irreducible sign-
patterns.

2The proof of Lemma 2 can be modified to show that there is a positive-diagonal matrix
D such that the (4, 7)-entry of DAD™! equals a;;/|a;;| for each (4,7) for which i — j is an
arc of a prescribed depth-first search “forest” of the digraph of D.



Problem 2 Determine the validity of the 2n-conjecture for certain families of
irreducible sign patterns (e.g. lower Hessenberg®).

Problem 3 Determine the validity of the 2n-conjecture for reducible sign-patterns.

Problem 4 Determine necessary and sufficient conditions on the sign pattern
B for the existence of a sign pattern C such that B & C is a SAP.*

Problem 5 Construct, if possible, examples of SAPs of the form B & C where
neither B nor C is a SAP.

2 NJ method

In this section we describe the most frequently used method for proving that
a sign pattern is spectrally arbitrary. This technique, developed in [DJOV00],
applies the Implicit Function Theorem to a polynomial function evaluated at
a point corresponding to a nilpotent matrix, and thus is called the Nilpotent-
Jacobi Method (or NJ-method for short).

More precisely, the set-up is as follows. Let A = [a;;] be an n x n nilpotent
matrix, and U = {(i1,J1),-.-, (in,Jn)} be n positions of nonzero entries of A.
Define B to be the matrix obtained from A by replacing the (i, ji)-entry by
the indeterminate Xy (kK = 1,2,...,n). Then there exist polynomials «; €
R[X1, ..., X,] such that the characteristic polynomial of B is 2" — ajz"™~! +

-+ + (=1)"a,. Define f: R™ — R™ by

flz1, . zn) = (aa(z1, .. ),y an(T1 ..., 20)).
The Jacobian of f at (@i, j,,--.,a:,,,) is the n by n matrix Jac(f) whose
(¢,7)-entry is Oa; /O evaluated at (ai, j,,-- ., Gi, )

Theorem 4 Using the notation above, if Jac(f) is nonsingular, then the sign
pattern of A is a SAP.

Proof. Suppose that Jac(f) is nonsingular. Then the Implicit Function Theo-
rem asserts that there exist open neighborhoods M of (a;, j,...,as, ;,) and N
of f(ai, ji,---,ai, ;,) such that f maps M bijectively to N. Since

f(ail,j17"'7ain,jn) = (0,0, ,O)

it follows that for all (¢1,ca,...,c,) with each |¢;| sufficiently small, there is a
matrix with the same sign pattern as A with characteristic polynomial x™ +

3Note that if A is an n by n irreducible, lower Hessenberg sign pattern, then one may take
S ={(1,2),(2,3),...,(n—1,n)}. With this choice, if in constructing the matrix B as in the
proof of Theorem 1 we let X = ij"'ﬂk, then resulting coefficients, a;(Y1,Y2,...,Yy), of the
characteristic polynomial of B will be homogeneous polynomials in Y7,...,Ys.

4For example, a necessary conditions are that B has nilpotent realization, and that B has
a realization with all real eigenvalues.



c1z" ' 4+ .-+ 4+ ¢,. By considering all scalar multiplies of such matrices, we
conclude that the sign pattern of A is a SAP. [ ]

For example, let n > 3, and let A be the n by n matrix with 1’s in each entry
in its first columns, —1’s in positions (n,n) and (i,i +1) (i = 1,2,...,n — 1),
and 0’s elsewhere. Let U = {(i,i+1):4=1,...,n —1}. Then A is a nilpotent
matrix in V,, and

Xy -1 0o --- 0

Xo 0 -1 0

B = ; Dol el
Xn—l 0 -1

Xn 0 o --- -1

It is easy to verify that Jac(f) is the n x n matrix with 1’s on the diagonal,
—1’s in each subdiagonal position and 0’s elsewhere. In particular, Jac(f) is
nonsingular. Hence, by Theorem 4, V,, is a SAP.

A superpattern of the sign pattern A is a sign pattern obtained from A
by replacing any collection of entries equal to 0 by nonzero signs. A slight
modification of the proof of Theorem 4 leads to:

Corollary 5 If det Jac(f) # 0, then every superpattern of the sign pattern of
A is a SAP.

