ML(N)BICGSTAB: REFORMULATION, ANALYSIS AND
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Abstract. With the help of index functions, we re-derive the ML(n)BiCGStab algorithm in
[35] in a more systematic way. There are n ways to define the ML(n)BiCGStab residual vector.
Each different definition will lead to a different ML(n)BiCGStab algorithm. We demonstrate this by
deriving a second algorithm which requires less storage. We also analyze the breakdown situations and
summarize some useful properties about ML(n)BiCGStab. Implementation issues are also addressed.
In particular, we discuss in details on the choices of the parameters in ML(n)BiCGStab.
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1. Introduction. If we express the BiCG[5, 14] residual as r2¢ = p; (A)rg
in terms of a polynomial, the residual vector rj of a Lanczos-type product method!
based on BiCG is defined to be ry = ¢r(A)pr(A)rg where ¢ (A) is some polynomial
of degree k with ¢, (0) = 1. In CGS[28], ¢ = pr. Since, in every iteration, CGS
searches for an approximate solution in a larger Krylov subspace, it often converges
much faster than BiCG. However, CGS usually behaves irregularly due to a lack of a
smoothing mechanism. In BiCGStab[30], the ¢y, is

1 ifk=0
(1.1) ¢“”{(m¢+1wmm» itk > 0.
The py is a free parameter and is selected to minimize the 2-norm of rPi¢@Stab
in the k-iteration, that is, ppA + 1 is the GMRES(1)[19] polynomial. As a result,
BiCGStab is generally more stable and robust than CGS. BiCGStab has been ex-
tended to BiCGStab2[9] and BiCGStab(l)[22, 27] through the use of higher degree
minimizing polynomials. In BiCGStab2, the ¢ is defined by

1 ifk=0
$e(A) =4 (peA + Dr—1(N) if k is odd
((axA 4 Br)(pr—1 A+ 1) + 1 = Br)dr—2(N) if k is even.

The first and the second degree factors in the expression of ¢y (A) are the GMRES(1)
and GMRES(2) polynomials respectively. On the other hand, BiCGStab(l) defines
its ¢y, as

w1 if k=0
ok(N) = 1+ aiM)pe_y(N)  if k is a multiple of [

where the factor 1 + Zj’=1 a;N is the GMRES(l) polynomial. BiCGStab2 and
BiCGStab(l) usually converge faster than BiCGStab because of smaller residuals in
magnitude while avoiding near-breakdown caused by a possibly too small p. CGS,
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1For this type of Krylov subspace methods, one can consult [10]. They are called hybrid BiCG
methods in [25].
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BiCGStab and BiCGStab2 have been summarized into GPBi-CG[36]. The ¢ of
GPBi-CG is

1 ifk=0
or(\) =4 pA+1 if k=1
(Otk)\ +1+ ﬁk)@v@,l()\) — ﬁkqﬁk,Q(A) ifk>1.

GPBi-CG will become CGS, BiCGStab or BiCGStab2 when the «, 3, p are appro-
priately chosen. For detailed descriptions of these and other product-type methods,
one is referred to [18, 20, 21, 31] and the references therein. Moreover, a complete
development history of product-type methods can be found in [11]. According to [11],
the history dates back as early as to the IDR[33] method three decades ago.

Generalizations of BiCGStab from the standard Lanczos-based BiCG to versions
from BiCG’s of other types have been made. For example, BL-BiCGStab[8] is a
BiCGStab variant built on the BL-BiCG[16] for the solution of systems with multiple
right-hand sides. Also, ML(n)BiCGStab[35] is another BiCGStab variant built on
ML(n)BiCG, a BiCG-like method derived from a variant of the Lanczos-type process
described in [1] with n left-starting vectors and a single right-starting vector.

The derivation of the ML(n)BiCGStab algorithm in [35] was complicated. In this
paper, we shall exploit the concept of index functions to re-derive the algorithm in a
more systematic way. Index functions were introduced in [34] by Boley for the purpose
of simplifying the development of the transpose-free multiple starting Lanczos process
there and they proved to be very helpful.

It turns out that the definition of the ML(n)BiCGStab residual vector ry, in [35] is
not unique. There are at least n different ways to define ry. Let T) be the residual in
ML(n)BiCG and ¢y () as in (1.1). Then, the ML(n)BiCGStab residual ry, introduced
in [35] is

(12) rjn+1:¢j(A)?]n+“ 1 SZSTL, j:071,

Starting from k = 1, let us call every n consecutive iterations an iteration cy-
cle. For example, iterations k& = 1,2,---,n form the first cycle, iterations k =
n+1,n+2,---,2n the second cycle and so on. Then definition (1.2) increases the
degree of ¢ by 1 at the beginning of a cycle. We believe that one can define ry by
increasing the degree of ¢ by 1 anywhere within a cycle and this will lead to a differ-
ent ML(n)BiCGStab algorithm. As an illustration, we derive and present a second
ML(n)BiCGStab algorithm associated with the definition

(13) Tjnti = { ¢j+1 (A)/r\jn-i-i if i=n.

(1.3) increases the degree of ¢ by 1 at the end of a cycle. The resulting algorithm
requires about 25% less storage (besides storing the coefficient matrix and the precon-
ditioner) than the algorithm associated with definition (1.2). However, one drawback
with this storage-saving algorithm is that its computed residual ry easily diverges
from its corresponding exact residual when n is moderately large.

A ML(n)BiCGStab algorithm mainly involves three types of operations: matrix-
vector multiplication and preconditioner system solving (AM ~!v), dot product (u?v)
and saxpy (u+ av). Usually, computing AM~!v takes the longest. In one iteration,
ML(n)BiCGStab requires 1 + 1/n of AM~'v, n of u¥v and about 2n of u + av
on the average. These observations suggest that we can employ the parameter n to
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k| 0 123 456 789 101112
gn(k) | -1 000 111 222 333
ra(k) | 3 123 123 123 123

Fic. 2.1. Simple illustration of the index functions for n = 3.

take a balance among these operations, that is, we want the computational time per
iteration is minimized. It should be ideal if the total number of iterations to reach
convergence were minimized too, but doing so is difficult since it is hard to predict
the overall performance on a problem. The idea of minimizing the time per iteration
has led to a Matlab function find_n.m which automatically finds a “good” n. Nu-
merical experiments show that find_n.m plus a ML(n)BiCGStab algorithm can be
faster than BiCGStab in terms of time.

Just like BiCGStab, ML(n)BiCGStab can suffer from three types of breakdown,
caused respectively by the failure of the underlying Lanczos process, the non-existence
of the LU factorization in the construction of ML(n)BiCG and the parameter p. We
will address these issues. Also, we will summarize some properties of ML(n)BiCGStab.

The outline of the paper is as follows. In §2, we introduce index functions.
In §3, we present the ML(n)BiCG algorithm obtained in [35], based on which a
ML(n)BiCGStab algorithm is derived. In §4, we re-derive the ML(n)BiCGStab algo-
rithm in [35] using index functions. In §5, we derive a storage-saving ML(n)BiCGStab
algorithm from a different definition of the residual vector. In §6, we discuss the re-
lationships of ML(n)BiCGStab with some existing methods. In §7, implementation
issues are addressed. We end the paper with conclusions and remarks in §8.

2. Index Functions. Let be given a positive integer n. Define
gn(k)=(k—=1)/n] and r,(k) =k — ng,(k)

where k € Z, the set of all integers, and | - | rounds its argument to the nearest integer
towards minus infinity. We call g,, and r,, index functions and they are defined on Z
with ranges Z and {1,2,---,n} respectively.

If we write

(2.1) k=jn+i
with 1 <i<n and j € Z, then
(2.2) gn(jn+i)=7 and r,(jn+i)=

Fig. 2.1 illustrates the behaviors of ¢,, and r, with n = 3.
About the index functions, they have the following properties which can be easily
verified by using (2.2).

PROPOSITION 2.1. Let k € N, the set of all positive integers, and s € Ny :=
N U {0}.
(a) gn(k+n)=gn(k)+1 and r,(k+n)=r,(k).
(b) gn(s+1)+1=gn(k+1) if max(k —n,0) < s < gp(k)n — 1.
(¢) gn(s+1) = gn(gn(k)n +1) = gn(k) if gn(k)n < s <k — 1.
(d) gn(k+1) =gn(k) + 1 if rn(k ) =n.
gn(k +1) = gn(k) if (k) <
(e) max(k —n,0) > gn(k)n —1 zfrn(k:) =n or g,(k) = 0.
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3. A ML(n)BiCG Algorithm. Parallel to the derivation of BiCGStab from
BiCG, ML(n)BiCGStab was derived from a BiCG-like method named ML(n)BiCG
n [35]. ML(n)BiCG was built upon a Lanczos-type process with n left strating
vectors and a single right starting vector, a special case of the Lanczos-type process
described in [1]. In this section, we present the algorithm of ML(n)BiCG from [35]
and summarize some properties related to it.

3.1. The Algorithm. Consider the solution of the linear system?
(3.1) Ax=b
where A € CV*N and b € CV. Let be given n vectors q;,qz,...,q, € CV. Set
n (k)
(3.2) pr = (A")" Va1
for k =1,2,---. The following algorithm for the solution of (3.1) is from [35].

ALGORITHM 3.1. ML(n)BiCG?

1. Choose an initial guess Xo and n vectors q1,d2, " An-
2. Compute To = b — AXy and set p1 = q1, 8y = Tp.
3. Fork=1,2,---, until convergence:

4. % = Py v 1/Pk Agi_1;

5. Xk—Xk 1+ ap8r—1;

6. Tp=Tp_1— apAgr_1;

7. Fors-max(k—n 0),- k:—l

s Y =-pi,A (rk coi Caxhono A V8) /08 AR,
9. End

10. gk = ?k + Zi;;ax(kfn,o) ﬁgk)/g\s;
11.  Compute pi+1 according to (3.2)
12.End

3.2. Properties. Let v be the degree of the minimal polynomial p,;n (A, A, To)
of Ty with respect to A (that is, the unique monic polynomial p(A) of minimum degree
such that p(A)ry = 0) and let

S, = [P1,P2, -, Pu) T [ATy, A%y, - - -, ATy

and

o~

W, = [p1,P2, -, Pv) [T, ATo, - -+, AV 1)

Denote by §l and \/7\\71 the [ x [ leading principal submatrices of §l, and \/7\\71, respec-
tively. We now summarize some useful facts about Algorithm 3.1. These facts can be
seen from the construction procedure of the algorithm.

2Throughout the paper we do not assume the matrix A is nonsingular except where specified.

3Even though we have not tested the algorithm, we believe it is numerically instable because
of Line 11 in which AH is successively multiplied to a same vector, a type of operation which is
highly sensitive to round-off errors. The algorithm is established only for the purpose of developing
ML(n)BiCGStab algorithms.
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PROPOSITION 3.2. In infinite precision arithmetic, if [],_, det(S)) det(wl) #0,
then Algorithm 3.1 does not break down by zero division for k = 1,2,---,v, and the
approzimate solution x, at step v is exact to the system (3.1). Moreover, the computed
quantities satisfy

(a) X1, € Xo+span{To, ATy, ..., A¥"1T} andT), = b—AX}, € To+span{ATy, AT,

AR for1 <k <.

(b) span{To,T1, -, Tp_1} = span{To, ATy, ..., AF"17} for 1 <k <w.

(c) span{ATy, ATy, -+, AT, 1} = span{Ty, ATy,..., AV "1y}

(d) ) L span{p1,p2,.--,Pr} and Ty L prs1 for 0 <k <v -1

(e) span{go, g1, - ,8k_1} = span{To, ATy, ..., A*"1To} for 1 <k <.

(f) Spaﬂ{Ago, Ag\l, sy Ag\y_l} = span{?o, A/fo, Ce 7AV_1?0}.

(9) Agk L span{p1,p2;...,pr} and Agy L pri1 for 0 <k <v-—1.

Because of Proposition 3.2(a) and (d), ML(n)BiCG is an oblique projection
method according to [18].

Remarks: (i) Just like BiCG, ML(n)BiCG also has two types of breakdown caused
respectively by the failure of the underlying Lanczos process and the nonexistence of
the LU factorization in its construction. The condition [];_, det(wl) # 0 guarantees
that the underlying Lanczos process works without break-down, and the condition
[T/—, det(S;) # 0 makes sure the LU factorizations exit; (ii) det(S,) # 0 implies
that pmin(0, A, To) # 0 which, in turn, implies that (3.1) is consistent and there is a
solution lying in Xg + span{To, ATy, -, A¥ 1Ty}

The derivation of ML(n)BiCGStab needs the following result.

COROLLARY 3.3. Let s € N and
Ygu(s)(A) = g ()X + g, (1 X 4t

be any polynomial of degree g,(s). Then, under the assumptions of Proposition 3.2,

1

H/\
Ps Tr =

~ ~ 1 ~
Ay (o ¥g.(s) (AT, and plAg) = Al (oAt () (A)Bk
cgn (s) cgn(s)

f0<k<v—-1and s<k+n.

0, then ps = ar,,(s)

Proof. We only verify the equation about Ty here. If g, (s) =
1 <1< gn(s),

by (3.2) and hence the equation follows. For g, (s) > 0 and

qu(S)Ag7z(S)—l?k — q’,I:‘:L )Agn(s—ln)/r\k = pf—ln/r\k} — 0

(s—=In

by Proposition 2.1(a), (3.2) and Proposition 3.2(d). Consequently,
Al (Vg () ATk = cg, (90l (AT = ¢ (o PIT.

There exist examples where the condition [];_; det(\/ﬂ\’l) det(gl) # 0 in Proposi-
tion 3.2 holds, as shown below.

LEMMA 3.4. Consider the case where n = 1,1y € RN, Ty # 0 and A € RV*N
is nonsingular. If qu € RY is a random vector with independent and identically
distributed elements from N(0,1), the normal distribution with mean 0 and variance

1, then Prob (sz:1 det(\/ﬂ\/'l) det(S;) = O) =0.

4We say that u L v if u’v = 0.
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Proof. Since pj, = A9®q, ) = A¥~lq; when n = 1, both S, and W, are
Hankel matrices

§1 §2 e gy ﬁ)\l {1}2 Ce ﬂ}u
§ _ S2 83 o Sp \/Z\V _ wz W3 o Wy
v — 5 v =
Sy Sv+1 e Sop—1 Wy Wy41 et Woy—1
where 3, = qf Aty and @, = qf At~y fort =1,2,---,2v — 1.

We first prove
(3.3) Prob (det(vAVl) - 0) )

for any fixed [ with 1 <1 < v. It is trivial that (3.3) holds when [ = 1 and we therefore
assume | > 2 in the following discussion.

By assumption, v is the degree of the minimal polynomial of T( with respect
to A. This implies that K = span{A'ry|t € Ny} is a v-dimensional space with
{To, ATy, -+, A¥"1Ty} as a basis. Since A is nonsingular, {A!~17y, Alry, - -, ATV =27,}
is another basis of K.

Perform an orthogonal factorization of the N x v matrix

[Al_li‘\m Al?o, e AH_V_Q?O] =QR

where Q € RY*V is orthogonal and R € RN*¥ is upper triangular with positive

main diagonal elements 711,799, -+,7,,. Clearly, the first v columns of Q form a
basis of K and the last N — v columns belong to Kt.
Write

Al—Q’r\O _ flAl_l/r\O + £2Al/f0 R €VA1+V—2’I.\O
= [Al_l/f07 Ali‘\o; ) AZ+V_2/I"\0] 5

=QR{=Qn
for some scalars §1a§27 e ?gl/ S R7 Where§ = [517527 e 7§V]T eRY and n= [771) N2, 777N]T -
R¢ € RN, Since A is nonsingular and {7y, AT, --, A¥~!%;} linearly independent,

we have &, # 0 and hence 7, = r,,&, # 0. Let 6 = [01,0o,---,0x]7 = QTqy. Then
0 is a random vector with iid elements from N(0,1)[4]. We now express det(W;) in
terms of the elements of 6. Let us write

[w17w27 e, Wp—2,Wi—1, W, aw2l—1]
— T = 1—3% 1—2= —1% 21—22
= [rOaAPOa"'7A I'(),A I'0,A I'O,"',A rO]

q,{[/f07 A?Oa Tty Al73?07 Qna QR(Z)]
= q?Q[QT[?Oa Ai:(), Ty AliSi‘\O]v , R(l)]
= QT[QT[?W Ai‘\(h Ty Al73?0]7 m, R(l)]

where R() denotes the matrix consisting of the first [ columns of R. Since the last N —
v columns of Q belong to K*, the last N —v rows of the matrix Q7' [ry, ATy, - - -, A =37]
are zeros. Similarly, the last N — v elements of = RE are zeros because the last
N — v rows of R are zeros. We therefore have

a linear combination of #y,05,---,0, if 1 <t <[ —2,
& = 101 +n203 + - -+ 1,0, withn, #0ift =11,
T1t—i4101 + 72t 11102 + -+ i1 —1410e 141
with 7 _j416—141 £0if1 <t <2l-1.
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This shows that none of the random variables 0, 11,0,2,--,0x is involved in any
of the w’s. In more details, when | < v, Wy = W¢(01,02,---,0,) if 1 <t <1—1and
’L/U\t = @t(91,92,~--,9y,1) if [ S t S 21 — 1; when [ = v, ’L/U\t = @t(91,92,~--,9,,) if
1<t<v—lort=2v—1,and Wy = W (01,09, --,0,_1) if v <t <2 —1.

We now expand det(\/ﬂ\/'l) by minors down its last column and write it into a
polynomial of 6,. This yields

(—1) 31D+ et (W)
= Dy 1@y +-
_ (lezl Tl )0 + e 002 4 e, + oo 2L <y,
Tl 0% + dy 1087 + -+ dif, + do ifl=uv

where the coefficients c¢g, -+ -, ¢;—2 and dy, - - -, d,,_1 are polynomials in 61,05,---,0,_1.
Now (3.3) follows from the facts that r;; # 0,7, # 0,1, # 0 and 601,0s,---,0, are
independent random variables.

Note that v is also the degree of the minimal polynomial of ATy with respect to
A when A is nonsingular. With T replaced by AT, in (3.3), we then have

(3.4) Prob (det(gl) = O) =0

for any [ with 1 <[ <w.
Now, (3.3) and (3.4) together imply that

Prob (Hz”zl det(W) det(S;) = o)
<>, Prob (det(V/\\H) = 0) + >, Prob (det(gl) = O) =0

and the lemma is proved. [ ]

THEOREM 3.5. Consider the case where n = 1,79 € RN, Ty # 0 and A €
RNXN - Ifq; € RN is a random vector with independent and identically distributed

elements from N(0,1), then Prob (quzl det(\/ﬂ\/'l)det(gl) = 0) = 0 if and only if
pmin(07Aa?0) 7é 0.

Proof. If ppmin(0, A, To) = 0, then A”Ty is a linear combination of ATy, ---, A¥~!7,
or A¥Ty = 0 in the case when v = 1. Hence det(gy) = 0 no matter what q is and
therefore the probability of [];_; det(W,) det(S;) = 0is 1.

We now suppose ppmin(0, A,Tg) # 0. By the real version of the Schur’s unitary
triangularization theorem (see, for instance, [13]), A can be decomposed as

B, B _
A=QT[ 0 B;j]QzQTBQ

where Q € RY*¥ orthogonal, B1; € RV >Nt nonsingular and By, € RY2*N2 strictly
upper triangular (namely, an upper triangular matrix with its main diagonal ele-
ments zero). Let To = QTy = [Fl;,T25]7 where T € RN and Toz € R™. Then
pmin(BaAa/fO)i:O = mezn(A; A,/I'\())i‘\o =0. Note that

Bk *
k_ 11
(3.5) B" = { 0 B }
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for k € N, we have

= pmin(BllyAa?O) *
in(B,A,Tg) = ~
Pmin( 0) 0 Pmin(B22, A, To)
Thus, pmin (B, A, To)To = 0 implies that p,,in (Baz, A, To)To2 = 0. If we write piin (A, A, To) =
oAt with ¢g # 0, then Y .| ¢; B, is a strictly upper triangular matrix. Thus,
Prmin (Baz, A, To) = (Z;’Zl ¢;Bby) +col is an upper triangular matrix whose main diag-
onal elements are ¢g. S0, Pmin(Baz, A, Tg) is nonsingular and therefore p,in (Bag2, A, T)To2 =
0 yields Tg2 = 0. Since Ty # 0 due to Ty # 0 by assumption, Tog2 # To. In other words,
Ny < N or By is not a null matrix.

Now that Tgo = 0, (3.5) implies that

b~

(3.6) Bty = [ Biifo }

for k € N. Therefore, p(B)ty = [(p(B11)¥01)T, 077 for any polynomial p()\). Thus,
the minimal polynomial of T with respect to B is equal to the minimal polynomial of
To1 with respect to By;. This implies that, v, the degree of the minimal polynomial of
To with respect to A, is also the degree of the minimal polynomial of To; with respect
to B11.

We now set § = Qq; = [07,01]7 where 6; € R™M and 6, € RM2. Since q; is
random with iid elements from N(0, 1), so is §. By (3.6),

q{Aki‘\o = 9TBkF0 = Q{Blfl?Ol and q{i‘\o = 9??01
where k € N. Thus
gu(A,i‘\o,qﬂ = gu(Bu,ﬁ)hgﬂ and Wu(Ayi‘\o,%) = Wu(BllvF(]1791)~

Now, the desired probability follows from Lemma 3.4 because B1; is nonsingular, 6; is
iid N(0,1) random and v is the degree of the minimal polynomial of T, with respect
to Bq;. |

Extension of the theorem to the general case should be possible, namely, n >
1,A e CV*N 15 € VY and [qi, - -, qy] is a Gaussian matrix.

Even though the probability of a breakdown is zero in theory, it is still possible
that ML(n)BiCG encounters a breakdown or a near-breakdown in practice, especially
when the q’s are deterministic. Techniques for curing breakdowns in the contexts
of the standard Lanczos process and the multiple starting Lanczos processes can be
found in [2, 7, 10, 17, 20, 21] and [1, 6] respectively and the references therein.

4. A ML(n)BiCGStab Algorithm. An algorithm of the ML(n)BiCGStab
method has been derived in [35] (Algorithm 2 without preconditioning and Algo-
rithm 3 with preconditioning in [35]), but the derivation there is complicated and less
inspiring. In this section, we re-derive the algorithm in a more systematic fashion
with the help of index functions.

4.1. Notation and Definitions. Let ¢;(\) be the polynomial of degree k de-
fined by the recurrence relation

do() = 1.
(4.1) o) = (A D) b1 (N)s k= 1,2,
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where py, is a free parameter. These polynomials are used by BiCGStab as smoothing
polynomials. If expressed in terms of the power basis

¢k()\):c§€k))\k+-~- ( ))\+c(k)

it is clear that c( ) = = p1p2 - px and c(()k) = 1. Thus,

(4.2) ) = prei Y.
For k € N, define

¢gﬂ ( )rkv up = ¢g (k) (A) i‘\kv
(4.3) = Pgn( k)+1(A) 8k, di = pg, (k)+1A0g, (1) (A) i,
Wk = Agy

and for k = 0, set
(44) rg = /I'\O and g0 = /g\o.