The NJ-method has been used to prove the following n X n matrices are
SAPs with 2n nonzero entries.

(a) The antipodal tridiagonal pattern T;, (which is the n x n sign pattern with

— in positions (1,1), (2,1), (3,2), ..., (n,n — 1), 4+ in positions (n,n),
(1,2), (2,3), ..., (n—1,n), and 0’s elsewhere) is a SAP for 2 < n <7
[DJOVO0].

(b) T, for 8 <n <16 [EOVO03].

(c) The n x n sign patterns V, ; with 3 <k+2 <n <2k+ 1(vV1+8k+3)
which have —’s in positions

{yg+1):5=1,...;.n=1}{(4, 1) : 5=k +2,...,n}, and (n,n);
positive signs in positions
{(j,D):5=1,...,k} and (n,n — k);
and zeros elsewhere [BMOV04]
(d) Vf}lt the n x n sign pattern with +’s in positions

n—1 n—2

{4 +11):0<j<|——]}and {(n,n— (45 +1)): 0<j < [——]}




—’s in positions
{(G,j+1):1<j<n—1k
n—3

{45 +3,1):0<5 < LTJ};

-4
{(n,n = (47 +8)):0 < j < [} and (n,n);
and zeros elsewhere [BMOV04].

(e) The n x n sign patterns

C 0 0 e eee e 0T
-0 4
— 0 0 +
Dn,r:
-0 0 O
o — 0 + 0
0 .- 0 - 0 0 +

where there are r negative entries in the first column and (2 < n < 2r)

[CV05].

All the previously mentioned applications of the NJ-method involved the ex-
plicit construction of a nilpotent realization. In [CKSV05], the implicit function
theorem is used to show the existence of a desired nilpotent realization, and the
NJ-method is applied to show that the following sign patterns are SAPs, and

T — 0 0 oo eee e 07
+ 0 - 0
+ 0 0 -
ICn,r: ’
0 O
: : . — 0
0 .. o0 =
Lo 0O + 0 - 0 — |

where the + in the last row is in column r and (2 < n < 2r).
The following technical result shows that the NJ-method cannot be used to
establish that an n x n sign-pattern with 2n — 1 nonzero entries is a SAP.

Theorem 6 For A, B and f defined as above, if A is irreducible of order n
with 2n — 1 nonzero entries. Then det Jac(f) = 0.



Proof: If each diagonal entry of A is 0, then the sign pattern of A is clearly
not a SAP, and by Theorem 5, det Jac(f) = 0.

Now suppose that at least one diagonal entry of A is nonzero. Let S =
{(ix,jx) : k =n+1,...,2n — 1} be the set of remaining n — 1 positions of
nonzero entries of A.

First suppose that the Gg is a spanning tree. For each ¢, the matrix tA is
nilpotent. Since Gg is a spanning tree, a slight modification of Lemma 2 implies
that there exists a positive diagonal matrix D such that D(tA)D~! agrees with
A on the n — 1 positions in S. It follows that every open neighborhood of
(@iy jy»-- - Qi,.j5, ) contains infinitely many nilpotent matrices. Hence f is never
one-to-one in a neighborhood of (a;, j,,. .., @i, ;. ), and therefore by the Implicit
Function Theorem det J = 0.

Next suppose that Gg is not a spanning tree. Let T be a set of positions of
n — 1 nonzero entries of A such that Gr is a spanning tree. By Lemma 2 there
is a D (with diagonal entries products of X;’s and Xj_l) such that DAD™!
is 1 in positions in 7. Assign variables Y7,Y5,...,Y,, to nonzero entries not
in the positions in T to obtain a matrix C. Note that each Yj is a product
of X;’s and X;l’s. There exist polynomials 31,...,08, € R[Y1,...,Y,] such
that the characteristic polynomial of C' is 2™ — 12"~ + -+ + (=1)"3,. Define
g: R™ — R" by g(yla s 7yn) = (Bl(yh' e 7yn)’ T 7ﬁn(yla .. 72Un)) Let Jg be
the Jacobian of g evaluated at the corresponding entries of DAD~!. By the
chain rule, J(g)P = J(f) where P is the n x n matrix whose (i, j)-entry is
Oxz;/0y;. Thus, by the argument in the previous case, J(g) is singular, and it
follows that J(f) is necessarily singular. [ |

Some specific problems are:
Problem 6 Determine the values of n for which T,, is a SAP.