The vectors ry will be the residual vectors of the approximate solutions x; computed
in the following ML(n)BiCGStab algorithm.

4.2. Algorithm Derivation. The derivation of a ML(n)BiCGStab algorithm
depends on Proposition 2.1 and Corollary 3.3. In order to exploit Proposition 2.1, we
divide the operations in Algorithm 3.1 (forgetting Lines 1, 2, 5 and 11) into cases,
basically corresponding to those described in the proposition:

Derivation Version (DV) #1.
1. For k=1,2,---, until convergence:
2 (k) =1

3 Oék*pk; Ti-1/Pr A8k—1;
4. Tk = Th-1 — W ABr—1;

5. Else

6 Oék—pk Th-1/PH ABr—1;

7 Tp =Tr-1 — O ABr_1;

8

9

1

End
. If rp(k) <n
0. For s = max(k —n,0),- --,gn(k)n—l
k .
11. O = =Dl A (T + S hhnoy O78) /Bl AR
12. End
(k) = n(k)n—1 (K&
13. 5 n()n = pfn(mnHA (rk + ?:maZ(kfn,O) gt) /l[’gw (k)n+1Aggn(k)m
14. For s=gnk)n+1,--- k-1
k (k) .
15. A = —pf A (rk +3o0 me(k 7,0) A8 + 0, gn(k)n+1 B gt) /Pl Ags;
16. End
k)~ k)~
17. =t + A B T e BB
18. Else
k)  _ __H = /nH & .
19. By tkyn = _pgn(k)nﬂArk‘/pgn(k)nﬂAggn(k)m
20. For s=gplk)n+1,--- k- 1

k
21. B = —pl A (rk + ﬂg (kyn8gn (k)n + S gttt by gt) /P AR
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22.
23.
24.
25.

M. YEUNG
End
PN * A k-1 (k) .
8k =Tk + ﬂgn(k)nggn(k)n + Zs:gn(k)n-H s 8s;
End
End

We have adopted the following conventions in DV#1:
(i) About a for loop of the form:
For s =a,---,b, Statements; End
if b < a, the statements within the loop are not implemented.

(ii) About a sum of the form Zzza terms, if b < a, this sum is considered to be
0.

These conventions will also be applied to the DVs and algorithms in the sequel.

Now, by Corollary 3.3, (4.2), (3.2) and Proposition 2.1(a), DV#1 can be trans-

formed into the version below.

1
2
3
4.
o.
6
7
8

9.

10.
11.
12.

13.

14.
15.

16.
17.

18.
19.

20.

21.

22.
23.

Derivation Version #2.
For k =1,2,---, until convergence:
If r,(k) = 1
ar = qf! ) bg, i) (AFk_1/a 1y Ay, (k) (A)8k-1;
d)g"(k)(A)rk = g, (k) (A)Fh—1 — 0k Ady, (1) (A)Br—1;
Gy (k) +1(A)Tk = (pg,, (k) +1A + 1)@y, (k) (A)Tk;

= A (1) g, (k) (A)Tk—1/a) 1y Adg, (k) (A)Bh—1;
d)g” B (AT = Gy, (k) (A)Th—1 — Ak APy, (k) (A)BR-15
¢gn(k) (AT = @g, (k)+1 (A)Th—1 — arAdy, (k) +1(A)Br—1;

End
For s—max(k:—n 0),-,gn(k)n—1
B =~ q, (s+1) (%w s+1)+1 (A)Tr+
Y, max(k—n,0) B pg s 1A¢Qn(s+l)(A)gt> /Pu(st) 119 (441 Adg, (s11) (A)Es;
End
k o~
6( wtiyn =~ (Gg.( k)+1(A)rk+
n(k)n—1
f Ena).x k—n,0) ﬁt Pgn( k)+1A¢gn gt) /pg71 )+14d1 A¢gn(k)( )ggn(k)na

For s =g,(k)n+1,--- k-1

() _ gn(k)n

—a (41 (‘f’gn(s+1)+1( Sk 3 ) B (st +1 A, (1) (A) Bt
Zt gn(k)n+1 5t pgn(s+1)+1A¢gn(s+l)( )§t> /pgn(5+1)+1q7{{1(s+1)A¢gn(5+1)(A)/g\s;
End
Py, (k)+1APg, (k) (A)8k = Py, (i 8 1A, (k( )Pk+
S e (b—m,0) ﬁs P +1ABg, (1) (A)But+
Yo gln k)n+1ﬁg Py k)+1A¢gn ) (A)8s;
G (k)+1(A)8k = ¢y, (k) +1(A )rk+2§"rﬁlz(k n0) P g, k11 (A)Es+
S CIAION -

k - ~
5;")(,6)” = —ai bg, (1) +1(A)Fk/ Py, (1) 4191 Ay, (k) (A)Eg, (kyni
For s =g,(k)n+1,--- k-1
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k R L -

24' B = gy <¢‘7"(S+1)+1(A)rk + By ynPan(s41) 41404, (541 (A)8g, (b +
Zt on (Bt ﬂt pg"(SH)HA%"(sH)( )gt) /pgn(SH)Hqﬁ(s+1)A¢’gn(s+1)(A)gs;
25. End
N N *) R
26. By, (k)+1(A)BL = Dy, (k) +1(A)T + ﬂ (k)n¢gyl(k)+1(A)ggn(k)n+
k—1 N
2 smgn(kyn+1 B8 By )11 (A)Bs;

27. End
28. End

Lines 4, 8, 9, 19, 20 and 26, DV#2, were obtained from Lines 4, 7, 17 and
23, DV#1, by multiplying them with ¢, (1) (A), @g, (k)+1(A) and pg (k)41 A0, (k) (A)
respectively. Line 5, DV#2, is a direct result of the definition (4.1) of ¢.

To help better understand how DV#1 arrived at DV#2, let us demonstrate
the transformation of the term P, (k)n—&-lAi‘\k on Line 13, DV#1, into the term
qai ¢gn(k)+1(A)rk on Line 15, DV#2, as follows.

By (3.2) and Proposition 2.1(a), we have

— (AH)on((gu(B)+1)n+1)

Ar,, ((gn (k)+1)n+1)
_ (AH)gn(gn(k)n+1)+1

qr7L(gn(k)n+1)

P(gn(k)+1)n+1

=A"p, ki1

Hence pi(k)nﬂA?k = pgn(k)+1)n+1?k. Since (g, (k)+1)n+1 < k+n, an application
of Corollary 3.3 to pg,,,(k)+1)n+1i'\k with ¢ = ¢ (¢ is defined by (4.1)) then yields

1
H = _ H =
Py, (i1 ATE = G ) D (g (8)+1)n1) P (g0 (k) +1)m+1) (AT
gn((fn )+1)n+1)

T b, (k)41 (AT
an(k)+1

(gn( (F)+1) .
gn(k)+1
from Line 15, DV#2, because it was canceled out by the coefficient from the denom-

inator.

Our goal is to establish updating relations for the quantities introduced in (4.3).
To achieve the goal, we further transform DV#2 into the following version. This
time, we work on the index function g, with the help of Proposition 2.1 so that the
definitions in (4.3) can be applied.

The second equation above follows from (2.2). The coefficient 1/c is missed

Derivation Version #3.
1. For k=1,2,--- until convergence:

2 Ifrp(k)=1

3 ap = (lf (k) Pgn (k—1)+1(A )?kfl/qgl(k)A¢gn(kfl)+l(A)gkfﬁ

4 Gg,, (k) (AT = by (k—1)+1 (A)Th—1 — A Adg (k—1)41(A)Bk—1;
5. D (k) +1(A)Tk = (pg,, (k) +1A + D)dg, () (A)Th;

6. Else

7 ar = a0, (=) (A)Tk_1/q), (1) Adg, (k—1) (A)B—1;

8 Py, (k) (A)Tr = by (k—1) (A)Th—1 — U Adg, (k—1)(A)Br—1;

9. Gg (k)41 (AT, = b, (h—1)4+1(A)Tk—1 — Ak ADy, (k—1)1+1(A)Bk—1;
10. End
11.  Ifrp(k)<n
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12. For s = max(k —n,0), -+, gn(k)n — 1
13. ﬂgk) = qﬁ(sﬂ) (ng” (A)?k‘i‘

Zt max(k—n,0) ﬁt Pygn(t) +1A¢gn(t )gt> /pgn(s)+1q£{n(s+1)A¢gn(s) (A)§37
14. End

k o~
15. ﬂs(znik) = —qy’ (¢gn(k)+1(A)1”k+

n(k)n—1 ~ ~
L) 04 P 1884, (1 )gt> /Pgu iy 1191 Ay (g, (kym)+1(A)Bg, (k)n

16. For s = g,(k)n+1,---,k—1
k -~ n(k)n k R
17 o = _qfi(sﬂ) (¢9n(k +1(A)TE + fzgnzix(k—n,o) Ay )pgn(k)+1A¢gn(t)+1(A)gt+
S et B Py 1804, (1) ( )@t) /Pgn() 4195 (1) ABg, (5) (A)Es;

18. End
19. Py, (k)+1 AP, (k) (A)8K = pgn(m;lAszﬁgn(m(?ﬁﬁ

Zzn ma:L( k— nO) ﬁs p!]n(k)+1A¢gn s)+1(A)/g\s+

k—1

D s=gn (kynt1 55 Pgn )+1A¢gn( y(A)gs;

20. G (k)11 (A)8k = by, (1) +1(A)T) + Z_gn o ) B8 (09, 1) 418 + D)y ()11 (A)Bs+
k-1
Zs:gn(k)n+1 ﬂs (bg,,, s)+1(A)gS,

21. Else
k o~

22 ﬁé” - _q{1¢gn(k)+1 rk/pg" +1q1 A¢9n(9n ’n)J,»l(A)ggn(k)n,
23. Fors_gn(]g)n_klj.. k=1

k R A -
24. ﬁg ) — _q'rl‘i(s+1) (¢gn(k +1(A)I‘k + ﬁ;n)(k)npgn(k)‘FlA(bgn(gn(k)n)+1(A)ggn(k)n+

Et gn(k)n+1 @s Pgn(t)ﬂA%n(t) )@t) /pgn(s)ﬂqffl(SH)AQSQH(S)(A)gs;
25. End
o~ k =R
26. By, () +1(A)8k = g, (1)1 (A)Tk + ﬁ;n)(k)n(pgn(k)HA + D)y, (g0 (k) 41 (A)By, (k0 +
k k ~
ZS:;n(k)n-i-l B )¢gn(s>+1(A)gs;

27. End
28. End

As an example, let us show how the g, (s + 1) inside the sum Zf;é;ax(k—n,o) e
on Line 13, DV#2, was written as the g,,(¢) on Line 13, DV#3.

If g,(k) = 0, Line 13 of DV#2 is not implemented because of Convention (i)
immediately following DV#1. So, we assume that g, (k) > 0. Since

max(k —n,0) < s,t < gp(k)n — 1,
we have
gn(s+1)=gn(k+1)—-1=g,(t+1)
by Proposition 2.1(b). Now that g, (k) > 0, max(k —n,0) = k — n and hence
(4.5) E—n<t<gy(k)n-—1.
Let k = jn+4 asin (2.1). Then (4.5) is
(j—Dn+i<t<(—Dntn-1

which implies that r,(¢) < n. Now, Proposition 2.1(d) yields g,(t + 1) = g,(t) and
therefore we have g, (s + 1) = g, (¢).
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Substituting the vectors defined in (4.3) then leads to a set of updating relations
about them.

Derivation Version #4.

1. For k=1,2,---, until convergence:
2 If r, (k) = 1
3 ap = orr-1/a) ) Agr-1;
4. U, =rp_1 — apAgr_1;
5. re = pgn(k)+1Auk + ug;
6 Else
7 k= Py, (h—1)+190 (k) Wk—1/dp oy dr—1;
8 w, = w1 — (ak/Pg, (k—1)+1)dk—1;
9. rp =Tp_1 — apAgL_1;
10. End
1. Ifr,(k)<n
12. For s = max(k; —n,0),- - ,gn(k‘)n -1

k) .
13. Bk = al i) (uk + 3 mas(b—n.0) Bt dt) LT
14. End

k) n(k)n—1 k

15. 5;n (kyn = —ai’ (rk * Pgn(k)+1 tg:il;x(kfn,o) 55 )Agt) /pgn(k)HQfIAggn(k)n;
16. For s = gn(k)n +1,---,k—1

k
17. Bg ) = g, (6-‘1—1) (rk + Pgn(k)+1 Zt max(k n,0) ﬂ( )Agt+

Zt gn (K)n+1 ﬁt dt) /qrn(s+1)d85
18. End
(k)n k
19. dy =rp —ug + ,Dgn(k)_y-l ZS me)lx(k n,0) ﬂg )Ags + Zs gn(k)n—H ﬂs 55
20. =ri+ Zs max(k: n,0) ’65 (pgn(k)+1A + I)gS + Zs:gn(k)n-‘rl 55 8s:
21. Else
k)

22. ﬁ( w(F)n = _Q{irk/pgn(k)JrlCI{iAggn(lc)n§
23. For s=gplk)n+1,--- k-1

k
24. = =—al (rk + Pgn (k) Yo L n A8y T Y, gn (B)n+1 Al dt) fa (onydss
25. End

k k— k

26. gr =T+ ﬁ;n)(k)n(pgn(k)HA +I)gg, (k) + Zs:gln(k:)n+1 Mg
27. End
28. End

We consider ry to be the residual of the kth approximate solution x;. Updating
relations about xj can be obtained from Lines 4, 5 and 9 respectively:

_ Xk—1 = Pgn (k)+10k + kBl —1, ifrp(k)=1
(4.6) Xk { Xp_1 + p8r_1, if r,, (k) > 1.

After adding (4.6) to DV#4 and simplifying its operations appropriately, we arrive
at the following ML(n)BiCGStab algorithm. Just like BiCGStab, the free parameter
Pgn(k)+1 18 chosen to minimize the 2-norm of r.

ALGORITHM 4.1. ML(n)BiCGStab without preconditioning associated
with definition (4.3)



M. YEUNG

Choose an initial guess xg and n vectors qi1,qz, " ,qn-
Compute rg = b — Axq and set gy = ro. Compute wog = Ago, co = qifwy.
Fork=1,2,---, until convergence:

Ifrp(k) =1
QO = le(k)rk—l/ck—l;
U =Tgp—1 — OpgWg_1;
Xk = Xk—1 + O%8k—1;
Pan(ty1 = —(Aug)Tug /|| Auy|3;
X = Xk — Pg, (k)+1Uk;
ry = pgn(k)-‘rlAuk + ug;

FElse
ag = qq{i(k)ukq/ckq; % ar = an/pg, (k—1)+1
Ifrp(k) <n
uy = up_y — opdy_y;
End

Xk = Xk—1 1 Py, (k—1)+10k8k—1;
Ty =Tk—1 = Pg, (k—1)+1%Wk—17
End
Ifrn(k) <n
Zg = Uy, gr =0, 2, =0;
Fors=k—n, - ,g.(k)n—1 and g, (k) > 1
(k) _ .
s - 7qu’(s+1)zd/657
Zq = Zq + ﬂgk)ds;
k
g =g, + 0" g,
Zy = Zy t+ ﬁb(‘k)wsf
End
Zm(u )= Tk + Py, (k)+1%w;
k
B tiyn = — A1 2w/ (Pg, (k)+1Cg, (k)n);
_ (k) .
Zy = Zy + Pgn(k)+1ﬁ  (k)n W gn (k)n s
k
8k = 8k + Zyw + 6;n)(k)nggn(k)n;
Fors=gp(k)n+1,--- k-1
(k) _ )
S = (/s
k
g = g, + 0" g,
Zy = Zyw + [igk)ds;
End
dig = 2y — ug;
Ck = qfi(k+1)dk?7‘
Wi = Agk;
Else
k
ﬂé(ln)(k)n = *qflrk/(pgn(k)-‘,—lcgn(k)n)7.
_ (k) .
Zw = Tk + Pg, (k) 4184, (10 Wgn (k)
k
8k = Zy + ﬁén)(k)nggn(k)n;

Fors=g,(k)n+1,--- k-1

e(;k) = _Q£§S+1)Zw/0sz'

k
8L = 8k + 65 )gs;
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TABLE 4.1
Average cost per (k-)iteration of Algorithm 9.1 and its storage requirement.

Preconditioning (M~ 'v) 1+ ! Vector addition (u+v) 2— 2
n n
Matvec (Av) 1+ ! Saxpy (u+ av) max(2.5n + 2.5 — g, 6)
n n
dot product (uffv) n+1+ 2 Storage A +M+ (4n+5)N + O(n)
n
k
40. Zy :Zw+6§ )ds;
47. End
48. Wi = Agp;
49. Cr = Qﬁ(kﬂ)wk;
50. End
51.End

We remark that (i) the algorithm does not compute the quantities uy and dy
when r, (k) = n (see Lines 13-15 and Lines 39-50); (ii) if the ug on Line 6 happens
to be zero, then the py (r)4+1 on Line 8 and therefore the x; and ry on Lines 9 and
10 will not be computable. In this case, however, the x; on Line 7 will be the exact
solution to system (3.1) and the algorithm stops there.

We now compare Algorithm 4.1 to the ML(n)BiCGStab algorithm in [35]. First,
the definitions of rg, ux and gy are the same in both algorithms, but dj is defined
differently. In [35], di, = ¢y, (k) (A)8k. In exact arithmetic, however, both algorithms
compute the same py (r)+1, 'r and Xj. Second, the derivation of Algorithm 4.1 has
been made simpler by using index functions. As a result, some redundant operations
in Algorithm 2 of [35] can been seen and removed and some arithmetics are simplified.
For example, the vectors dy, u are computed in every iteration in Algorithm 2 of [35].
They are now computed only when r, (k) < n. Also, the expression of ﬂ;’z)( jyn OD Line
39 of Algorithm 4.1 is simpler. Some other minor changes were also made so that the
algorithm becomes more efficient.

Computational cost and storage requirement of Algorithm 4.1, obtained based on
its preconditioned version, Algorithm 9.1 in §9, are summarized in Table 4.1. Since the
vectors {qh v 7qn}'> {dk*nv R dgn(k)nfh dgn(k)n+17 ceey dk,1}, {gkfny v agkfl} and
{Wk—ns-, Wy, (k)n» Wr—1} are required in iteration k, they must be stored. When
n is large, this storage is dominant. So, the storage requirement of the algorithm is
about 4nN.

4.3. Properties. We summarize the properties about Algorithm 4.1 in the fol-
lowing proposition. Since rg = T by (4.4), v is also the degree of the minimal
polynomial of ry with respect to A.

PROPOSITION 4.2. Under the assumptions of Proposition 3.2, if pg. (k)+1 7# 0
and —1/pg, (+1 & o(A) for 1 < k < v —1, where o(A) is the spectrum of A,
then Algorithm 4.1 does not break down by zero division for k = 1,2,---,v, and the
approximate solution x, at step k = v is exact to the system (3.1). Moreover, the
computed quantities satisfy

(a) xp € xo+span{rg, Arg, ..., AIF) kel andr, = b— Axy, € ro+span{Ary,

A?rg, ... AInROFktLe) for 1 <k <v—1.
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(b) v, #0 for 1 <k<v-—1andr, =0.

(c) rip L aqq for 1 <k <wv—1 with r,(k) =n.

(d) w, L span{qi,qz, -, Q0 } and wg L Q. ()41 for 1 < k < v —1 with
rn(k) <n.

(e) A(gr —di) L span{qi,qz, -, q,(x)} and A(gr —di) L (k)41 for 1 <
kE<v—1 with r,(k) <n.

Proof. The divisors in Algorithm 4.1 are ¢, |[Aug||3 and pg, )11 respectively,
where the p’s are assumed to be nonzero. By Proposition 3.2(c), we have ATy # 0 for
1 S k § v —1. Since Auk = ¢gn(k) (A) Ai'\k = (pgn(k')A+I)(pgn(k)—1A+I) s (p1A+
I) ATy, by (4.3) and (4.1) and since —1/p & o(A), AT), # 0 implies Auy, # 0. Hence
[Aug|l2 0 for 1 <k <wv-—1.

The c’s are defined on Lines 37 and 49 in the algorithm. If ¢;, = qg(kﬂ)d;c with

(k) < n, then k= g, (k) 4197, (k1) AP, (k) (A)BK = Py, (k)+19, (141 ABg, (k1) (A)BK =
Py () 41Pgn (k) - - - P1P1 1 A8k by (4.3), Proposition 2.1(d) and Corollary 3.3 respec-
tively. Since the p’s are nonzero by assumption and pkH+1A§k # 0 by Proposi-
tion 3.2(g), we have ¢ # 0 for 1 < k < v — 1. On the other hand, if ¢, =
qun(k+])wk = qr,{_{l(k+1)A‘ng with rn(k) = n, then ¢x = Qi(k+1)A¢gn(k)+1(A) gL =

Ay (s 1) APy (5+1) (A) Bk = Py, (k) +1Pg, (k) " P1PLL1 AL # 0 by (4.3), Proposition
2.1(d), Corollary 3.3 and Proposition 3.2(g). Therefore, in either case, we always
have ¢ # 0 for 1 < k < v — 1. Moreover, ¢y = qffwy = qif Agj according to Line 2

of the algorithm. Since p; = q; by (3.2) and gy = gy by (4.4), ¢o # 0 by Proposition
3.2(g).

Now that [|Aug|l2 # 0 and py, (k)41 0 for 1 <k <v—1and ¢ #0 for 0 <k <
v —1, Algorithm 4.1 does not break down by zero division in the first v — 1 iterations.
When k = v, up = u, = ¢y, (,)(A)T, =0 and rp = r, = ¢y, (,)+1(A)T, = 0 since
T, = 0 by Proposition 3.2. If it happens that r,(v) = 1, then the x;(= x,) on Line
7 is the exact solution to system (3.1) since its residual u, is zero. So, the algorithm
stops there. Otherwise, the xx(= x,,) on Line 16 will be exact with residual r, = 0
and where the algorithm stops.

Part (a) follows from the definition of ry in (4.3) and Proposition 3.2(a).

Since Tj, # 0 for 1 < k < v — 1 by Proposition 3.2(b) and since —1/p & o(A),
we have ry = ¢4 (k)4+1(A)Tk = (pg, ()+1A + D(pg, A +1I)--- (A +1I)T # 0.
Therefore, Part (b) holds.

For Part (c), write k = jn +n with 0 < j. By (4.3) and Corollary 3.3, we have
ai'ry = Q{{¢gn(k)+1(A)?k = qg((j+1)n+1)¢gn((j+1)n+l)(A)Fk = qﬁ(k+1)¢9n(k+1)(A>?k =
pgn(k+1)pgn(k+1)*1 Pl pkH+1/I'\k = pgn(k)Jrlpgn(k) Pl pkH+1/I‘\k. Now Part (C) follows
from Proposition 3.2(d) and the assumption that the p’s are nonzero.