Problem 7 Characterize the irreducible, n x n SAPs with exactly 2n nonzero
entries.

Problem 8 Find other methods for proving that a given sign pattern is a SAP.5

3 Basic properties of SAPs

Let A = [a;;] be an n by n sign pattern, and let D be the digraph of A. By
labeling each arc (¢,7) of D by 1if a;; = +, and by —1 is a;; = 1 we obtain the
signed digraph of A. A walk w of D of length k£ — 1 is a sequence i1, 1o, ...,k
such (ig,i¢41) is an arc of D for £ =1,... k — 1. If 41 = iy, then w is a closed
walk. The sign of w is the product of the labels of its arcs. A cycle is a closed
walk w for which 41,149, ...,ix_1 are distinct. A disjoint cycle union, U, of D of
size k is a collection of disjoint cycles of D that span k vertices. The sign of the

5e.g. in [BMOVO04] Soules matrices where used to construct SAPs with no zero entries.



disjoint cycle union U is (—1)*~¢p where p is the product of the labels of the

arcs of U, and ¢ is the number of cycles of U. It is easy to verify that

~1)* " sign(U

where the sum is over all disjoint cycle unions of size n — k is equal to the
coefficient ¢, of ¥ in the characteristic polynomial of a, where A is the (0,1, —1)
matrix in A. Note that if A is a SAP, then ¢, must have at least one positive
term and one negative term. Hence, we have the following.

Proposition 7 If A is an n x n SAP, then for each k with 1 < k < n, the
signed digraph of A has a positive disjoint cycle union of size k, and a negative
disjoint cycle union of size k. In particular, if A is a SAP, then at least one
diagonal entry of A is + and at least one negative diagonal entry of A is —.

By the Newton-Girard formulas [W06], A is a SAP if and only if for each
n-tuple (r1,72,...,7,) of real numbers there exists a realization A € A such
that tr(A%) =r; (i = 1,...,n). This implies the following.

Proposition 8 If A is an n x n SAP with signed digraph D, then for each
even integer k, D contains a negative closed walk of length k. In particular, D
contains a negative cycle of length 2.

Now assume that A is an irreducible, n x n sign pattern with 2n — 1 nonzero
entries. In this case there are some additional necessary conditions for A to be
a SAP. Let S be a set of positions of nonzero positions of A such that Gg is a
tree, and, as previously, define B to be the matrix obtained from 4 by replacing
the entries in nonzero positions not in S by +X3, ..., £X,, according to the
sign of the entries of A. There exist ay,...,q, € R[Xl, ..., Xy] such that the
characteristic polynomial of B is 2™ — ayz™ ' + -+ + (=1)"a,. For elements
pi € R[Xq,...,X,] let I(pl, ..., pr) denote the 1deal of R[X1,...,X,] generated
by p1,...,pk, and let VI(p1,...,pr) denote the radical of I(py,...,px), that is,

VI(p1,...,pr) = {p: there exists a positive integer ¢ such that p® € I(py,...,px)}.

Proposition 9 Let A be an irreducible n X n sign pattern with 2n — 1 nonzero
entries, and define the a;’s and B as above. If at least one of the following
conditions is satisfied, then A is not a SAP.

(a) There exists a j such that X; is on the main diagonal of B, and a nonzero
polynomial p € R[X] such that p(X;) € \/I (1,0, ..., ap).

(b) There exists a j and a nonzero polynomial ¢ € R[X] such that a; — q €
I(R), where X is any collection of that a;’s that doesn’t contain ;.

(¢) The variety generated by a;(X1,...,X,) — Xn+i has dimension less than
6
n.

6Note: computer algebra packages such as Maple allow one effectively compute the dimen-
sion of a variety.