For the proof of Part (d), we first note that Algorithm 4.1 does not compute uy
when 7, (k) = n (see Lines 13 - 15). Write k = jn+iasin (2.1) andlet 1 <t <i < n.
Then r,(k) = 4, gn(k) = j = gn(jn +t) and r,(jn +t) = t. Now, by (4.3
and Corollary 3.3, we have qfu; = th(bg"(k) (A)ry = qﬁ(jnﬂ)(bgn(jnﬂ)(A)?k =
Pgo (Gntt)Pgn (Gntt)—1 " * P1 PhnstTk = Py (k) P (k)—1 "~ PL P 4Tk Since pil T =0
by Proposition 3.2(d), gffu;, = 0 for 1 < t < i = r,(k). Similarly, g u, =
Pgn(k)Pgn(k)=1 = PL P 1i 1Tk = Py, (k) Pgn (k)—1 - - P1 PR Tk (the validity of this equa-
tion requires ¢ < n). Because of Proposition 3.2(d) and p # 0, qZ_ju; # 0.

Similar to the quantity ug, Algorithm 4.1 does not compute dj, when r,(k) =n
(see Lines 40 - 49). By (4.3), gx — dx = ¢y, (k) (A) 8. Now, the proof of Part (e) is
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parallel to that of Part (d). [

The conditions of py ()41 # 0 and —1/py ()41 & 0(A) can be easily made
satisfied. For example, one can add some small random noise to it after it is computed.

This proposition indicates that exact solution can only be found at iteration k = v.
It is possible, however, ||ry||2 can become very small for some k < v. In practice, we
terminate the algorithm when ||rg||2 falls within a given tolerance.

As in the case of ML(n)BiCG, ML(n)BiCGStab can also encounter an exact or
a near-breakdown in practice. Besides the two types of breakdown described about
ML(n)BiCG, ML(n)BiCGStab has one more type of breakdown caused by p. A
breakdown-free ML(n)BiCGStab algorithm has been developed in [15]. Also, see
[3, 10, 12, 20, 21, 25] and the references therein for look-ahead techniques to cure
breakdowns in Lanczos-type product methods.

5. A Second ML(n)BiCGStab Algorithm. If we write k = jn+i as in (2.1),
the ry defined by (4.4) then becomes

(5.1) Tin+i = Gj+1(A) Tjnti

where i =1,2,---,nand 7 =0,1,2,---.

Starting with & = 1, let us call every n consecutive k-iterations a “cycle”, namely,
iterations k = 1,2, - - -, n form the first cycle, iterations k =n+1,n+2,---,n+n the
second cycle and so on. Then (5.1) increases the degree of the polynomial ¢ by 1 at
the beginning of every cycle. For example, consider n = 3. Then (5.1) implies that

ry = ¢1(A)Ty, ry = ¢2(A)Ty, r; = ¢3(A) T,
ro = ¢1(A)To, r5 = ¢2(A)Ts, rg = ¢3(A)Ts,
r3 = ¢1(A)Ts, re = ¢2(A)Ts, rg = ¢3(A)Ty.

Iteration k& = 4 is the first iteration of the second cycle and the degree of ¢ is increased
from 1 to 2 there.

One can define ry by increasing the degree of ¢ by one anywhere within a cy-
cle. Correspondingly, (we believe) the definition will lead to a different algorithm of
ML(n)BiCGStab. As an illustration, let us increase the degree of ¢ at the end of
every cycle and derive the algorithm associated with it.

5.1. Notation and Definitions. Let ¢5()\) be defined as in (4.1). For k € N,
define

(5.2) Tk = Gg (k1) (A) Ty B = by, (k41) (A8,
u = ¢, (k) (A)Tk, wi = Agy.

and set

(5:3) ro=r9 and gy = go.

The vector ry is considered to be the residual of the approximate solution x; com-
puted. We remark that ry = uy when r,(k) < n since g,(k + 1) = g, (k) in this
case.

Definition (5.2) increases the degree of ¢ at the end of a cycle. To see this, let
n = 3. Then (5.2) yields

r; = ¢o(A)Ty, ry = ¢1(A)Ty, r; = ¢2(A) T,
ro = ¢o(A)Ts, r5 = ¢1(A)Ts, rg = pa(A)Ts,
rs = ¢1(A)Ts, re = ¢2(A)Ts, rg = ¢3(A)To
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5.2. Algorithm Derivation. To derive the algorithm associated with (5.2), we

first transform Algorithm 3.1 (forgetting Lines 1, 2, 5 and 11) into the following ver-
sion which is computationally equivalent to Algorithm 3.1, but is more convenient for
us to apply Proposition 2.1.

© 0N o kD=

,_.
e

11.
12.
13.
14.
15.
16.
17.
18.
19.

S Gt W o=

© =~

10.
11.

12.

Derivation Version #5.

or k=1,2,---, until convergence:
ok = PHTh_1/PH Agr—1;
If rn(k) <n
Tp =Tp 1 — 0 ABr_1;
For s = max(k — n,0),- ~-,gn(k)n -1
ﬂ(k) = _p5+1A (rk + Et max(k—n,0) t(k)/g\t> /pgi-lA/g\éa
End
For s = g, (k)n, -+, k—1
ﬁgk) = _p5+1 (I‘k + Zf“fﬁz kl 1,0) t(k)gt + Zf;;n(k) (k)gt) /ps+1A'gSa
End
8r =Tk + Zglﬂi;ﬁ(k&n}o) (k)/\ s+ Zs gn (k)0 ﬁs gs;
Else
Tp =Tp_1 — 0pABr_1;
For s = g, (k)n, -+, k—1
(k) _ __H = s—1 (k)5 H A .
Bs” = —Psp1A (rk‘ + Et:gn(k)n By gt) /ps+lAg57
End
gr =Tk + Ei:gln(k)n ﬁgk)gs%
End
End

Then we transform DV#5 as follows by Corollary 3.3.

Derivation Version #6.

For k£ =1,2,---, until convergence:
ap = afl ) Gg. ) (A)Tr1/a (1 Adg, (k) (A)BE-1;
If rp(k) <n

By, (k) (AT = by, (k) (A)Th—1 — Ak Ay, (1) (A)Br—1;
For s = max(k —n,0), -, gn(k)n —1

k ~
ﬁg ) = —Qﬁ(sﬂ) (¢gn(8+1)+1(A)rk
s— k ~ ~
1 Pgn(s+1)+1 Zt:rlnax(k—n,o) ﬁt( )A¢gn(3+1)(A)gt) /Pgn(8+1)+1qfi(s+1)A¢gn(3+1)(A)gs;

End
For s = g,(k)n, -,k —1
k
A = - 5(s+1)A (¢gn ) (A)Fk + P0G ) B By o) (AN
+ Zt gn(k)n 6t ¢gn(s+1) gt) /qrn,(<9+1)A¢g"(s+1)(A)gs’
End

~ ~ n(k)n k ~
Dy, (k1) (A)8r = ¢gn(k+1)(A)rk + (Pg, (k1) A +1) 3200 (mix e ,0) B g, (ra1)—1 (A) B+

k o~
>, (k)n g (a1 (A
Else



13.
14.
15.

16.

17.
18.

19.
20. End

Lines 4, 11, 13 and 18, DV#6, were obtained from Lines 4, 11, 13 and 17, DV#5,
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Py (k) (AJTE = g, (1) (A)Tk-1 — QL ADy, (k) (A)BL-1;
Dg,, (k1) (AT = (g, (k1) A + )by, (k11)—1 (A)Tk;
For s = g, (k)n, -, k—1
k .
g )= TI‘{,,(s+1) (¢gn @+1)+1(A)rk+
Pgn(s+1)+1 Zt gn (k)1 ﬂt A¢gn(s+1 (A )@t) /pgn(s+1)+1q7{qn(s+1)A¢gn(s+1)(A)/g\s§
End

Bty ()8R = by, (k1) (A)Fk + (Pg, (k) A + 1) 020 1 B 0, (141)—1 (A)Bsi

End

by multiplying them with ¢4 ()(A) and @4, (14+1)(A) respectively. Line 14, DV#6, is
a direct result of the definition (4.1) of ¢.

AN R

10.
11.

12.
13.
14.
15.

16.

17.
18.

19.
20. End

(5.4)

Now we use Proposition 2.1 to write DV#6 as

Derivation Version #7.

For k =1,2,---, until convergence:
ar = afl )b, ) (A)T1 /A (1) Adg, k) (A)8E-1;
If rp(k) <n

D (k1) (AT = g, (k) (A)Th—1 — ak Ay, (k) (A)Br-1;
For s = max(k —n,0),---,gn(k)n —1

k ~
B = - EL(SH (%n(kﬂ)(A)
+pgn k+1) Zt max(k—n,0) ﬁt A(bgn t+1)( )§t> /pg"(k+1)qu‘{1(s+1)A¢gn(s+l)(A)é\s;
End
For s = g, (k)n, -,k —1
k o (k)n—1 k .
5§ '=- E(SH) <¢9n(k+1)( T+ 320 ;;Z k—n,0) 515 )¢gn(t+1)+1(A)gt
k: o~
+Zt gn(k)n ﬂg )q&gn(t-&-l) gt) /q’r’n(s+1)A¢gn(s+l)(A)gs;
End
o n(k)n—1 k ~
Dy (h41) (A )Rk ¢gn(k+1)(A)rk + (Pg,.(k+1)A +1T) Z:(mz)lx(kfn,o) B 6y, (1) (A)Bs+
k—1 5
2= gn(k)n 864, 41y (A)Es;

Dg, (k) (AT = by, (k) (A)Tk—1 — Ay, (1) (A)BL-1;
bg, (k1) (A)T) = (pgn(k+1)A + 1)y, (k) (A)Tk;
For s = g, (k)n, -,k —

k ~
B" = *qﬁ(sﬂ) (¢gn(k+1)(A)rk+
s—1 k ~ ~
P (k1) Doz (kym Bt )A%n(m)(A)gt) /Pyt ) A7 (1) Ay, (541 (A)Bs;

Else

End
~ N b k N
B, k1) (A)BR = By, (k1) (A)Tk + (g, ks A + D) 2] 4 B b4 (1) (A

End

We remark that the term ¢, (;41)+1(A)g; in the first sum on Line 9 can be further
written as

By (t+1)+1(A)8: = (g, (t+1)+1A + Dby, (141) (A)gt
= (Pgp k1) A + D)y, (141)(A)B:
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Substituting (5.4) and (5.2) into DV#7 then yields a set of updating relations of
the vectors defined by (5.2).

Derivation Version #8.

1. For k=1,2,---, until convergence:
2. A = Qg(k)rkfl/qzi(k)wkfh
3. If r,(k) <n
4. Ty =Tk 1 — QpgWg_1;
5. For s = max(k —n,0),---, gn(k)n —1
6. ﬁgk) = _q'rl‘i(erl) (I‘k T Pgn(k+1) Z:;rlnax(kfn,O) Bt(k)wt) /pgn(k“"l)q’l"Hn(S+1)Ws;
7. End
8. For s = gn(k)n, -,k —1
9. M = g, - (Are+ 50000t o) 80 (g ey A + Dw
T (s =max(k—n,0) 't gn (k+1)

+30, gn(k)n 5t(k)wt) /qu'—i(erl)Ws;
10. End
11. 8k =Tk + Pgn(k+1) g" max(k: n,0) ,B(k)WS + Zgﬂ rfu)a:( kl n,0) 55 gs + Zs =gn(k)n (k)gs;
12. Else
13. U =Tg_1 — QpWg_1;
14. rr = (g, (k+1) A + Dug;
15. For s = g, (k)n, -,k —1
16. gk) = *qﬁ(sﬂ) (I‘k + Py, (k+1) Zi;;n(k)n ﬁt(k)wt) /Pgn(k+1)q,{i(s+1)ws;
17. End
18. gr =Tk + Pgn (k+1) le;gln(k)n gk)wé + Zs gn (k)n (k)gs’
19. End
20. End

DV#38 does not contain any update about wy. For the updates, we multiply the
equations on Lines 11 and 18 by A to get

k n(k)n—1 k
Wk = A<rk + pgn (k+1) Zs max(lc n,0) ﬁg )WS) + Eg:(mz)ix(k—n,O) 65 )Ws
(5.5) b,
+ZS gn (k s Wg
it r,,(k) < n, and
(5.6) Alry + g g B8 W) + 20y A
. Wk = Ty p‘]n(k‘i‘l) s= qn(k)n Wi s= qn(k)n Ws

if r, (k) =n.
Again, we consider ry to be a residual. To be consistent with Lines 4, 13 and 14,
we update the solution vector xj as

(5.7) X — { Xp—1 + 08r—1, if rn(k) <n
' —Pgn(k+1)Uk + Xp—1 + QL8L—1, if 7, (k) = n.