Proof. To prove (a), assume that such a j and p exist. Suppose that the

assignment X; = 1, ... X,, = x, produces a nilpotent matrix B. Since p €
VI(ai,a9,...ay), there is an integer k, and polynomials ¢; such that p¥ =
Zaiq,_. Evaluating at X; = z1, ..., X,, = @, results in p*(z;) = 0. Hence,

p(xl)l: 0. Therefore, there are only finitely many values of X; for which the
evaluation of B is nilpotent. However, by the argument in Theorem 6, we
see that if B allows nilpotency, then in every neighborhood of the nilpotent
realization there are an infinite number of nilpotents. This contradicts the fact
that there are just finitely many values of X;. This proves (a).

To prove (b), suppose that there exists such a j, ¢, and X. Then there
exist polynomials g; such that a; — ¢ = ZaiEN q;- Thus for each assignment
X, =21, ..., X = x, such that o;(x1,...,2,) = 0 for o; € N, we have that
a;(x1,22,...,2,) = q(z;) As the range of ¢(X;) for X; > 0 is not all of R,
there is a real number r with the property that there is no way to assign real
numbers to the X; so that o; = 0 for ¢ € X and «; = r. Hence, A is not a SAP.

Statement (c) is equivalent to the fact that a,...,a, are algebraically de-
pendent over R [CLO96], and hence as in the proof of Theorem 1, A is not a
SAP.

4 Star patterns

The notion of SAPs can also be generalized to star patterns. The stars” of R,
are {0}, (0,00), [0,00), (—00,0), (—o0,0], R\ {0}, and R. A star pattern is an n
by n matrix € = [¢;;] each whose entries is a star of R. Note that sign patterns
correspond to star patterns where each entry belongs to {{0}, (0,00), (—00,0)}
and zero-nonzero patterns correspond to star patterns where each entry belongs
to {{0},R\ {0}}. A realization of € is a matrix each of whose entries belongs
to the star specified by the corresponding entry of €. The star pattern € is
spectrally arbitrary provided every real, monic polynomial r(x) of degree n is
the characteristic polynomial of at least one realization of €.

There are irreducible, spectrally arbitrary n x n star patterns with 2n — 1

nonzero entries. For example, every real polynomial r(z) = 2™ — cja"~ ! —

cox™ "2 — ... — ¢, is the characteristic polynomial of its companion matrix
cc 1 0 -+ 0
Co 0 1 0
Cn—1 0 0 1
¢ 0 0 -+ 0

Hence, the n x n star pattern K, with R in each entry in its first column,
and in positions (4,4 + 1) for ¢ = 1,2,...,n — 1, and 0 in all other entries, is
spectrally arbitrary. Moreover, the direct sum of k &,’s has order n = 4k, (7/4)n

"Here, a star is a set which is closed multiplication by the positive real numbers.

10



nonzeros, and is spectrally arbitrary. Thus, the analog of the 2n-conjecture for
star patterns is blatantly false.

Theorem 1 can be extended to star patterns. We first establish a result
similar to Lemma 2. Let € be an n x n star pattern, and let be a subset
S = {(41,42), ..., (%, jr)} of positions whose entries in € are not equal to {0}.
Define Gg to be graph with vertices 1,2,...,n and edges {ig,j¢} £ =1,..., k.

Lemma 10 Let € be an irreducible star pattern, and S a subset of positions of
entries in € that are not equal to {0} such that Gg is a tree. For each matrix
C € € there exists a positive-diagonal matric D such that the (i,j)-entry of
DCD™' is 0 or a;;/|ai;| for each (i,j) € S.

Proof: Without loss of generality we may assume that the edges of Gg are
(i1,71)s « -+ (in—1,Jn—1) and that exactly one of 44 and jj is in {1,2,...,k} for
k=1,2,...,n—1. Set d; = 1, and recursively define da, . .., d,, as follows. If i}, ¢
{1,2,...,k} and qa, j, # {0}, then set d;, = dj,/|ai, |- If ik & {1,2,...,k}
and a;, j, = {0}, then set d;, = 1. If ji ¢ {1,2,...,k} and a;, j, # {0}, then
set dj, = di,|ai, g |- If g € {1,2,...,k} and a;, 5, = {0}, then set d;, = 1. It
is now easy to verify that D = diag(dy,ds,...,d,) is a positive-diagonal matrix
with the desired property. [ ]

Theorem 11 If € = [¢;;] is an irreducible, n X n star pattern, then € has at
least 2n — 1 nonzero entries.