Now adding (5.5), (5.6) and (5.7) to DV#8 and simplifying the operations appropri-
ately, we then arrive at the following algorithm. The free parameter p, (1) is chosen
to minimize the 2-norm of ry.
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ALGORITHM 5.1. ML(n)BiCGStab without preconditioning associated
with definition (5.2)

1. Choose an initial guess xg and n vectors qi,qz, ", An -
2. Compute ro = b — Axg and gy = ro, Wo = Ago, co = qifwy.
3. Fork=1,2,---, until convergence:

4 ap =af re-1/cr-1;

5 Ifrp(k) <n

6. X = Xp—1 + Qp8r—1;

7. T =Tp_1 — QWi_1;

8 Zy =Tk, Bk = 0;

9. For s = max(k — n,0), -, g, (k)n — 1
10. gk) = 7q7{{n(5+1)zw/(pgn(k-‘rl)cs);
11. Zoy = Zoy + pgn(k-i-l)/gsk Wy,

12. g =g + 0" g,

18. End

14. 8k = 8k + Zuw;

15. Wi = Agk,'

16. For s = gn(k)n, -, k—1

17. 5£k) = _qg”(s_i_l)wk/cs;

18. Wi = Wi + s Wg;

19. gr =g+ 0.

20. End

21.  Else

22. X = Xg—1 + 0k8r—1;

25. U =rip_1 — QpWg_1,

24. Pgn (k1) = —(Aug)Tuy /|| Aug|3;
25. X = X — pgn(k_,_l)uk;

26. r, = pgn(k+1)Auk + ug;,

27. Zyw =Tk, 8k = 05

28. For s = gn(k)n, -, k—1

29. gt = _qg(s+1)zw/(pgn(k+1)cs)f'
30. Zoy = Zoy + pgn(k+1)ﬁsk)ws;

31. gr =g + 0 g

32. End

33. 8k = Zw + 8k;

34. wy = Agy;

35. FEnd

36. ¢ = qfn(k+1)wk,'

37. End

We remark that (i) the algorithm does not compute ug when 7, (k) < n. In fact,
uy = r; when 7, (k) < n (see the remark right after (5.2)); (ii) if the u on Line 23
happens to be zero, then the x; on Line 22 will be the exact solution to system (3.1)
and the algorithm stops there.

The cost and storage requirement, obtained from its preconditioned version,
Algorithm 9.2 in §9, are listed in Table 5.1. Compared to Algorithm 4.1, Algo-
rithm 5.1 saves about 20% in saxpy. Since only three sets of vectors {qi,...,qn},
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TABLE 5.1
Average cost per (k-)iteration step of Algorithm 9.2 and its storage requirement.

I
Preconditioning (M~1v) 14— Vector addition (u =+ v) 1
n
1 2
Matvec (Av) 14— Saxpy (u+ av) 2n + 2+ —
n n
2
dot product (ufv) n+1+— Storage A+ M+ (3n+5)N + O(n)
n
{8k—n,---,8k—1} and {Wg_p,...,wr_1} are needed in iteration k, the storage is

about 3nN besides storing A and M.

Numerical experiments have showed that Algorithm 5.1 converges faster than
Algorithm 4.1 in general in terms of time. However, a disadvantage of the algorithm
is that the computed relative error ||ri||2/|/b||2 easily diverges from the exact error
b — Axyll2/||bll2 (see §7), especially when n is not small.

5.3. Properties. We summarize the properties about Algorithm 5.1 below.
Their proofs are similar to those in Proposition 4.2. Since rg = T by (5.3), v is
also the degree of the minimal polynomial of ry with respect to A.

PROPOSITION 5.2. Under the assumptions of Proposition 3.2, if py, (k41) # 0
and —1/pg, 41y € 0(A) for 1 < k < v — 1, where o(A) is the spectrum of A,
then Algorithm 5.1 does not break down by zero division for k = 1,2,---,v, and the
approzimate solution x, at step k = v is exact to the system (3.1). Moreover, the
computed quantities satisfy

(a) xi € xo 4 span{rg, Arg,..., A9 F+DHE=1r Y and rp = b — Axp € 1o +

span{Arg, Arq, ... AInF+tD+ Y for 1 <k <v —1.

(b)) rp, #0 for 1 <k<v-—1;r,=0.

(c) v, L span{qi,qz, - ,qr, ()} and vx L Qp ()41 for 1 < k < v —1 with

ra(k) <n;ri Lo forl <k <v—1withr,(k) =n.

(d) ui L span{qi,qz, - -,qn} for 1 <k <wv with r,(k) =n.

(6) Agk 1 Sp(m{Qh(l% T 7q7'n(k:)} and Agk -;‘}i qr,, (k)+1 fO’I’ 1<k <v—1with

rn(k) <n; Agr L a1 for 1 <k <v—1 withr,(k) =n.

6. Relations to Some Existing Methods. In this section, we discuss the
relations of ML(n)BiCGStab with the FOM, BiCGStab and IDR(n) methods under

the exact arithmetic environment.

6.1. Algorithm 4.1.
1. Relation with FOM[19]. Consider the case where n > v. In this case, g, (k) =
0 and (k) = k for k = 1,2,---,v. Hence px = qi by (3.2). If we choose
qr = Ti—1 in Algorithm 3.1 (it is possible since T is computed before g
is used), then the X; and Tj computed by the algorithm satisfy

X} € Xo + span{ty, ATy, ..., AF17},
(6.1) - QI ~
T L span{ro,T1,...,Tr-1}

for 1 < k < v by Proposition 3.2(a), (d). (6.1) is exactly what the FOM ap-
proximate solution x,f OM peeds to satisfy. Therefore, when n > v and with

the choice qi = Tj_1, Algorithm 3.1 is mathematically equivalent to FOM.
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Now, from (4.3), the ry computed by Algorithm 4.1 satisfies
ry = ¢g, (k)+1(A)Tr = 01(A) T = (01 A +I)T%.
Thus, for 1 < k < v, ry, is the factor p1 A + I times the FOM residual T,.°

2. Relation with BiCGStab[30]. When n = 1, we have g, (k) = k—1 and r,, (k) =

1 for k € N. Hence py = (AH)k_1 q: by (3.2). By Proposition 3.2(a) and
(d), the Xx and Ty computed by Algorithm 3.1 satisfy

(6 2) { )/Ek S 20 + span{?o, A/fo, . 7AAkili‘\o}
. N k—1

ry 1 Span{qla Aqua ceey (AH) ql}
for 1 <k < v. (6.2) is exactly what the BiCG approximate solution x2?¢¢
needs to satisfy. Therefore, when n = 1, Algorithm 3.1 is mathematically
equivalent to BiCG.

Now, from (4.3), the r; computed by Algorithm 4.1 satisfies

rr = g, (k) +1(A) Tk = dr(A) Ty

which is exactly the definition of the BiCGStab residuals. Thus Algorithm
4.1 is mathematically equivalent to BiCGStab when n = 1.

3. Relation with IDR(n)[29]. Write k¥ = jn + 4 as in (2.1) with 1 < 4
n,0 < j. Let Go = K(A,rg) be the complete Krylov space and let S
Span{qu q2, - 7qn}L' Define

Giv1 = (pj+1A +1)(G; NS) = (pg, (1A +1)(G; NS)
for j =0,1,2,---. By (4.3), we have

[ IA

Cinti = Qi1 (A)Tinti = (pj11A + 1)Qj(A)Tjnpi = (pjr1A +Dujpy.

From Proposition 4.2(d), Wjnti £ qit1 if ¢ < n. Hence uj,4; € G; NS and
therefore rj,4;  Gj4+1 when ¢ < n. From this point of view, Algorithm 4.1 is
not a IDR(n) algorithm.

However, if we regard rj,4; with 1 <4 < n as auxiliary vectors and instead,
consider the followings as residuals

(63) Win+1, 5 Wingn—1, Tjnin

where j =0,1,2,---. Then Algorithm 4.1 is a IDR(n) algorithm. In fact, by
Corollary 3.3 and Proposition 3.2(d), we have

Gt (A)Tjpyi €S ifl<i<nand0<t<y,
Ht(A)Tjpyn €S ifo<t<y.

5Tn [35], a remark immediately following Theorem 4.1 states that, when n > v and with the
choice that q1 = ¢1(AH)¢1(A)rg and qr = ¢1(AH)r,_ for k > 2, the x;, and rj, computed by
Algorithm 2 (which is mathematically equivalent to Algorithm 4.1 of this paper) will satisfies (6.1)
and therefore Algorithm 2 is a FOM. The argument there of this remark is not correct. The author
remembers that the referees of [35] were skeptical about that argument.
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Thus,

O(A)Tjnyi €G NS ifl<i<nand0<t<y,
d)t(A)i‘\jn_A,_n €eg:nNs if0<t< J-

Therefore, by (4.3),

Wjnii =T € Go if1<i<n,j=0,
(64) Wjn4i = (ij + I)(bj—l(A)?jn-Q—i S Qj ifl<i<n,1< 7,
Cintn = (Pj+1A + 1)@ (A)T)n1n € Gy

So, the residuals in (6.3) lie in the G’s.

That (6.4) holds becomes quite obvious if one applies the following result
from [23] and Proposition 3.2(d),

The relation between ML(n)BiCGStab and IDR(n) was also discussed in
details in [29].
6.2. Algorithm 5.1.
1. Relation with FOM. When n > v, g,(k) =0 and r,(k) =k for 1 < k <wv

and Algorithm 3.1, with the choice qi = Tj_1, is a FOM algorithm as seen
in §6.1. Now, from (5.2), the ry computed by Algorithm 5.1 satisfies

Ty = Qg (k1) (A) Tk = ¢o(A) T}, =T}
Thus Algorithm 5.1 is a FOM algorithm when we set q; = ri_1.

2. Relation with BiCGStab. When n = 1, we have g, (k) =k —1 and r, (k) =1
for k € N and Algorithm 3.1 is a BiCG algorithm. Now, from (5.2), the rj
computed by Algorithm 5.1 satisfies

rr = ¢g, (k1) (A) T = Op(A) Ty,

which is exactly the definition of the BiCGStab residuals. Thus Algorithm
5.1 is mathematically equivalent to BiCGStab.

3. Relation with IDR(n). Write k = jn+1i asin (2.1) with 1 <47 <n,0 < j. By
(5.2), we have

R 65 (AT s if1<i<n,
Tjnti = Pg,, (jntit1) (A)Tjni = { d)j-frl()Aj)/f;nH if i = n.

Thus, (6.5) and Proposition 3.2(d) yield

R o/ if1<i<n,
Jnti gj+1 if i =n.