Proof: Let m be the number of nonzero entries of €, and let T' be a subset of
positions whose entries in € are not equal to {0}, and G is a tree.

Let (ix, jr) (K =1,2,...,m—n+1) be the positions of the non-{0} entries of €
that are not in 7', and let X7, ..., X;,—n+1 be distinct indeterminates. Let S be
the set of arcs of T whose corresponding entry (which is a star of R) in € contains
0. For each subset R of S let Bgr be the matrix obtained from 4 by replacing
the entries corresponding to the arcs of S by 0, the entries corresponding to arcs
of T not in S by 1, and the (i, ji)-entry by Xi (k =1,2,...,m—n+1). Then
the characteristic polynomial of Br has the form

z" + O[F(Xl, . ,Xm,nJrl)iCn_l + 4 af(Xh N 7Xm7n+1)

for some polynomials off, off, ... o2 € R[X1,..., X ni1]-
Assume that m —n + 1 < n. Then, for each R, the n a!’s are algebraically

i
dependent over R, and hence there exists a nonzero polynomial p® with real
coefficients such that

pR(al(Xla s 7Xm7n+1)7 s 7an(X1» ceey men%»l)) =0. (1)
Since € is a SAP, Lemma 10 implies that
R" = URgs{[O{R(ail, R R D I af(ml, o)y € Cir,jn t

(2)

11



Let p(X1,..., Xim—n+1) be the product of all of the p™’s where R runs over the
subsets of S. Then (1) and (2) imply that p(y1, . .., y,) = 0 for all (y1,ya,...,yn)’ €
R™. This leads to the contradiction that p is the zero polynomial.

Hence m — n + 1 > n, and we conclude that m > 2n — 1. [ |

A similar technique (with G a spanning forest, rather than a tree) estab-
lishes the following;:

Corollary 12 If € is an n by n, spectrally arbitrary star pattern with k irre-
ducible components, then € has at least 2n — k nonzero entries.

Some specific problems concerning spectrally arbitrary star patterns are the
following.

Problem 9 Characterize the n x n, irreducible and spectrally arbitrary star
patterns with exactly 2n — 1 non-{0} entries.

Problem 10 For each integer n > 2, determine the minimum number of nonzero
entries in an n X n spectrally arbitrary star pattern.

Problem 11 For each integer n > 2, determine the minimum number of ¢;;
such that 0 € ¢;; # {0}, where € = [¢;;] is an n by n, irreducible and spectrally
arbitrary star pattern with 2n — 1 nonzero entries.

Problem 12 Determine whether or not there exists an irreducible, n X n, irre-
ducible and spectrally arbitrary star pattern with 2n — 1 nonzero entries and at
least n of which do not contain 0 as an element.

Problem 13 Determine whether or not there exists an irreducible, n X n spec-
trally arbitrary, zero-nonzero pattern with 2n — 1 nonzero entries.

5 Positive Nullstellensatz

In this section we describe how the problem of determining whether or not a
given polynomial 7(z) = 2™ + c12" ! + - .- + ¢, is the characteristic polynomial
of a realization of a given sign pattern A can be phrased as a problem about
semialgebraic sets. The goal here is to introduce a potentially powerful algebraic
tool into the study of SAPs. A primal semialgebraic problem is an existence
question of the form:

Given f;,h; e R™ (i =1,2...,m;j =1,2,...,p), does there exists
z € R™ such that

filz) > Oforalli=1,...,m
gij(x) # Oforallj=1,...,pand (3)
hj(x) = Oforall j=1,...,¢7

12



The problem of determining if a given sign pattern A = [a;;] has a realization
with characteristic polynomial r(z) = 2™ + ¢;2" ! + - - + ¢, can be phrased as
a semialgebraic problem as follows.

Assume that A = [a;;] has m nonzero entries, say in positions (i1,71), ..,
(im,Jm). Let B be the matrix obtained from A by replacing its (i, ji)-entry
by the indeterminate Xy, if a;, ;, = + and by —Xj, otherwise (k=1,2,...,m).
Then there exist polynomials aq,. .., a, € R[X1,..., X;,] such that the charac-
teristic polynomial of B is

2" " .