So, the residuals computed by Algorithm 5.1 lie in the G’s and therefore it is
a IDR(n) algorithm.
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7. Implementation Issues. A preconditioned ML(n)BiCGStab algorithm can
be obtained by applying either Algorithm 4.1 or Algorithm 5.1 to the system

AM 'y =b

where M is nonsingular, then recovering x through x = M~'y. The resulting al-
gorithms, Algorithm 9.1 and Algorithm 9.2, together with their Matlab codes are
presented in §9.1 and §9.2 respectively. To avoid calling the index functions r, (k)
and g, (k) every k-iteration, we have split the k-loop into a i-loop and a j-loop where
i,7,k are related by (2.1) with 1 < i < n,0 < j. Moreover, we have optimized the
operations as possible as we can in the resulting preconditioned algorithms.

Since we have compared ML(n)BiCGStab with some existing methods in [35], we
will only concentrate on the performance of ML(n)BiCGStab itself. The following
test data were downloaded from Matrix Market.®

1. e20r0100, DRIVCAV Fluid Dynamics. e20r0100 contains a 4241 x 4241 real
unsymmetric matrix A with 131,556 nonzero entries and a real right-hand
side b.

2. qc2534, H2PLUS Quantum Chemistry, NEP Collection. ¢c2534 contains a
2534 x 2534 complex symmetric indefinite matrix with 463,360 nonzero en-
tries, but does not provide the right-hand side b. Following [23], we set
b=A1with1=][1,,1,---,1]7.

3. utm5940, TOKAMAK Nuclear Physics (Plasmas). utm5940 contains a 5940 x
5940 real unsymmetric matrix A with 83, 842 nonzero entries and a real right-
hand side b.

Experiments were performed in Matlab Version 7.1 on a Windows XP machine
with a Pentium 4 processor. ILU(0) preconditioner (p.294, [18]) has been used in all
the experiments. For e20r0100, the U-factor of the ILU(0) decomposition of A has
some zeros along its main diagonal. In that experiment, we replaced those zeros with
1 so that the U-factor was invertible.

In all the experiments, initial guess xy = 0 and stopping criterion was

e ll2/Ibll2 < 1077

where ry is the computed residual. Except where specified, auxiliary vectors Q =
[d1,4d2, -, qQy] are chosen to be Q = [ro, randn(N,n — 1)] for e20r0100 and utm5940
and Q = [ro,randn(N,n — 1) + sqrt(—1) * randn(N,n — 1)] for qc2534.
Moreover, for the convenience of our presentation, we introduce the following
functions:
(a) Teonw(n) is the time that a ML(n)BiCGStab algorithm takes to converge.
(b) Iconw(n) is the number of iterations that a ML(n)BiCGStab algorithm takes
to converge.
(¢) Titer(n) := Teonv(n)/Ieonw(n) is the time per iteration of a ML(n)BiCGStab
algorithm.
(d) E(n) :=||b — Ax||2/||b||2 is the true relative error of x where x is the com-
puted solution output by a ML(n)BiCGStab algorithm when it converges.

6http://math.nist.gov/MatrixMarket /data,/
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7.1. Stability. We plot the graphs of I.ony(n) in Figures 7.1(a), 7.2(a) and
7.3(a). For e20r0100 and qc2554, Iconv(n) decreases as n increases. However, the
Teony(n) for utm5940 behaves very irregularly due to some of the p’s are too small.
Recall that ML(n)BiCGStab performs 1 + 1/n matrix-vector multiplications (MVs)
per iteration on average. In terms of the number of MVs, both Algorithms 9.1 and 9.2
are still considerably faster than BiCGStab. BiCGStab required 455 M Vs to converge.

340

w
N
S

w
S
3

N
@
3

N
3
=}

240

E20R0100 3 E20R0100
T 10° T
e 107" solid
1o 4 Algorithm 9.1: x-mark
107 4
o Algorithm 9.2: o-mark o
o
BiCGSTAB: dashed
[ Algorithm 9.1: x-mark 1 o °
) . - ° ]
Algorithm 9.2: o-mark % 10 o . o °
2 © ° 00
[ o q § Oo o O © o
o o g o o o
£ 10 o o e
X x o o) & ° o OO
F % o 7 o ©9 oo ® %
O o @ &P o o [e]
x o o o o
0 ¥R, x o % AR ° ®
OO 10
L Q2 ° il Q"@G“’O o‘%’”o o :gb;;x X&Otx g 05X Xoge XX x&xxx X o, XX Xxxxx R
o %Qé - ; o R X x x x .
X x M x
L L L L L L L L L 10 8 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Parameter n (a) Parameter n (b)

Fi1G. 7.1. e20r0100: (a) Graphs of Iconv(n) against n. BiCGStab took 2620 iterations/5240
matriz-vector multiplications (MVs) to converge. Full GMRES converged with 308 MVs; BiCGStab:
dashed, Alg. 9.1: z-mark, Alg. 9.2: o-mark. (b) Graphs of E(n) against n. 10~7: solid, Alg. 9.1:
z-mark, Alg. 9.2: o-mark.
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F1G. 7.2. qc2534: (a) Graphs of Iconv(n) against n. BiCGStab took 329 iterations/658 matriz-
vector multiplications (MVs) to converge. Full GMRES converged with 439 MVs; BiCGStab: dashed,
Alg. 9.1: x-mark, Alg. 9.2: o-mark. (b) Graphs of E(n) against n. 1077 : solid, Alg. 9.1: z-mark,
Alg. 9.2: o-mark.

The graphs of E(n) are plotted in Figures 7.1(b), 7.2(b) and 7.3(b). It can be
seen that the computed ry in Algorithm 9.2 easily diverges from its exact counterpart
b — Axj. This divergence becomes significant when n > 15 for e20r0100 and n > 4
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Fic. 7.3. utmb940: (a) Graphs of Iconv(n) against n. BiCGStab took 228 iterations/455

matriz-vector multiplications (MVs) to converge. Full GMRES converged with 176 MVs; BiCGStab:
dashed, Alg. 9.1: z-mark, Alg. 9.2: o-mark. (b) Graphs of E(n) against n. 10~7: solid, Alg. 9.1:
z-mark, Alg. 9.2: o-mark.

for utm5940. By contrast, the computed relative errors |ry|l2/||bll2 by Algorithm
9.1 well approximate their corresponding true ones. Thus, from this point of view,
we consider that Algorithm 9.1 is numerically more stable than Algorithm 9.2. We
remark that the issues of divergence of computed residuals and corresponding remedy
techniques have been discussed in details in [26, 32].

7.2. Choice of n. In this and the following subsections, we will focus on Algo-
rithm 9.1.

ML(n)BiCGStab has a free parameter n. It is ideal that n is chosen such that
both Titer(n) and Ieony(n) are the smallest. Since, however, it is difficult to pre-
dict the overall behavior of ML(n)BiCGStab on a problem at the point of interest,
minimization of I.on,(n) is almost impossible. In fact, there are some cases where
ML(n)BiCGStab does not converge for all the n’s. In the following, we therefore only
make an effort on the minimization of Tjie(n).

A ML(n)BiCGStab algorithm mainly involves three types of operations: pre-
conditioner system solving and matrix-vector multiplication (AM~!v), dot product
(u’v), and saxpy operation (u + av). The algorithm requires 1 + 1/n of AM~1v
per iteration on average. For smaller values of n, the overall computational effort is
dominated by AM™~'v, and as n is increased, the computations of ufv and u + av
will start to take dominant. Therefore, the graph of Tj.,-(n) should have a parabolic
shape, as illustrated in Figures 7.4(a), 7.5(a), 7.6(a). As a result, the minimizer n,p;
of Tyter(n) always exists. For a comparison, we also plot the graphs of Teony(n) in
Figures 7.4(b), 7.5(b) and 7.6(b). It is clear that n,,, does not necessarily minimize
Teonv(n). In fact, there is no absolute connection between n,,; and the minimization
of Teonw(n).

No general formula is available for determining n., because n,, depends on
the problem, the coding language, the computer and etc.. In §9.1, we present a
Matlab function time_per_iter.m which estimates the value of Tj..(n) at any given
n. Note that one j-loop of Algorithm 9.1 contains n iterations — the algorithm
computes Xjp41,Xjn+2, " Xjnt+n i & j-loop. In more detailed, Lines 4-10, 60-75
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TABLE 7.1
Performance of find-n.m plus Algorithm 9.1. In this experiment, we set n_step = 10 and
n-omaz = 10 x* n_step for find-n.m. The 3rd column is the number of nonzero entries in A, the
4th is the n found by find_-n.m, and the next four columns are the times and MVs required by the
algorithms to converge.

Title Size (N) | # non-zeros find_n.m + Alg. 9.1 BiCGStab
n_| Time (secs) [ MVs Time (secs) [ MVs
e20r0100 4241 131,556 12 3.36 16 4 574 25.69 5240
qc2534 2534 463, 360 12 5.05 16 + 252 11.04 658
utmb5940 5940 83,842 12 1.56 16 + 243 2.22 455
compute X;,41 with two AM~'v and Lines 12 - 58 compute Xjnt2, " Xjntn With

one AM™!v for each of them. In time_per_iter.m, the operation times for running
Lines 4-10, 60-75, 12-58 with ¢ = 1 and 12-58 with ¢ = n—1 are stored in ¢t_11,¢_12,¢_2
and t_n respectively. Thus, the time to compute x;, 11 is t-11 +¢_12 and the times to
Xjnt2 and X, 4, are t_2 and t_n respectively. time_per_iter.m then takes the average
(t-2+tn)/2 as a guess to the time of computing each of Xjn19, -, Xjn4n. S0, the
time to complete one j-loop is about t-11 +¢_12+ 0.5(n — 1)(¢-2 + t_n) and therefore
the time for each iteration is roughly [¢t-11 + ¢_12 + 0.5(n — 1)(¢-2 + ¢t_n)]/n. The
function time_per_iiter.m requires four AM™!'v to implement.

Finding the minimizer nops of Tiser(n) is an one-dimensional minimization prob-
lem. Any optimization technique for one-dimensional problems can be applied. The
function find_n.m in §9.3 takes a simple idea. It searches for n,,; in an user-provided
interval [1,n_-maz]. find-n.m first constructs an interval [nl,nd] that contains np.
It then picks two points n2,n3 from [nl,n4] and computes the values of T, at
the points nl,n2,n3 and nd by time_per_iter.m. Then, find_n.m fits a quadratic
polynomial p(t) to the four data points {(nl, Titer(nl)), -, (n4, Titer(nd))} in the
least-squares sense. The polynomial p(t) has a minimum in the interval [n1,n4]. This
minimum, rounded to an integer, is the output of find_n.m as an estimate of ngp;.

We can combine find_n.m and a ML(n)BiCGStab algorithm to form a new al-
gorithm. The performance of this new algorithm is demonstrated in Table 7.1. Also,
a sample implementation is presented in §9.4.

Finally, we remark that Algorithm 9.2 is faster than Algorithm 9.1 in our exper-
iments in terms of time in general.

7.3. Choice of p. The standard choice for the p;;; in Algorithm 9.1 is
(7.1) pit1 = —(AUjni1) i1 /|| A4 [[3-

This choice of pj;1 minimizes the 2-norm of rjn41 = pj+1AUjp41 + Wjny1, but some-

times can cause instability due to that it can be very small during an implementation.