We claim that r(x) is the characteristic polynomial of a realization of A if
and only if the primal problem

Oéi—Ci:O (i=1,2,...,n)
X;>0 (i=1,2,...,n)
X; 40 (i=1,2,...,n)

has a solution.® To argue this first suppos that r(z) is the characteristic poly-
nomial of A € A. Let z; equal the value of the entry of A corresponding to X;.

Then ¢; = a;(x1,...,%m), and x; > 0. Thus the claimed primal problem has a
solution. Conversely, suppose that X; = x; (i = 1,2,...,m) is a solution to the
primal problem. Then z; > 0, a;(z1,...,2,) = ¢;. Thus, if we replace X; in B

by x; we obtain the a realization of A with characteristic polynomial r(x).

We now describe necessary and sufficient conditions (first proven in [S72],
see also [BCR98]) for the existence of a solution to (3). First we need a few
definitions. Let P be the subset of all polynomials in R[ X7, Xs,...,X,] that
can be expressed as the sum of squares of elements of R[ X, Xs,..., X,]. Let S
be a subset of R[X7, X3, ..., X,]. Welet I(S) denote the ideal of R[X7, ..., X,]
generated by the set S, M(S) denote the multiplicative monoid generated S of
R[X1,...,Xy] (that is, M(S) is the set of all finite products of elements of \5),
and Cone(S) denote the cone generated by S (which is the set of finite sums
of the form p + _._, ¢;b; such that p,q1,...,q, € P and by, b, ..., b, € M(S).
Note that if S = (), then Cone(S) = P, M(S) = {1} (from the empty product),
and I1(S) = {0}.

Theorem 13 The basic primal semialgebraic problem (3) has no solution if
and only if there exist f € Cone(f1,...,fm), 9 € M(g91,92,-.-,9p), and h €
I(h1,ha, ..., hy) such that f + g*> + h = 0.

Note that the only if direction of Theorem 13 is easily verified: if there is
a solution (z1,...,z,) to the primal semialgebraic problem (3), then for f €
Cone(f1,..., fm), 9 € M(g1,...,9p) and h € I(hq,...,h,) wehave f(z1,...,2,) >
0, g(x1,x2,...,2,) >0, and h(xq,...,2,) =0, and hence f + g% + h # 0.

Note that if S = {X1,...,X,}, then every element of M(S) other than 1
belongs to Cone(S). Hence, we have the following:

8Note via the use of diagonal scalings, one can reduce the number of variables to m— (n+1).
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Corollary 14 Let A be an n X n sign pattern, and define B, oy, ..., o, as
above. Then no realization A € A has characteristic polynomial x™ + c1x1 +
<o+ ¢ if and only if there exist f € Cone(X1,Xs,...,X,), and h € I(a; —
Cly ..oy Qp — Cp) Such that f +h=—1.

For example, consider a matrix B of the form
X, -1 0
X, —X; 1
X4 X5 —Xi

The characteristic polynomial of B is 2% — a1 X? + as X — a3 where

o = Xl —X3 —X6
ay = X1 Xz+Xo— X1 Xe+ X3X6+ X5
Q3 = —X1X3X6+X4+X2X6+X1X5.

It is easy to verify that
—az + Xeag + (X2 + Xs)ag + (X4 + X3X5 + X3) =0.

Since —ag — Xgag + (X& + X5)a1 € I(ag,az,a3) and (X4 + X3X5 + X3) €
Cone(X1,...,Xs), we conclude that

+ = 0
+ - +
+ + -
is not a SAP.
Thus, we see that the only if portion of Corollary 14 gives a way to certify
that a sign pattern A is not a SAP; namely, find real numbers ¢y, ...,¢c,, f €

Cone(X1,Xs,...,Xn), h € I(ay —¢1,...,ap — ¢p) with f+ h = —1. More
importantly, Corollary 14 says that such certifications are the only ways to
show that a sign pattern in not a SAP.

Problem 14 Can the problem of determining whether or not a sign pattern is
a SAP be phrased as a basic semialgebraic problem?
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