A remedy as follows has been suggested in [24]:

pit1 = —(Aljpi1) i1 /[ Al ][5

(7.2) w = (A4 )" Wt /(AT 0t |2 [t ]l2);
if |w[ <K, pj+1=Kpjp1/|w]; end

where & is a user-defined parameter. In Figures 7.7(a)(b), we compare the perfor-
mances of Algorithm 9.1 with (7.1) and (7.2) respectively (we only plot the results
of gc2534 and utm5940. The result of e20r0100 with x = 0.1 is similar to Figure
7.7(a)). Also, see the numerical experiments in [29] for more information about these
p choices.
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Fic. 7.4. e20r0100: (a) Graph of Titer(n) of Algorithm 9.1 against n. Titer(n) reaches its
minimum at n = 7. The o-marks are the estimates of the values of Tjter(n) at n = 1,5,10,20
obtained by time_per_iter.m. The solid curve is the graph of the quadratic polynomial that fits the
o-marks in the lease-squares sense. The minimizer of the polynomial, rounded to an integer, is the
estimate of nopt output by findmn.m; Alg. 9.1: z-mark, estimate: o-mark. (b) Graph of Teonv(n)
of Algorithm 9.1 against n. Teonv(n) reaches its minimum at n = 22. |} in the figure marks the
estimate of nopt obtained by find-n.m.
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Fia. 7.5.

qc2584: (a) Graph of Titer(n) of Algorithm 9.1 against n.

50
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Titer(n) reaches its

minimum at n = 8. The o-marks are the estimates of the values of Titer(n) at n = 1,5,10,20
obtained by time_per_iter.m. The solid curve is the graph of the quadratic polynomial that fits the
o-marks in the lease-squares sense. The minimizer of the polynomial, rounded to an integer, is the
estimate of nopt output by findn.m; Alg. 9.1: z-mark, estimate: o-mark. (b) Graph of Teonv(n)
of Algorithm 9.1 against n. Teonv(n) reaches its minimum at n = 8. | in the figure marks the
estimate of nopt obtained by find_n.m.

7.4. Choice of q’s. We usually pick Q = [q1,q2,- -

(7.3)
for a real problem and

(7.4)

, Q] as

Q = [rg, randn(N,n — 1))

Q = [rg, randn(N,n — 1) + sqrt(—1) x randn(N,n — 1))
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Fic. 7.6. utmb5940: (a) Graph of Titer(n) of Algorithm 9.1 against n. Titer(n) reaches its
minimum at n = 7. The o-marks are the estimates of the values of Titer(n) at n = 1,5,10,20
obtained by time_per_iter.m. The solid curve is the graph of the quadratic polynomial that fits the
o-marks in the lease-squares sense. The minimizer of the polynomial, rounded to an integer, is the
estimate of nopt output by find-n.m; Alg. 9.1: z-mark, estimate: o-mark. (b) Graph of Teonv(n)
of Algorithm 9.1 against n. Teonw(n) reaches its minimum at n = 6. | in the figure marks the
estimate of nopt obtained by find-n.m.
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Fic. 7.7. (a) qc2534: Graphs of Iconv(n) of Algorithm 9.1 against n with choices (7.1) and
(7.2) for p respectively. In this experiment, we picked k = 0.7. p with (7.1): z-mark, p with (7.2):
o-mark. (b) utm5940: Graphs of Iconv(n) of Algorithm 9.1 against n with choices (7.1) and (7.2)
for p respectively. In this experiment, we picked k = 0.7. p with (7.1): z-mark, p with (7.2): o-mark.

for a complex problem. In our experiments, however, we observed a comparable
performance when we chose

(7.5) Q = [ro, sign(randn(N,n — 1))].
(7.6) Q= [rg, sign(randn(N,n — 1)) + sqrt(—1) * sign(randn(N,n — 1))].
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See Figures 7.8(a)(b) (we only plot the results of ¢c253/ and utm5940. The result of
e20r0100 is similar to Figure 7.8(a)).

The advantages of (7.5) and (7.6) over (7.3) and (7.4) are that (i) the storage of
Q is substantially reduced. In fact, we just need to store the random signs (except
its first column); (ii) an inner product with q;, 2 < i < n, is now reduced to a sum
without involving scalar multiplications.

For other choices for Q, one is refered to [29].
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FiG. 7.8. (a) qc2534: Graphs of Iconv(n) of Algorithm 9.1 against n with choices (7.4) and
(7.6) for Q respectively. Q with (7.4): z-mark, Q with (7.6): o-mark. (b) utm5940: Graphs of
Iconv(n) of Algorithm 9.1 against n with choices (7.8) and (7.5) for Q respectively. Q with (7.3):
z-mark, Q with (7.5): o-mark.

8. Conclusions and Remarks. With the help of index functions, we re-derived
the ML(n)BiCGStab algorithm in [35] in a more systematic way. We believe the
derivation here is more transparent. Indeed, we have been able to find out some
redundant operations existing in the algorithm in [35] and realized that there are
at least n ways to define the ML(n)BiCGStab residuals ry. We believe a different
definition of ry will lead to a different algorithm. We demonstrated two definitions
together with the derivations of their associated algorithms, namely, (i) definition
(4.3) that increases the degree of ¢ at the beginning of an iteration cycle and results
in Algorithm 4.1; (ii) definition (5.2) with the degree of ¢ increased at the end of a
cycle, resulting in Algorithm 5.1. A comparison of the two algorithms showed that
Algorithm 5.1 is cheaper in storage and computational cost, faster to converge, but
the computed residuals ry can easily diverge from their corresponding true residuals,
except that n is small. For a definition of ry that increases the degree of ¢ somewhere
within a cycle, we expect that the cost, storage and performance of the associated
algorithm would lie between those of Algorithms 4.1 and 5.1.

Based on the experiments in this paper, we observed that there are two situa-
tions on which ML(n)BiCGStab may be able to improve BiCGStab in terms of time:
(i) BiCGStab behaves less stable on a problem. As n is increased, the stability of
ML(n)BiCGStab (especially Algorithms 4.1) will increase; (ii) the time to compute a
AM v is significantly greater than the time to compute a dot product and a saxpy.
In this case, one can increase n appropriately to reduce the number of AM~'v per
iteration in ML(n)BiCGStab. On the other hand, however, ML(n)BiCGStab reduces

100
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the residuals only once every n iterations. This could be a disadvantage in an appli-
cation. When this happened, small n should be suggested.

In §7, we discussed in details on the choices of n, p and qi,---,q,. We also
summarized the properties of ML(n)BiCGStab and discussed its relations to some
existing methods. In the case where (3.1) is a real system, n = 1, q; is random
with iid elements from N(0,1) and the free parameter p is selected to be nonzero, we
proved that ML(n)BiCGStab (or equivalently, BiCGStab in this case) almost surely
works without breakdown by zero division to find a solution from the affine space
xo+ span{A'ro|t € Ny} provided that x is chosen such that the affine space contains
a solution to (3.1)7.

9. Appendix. In this section, we present preconditioned ML(n)BiCGStab al-
gorithms and related Matlab codes.

9.1. ML(n)BiCGStab Associated with (4.3) and Related Codes. The
following algorithm is a preconditioned version of Algorithm 4.1.

ALGORITHM 9.1. ML(n)BiCGStab with preconditioning associated with
definition (4.3).

1. Choose an initial guess xg and n vectors qi1,qz, "+ ,An-
2. Compute rg = b — Axg and set gg = rg.
Compute gy = Mgy, wo = Ago, co = qifwy and eg = qiirg.
3. Forj=0,1,2,---
4 Qjn41 = e(j—l)n-{—n/c(j—l)n—&-n;
5. Win+1 = TGi—1)nt+n — ajn+1w(j 1)n+ns
6 X]n+1 = X(j— 1)n+n + a]nJrlg(j 1n+ns
7. ujn-i-l M_ u]n+1;
8. pj+1 = —(AWjns) W1 /[ AT [[3:
9. Xjn41l = Xjnt1 — Pj+1Wjnt1;
10. Tjint1 = pj+1Aﬁjn+1 + Wjn41;
11. Fori=1,2,---,n—1

12. finti = al \Wjngi;
13. Ifi>1
n—+1
14 ﬂ((j 1 ,,)LJM fjn+’b/c(j 1)n+is
15. If i § n—2
+
16. Zq = Wjn+i 1 ﬂ(; 1)7)L+1d(] Dn+is
17. jnti = 5&”?)2“3(1 Lyn+is
_ plinti)
18. ﬁ(; 1)n+ZW(J 1)n+is
19 B(J"+2) H / X .
: (G—1)n—+i+1 — q1+2 d/ C(j—1)n+it+1
20. Fors=i+4+1,---,n—2
21. Zq = Zq + ﬁ((;n—l‘r;i_;'_sd(] 1n+ss
n+1i
22. 8jn+i = Gjnti + ﬂ(; 1 31+Sg(] 1)n+ss
in—+1

23. Zoy = Zy + B(j 1 »2L+S W(i—1)n+ss

n+z .
24 5(? Dnts+l — qs+2zd/c(jfl)n+s+1’
25. End

"pmin(0, A, rg) # 0 iff the affine space x¢ + span{Atrg|t € Np} contains a solution to (3.1).
For an example where the affine space contains no solution, consider A = [0,1;0,0],b = [1,0]T and
xo = [1,0]7.
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i
8in+i = 8jn+i + ﬁ(§i1)171+n,1g(j—1)n+n—l;.

(Jn+1)
Zyy = Zyy + ﬁ] 1)n+n— ]_W(j 1)n+n— 15
Zyw = Tjn4i + Pj4+1Zw;
FElse

+
g]nJrZ:ﬂ((]]nl)?)H,n 1g(] n+n—15
+
Zoy rgn+z+ﬂj+1ﬁ(jn1)n+n 1WGE-Dn+n—1,

End

In-+i
ﬂ((;—l)r)z-‘rn = _q{iz,w/.(pﬁlc(jfl)nﬂ);
Zy = Zoy + Py+15(j"1r;i+nw(] Dntns

+
8in+i = 8jn+i +Zy + 5 jjnl)l:Hrng(j 1)n+ns

Else
n+z
ﬂ(j Dntn = _q{{r]n+l/(pj+1c(jfl)n+n)7'

(gn+4) .
Zy = Tjpii+ Pﬁ-lﬂ (G=DntnW(GE—1)n+n;

+
8in+i = Zw + ﬂ(jn12+ng(] 1)n+ns

End
Fors=1,---,i—1
i
ﬂj(?n’rjrsl) = _qg,-lzw/cjn—i-a;
(gn+1)

8in+i = Bjn+i T B; ints Sjn+ss
Zy = Zw 6](zli+sl ]n+57

End

Ifi<n-—1

djnti = 2w — Wjnyi;
Cinti = qz+1d]n+27
ajnJriJrl fjnJrz/CjnJr'u
ujn+i+1 - ujnJrz a]n+z+1d]n+z;
Else
Cin+ti = qu(zw - lljn+z');
Qjntitl = fijnvi/Cintis
End
Cinti = M 1gjnpi;
Winti = A8jnti;
Xjntitl = Xjnti + Pj+10n4it18 ntis
Tintitl = Tjnti — pj+1&jn+i+1wjn+i;

End

63
B

V4

H .
n+n — ql rjnJrn;
(nt+n) .
j—1)n+n — 76j”+”/(pj+1c(j—1)"+")’

(gn+n) .
w = Cjnin + pg+1ﬂ (Gj—1 n+nw(j—1)n+n;

(jn+n)

8in+n = Zyw + ﬂ(j 1 n+ng(J n+ns

If

n>2

(jn+n) _ H .
ﬁjnJrl = —q3 Zw/cj’fl-‘rh

Fors=1,---,n—2
(jn+n)

8in+n = jntn + ﬁ]n—i—s gints;
6(]n+n

Zy = Zoy + in4s ]n—i—s;’
(jnt+n) _ .
ﬁjn+s+1 - _qs+2zw/cjn+5+1’

% Qjntit1 = Qjntit1/Pjt1

% Qjntitl = Qjntit1/Pj+1

33
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70. End
) . (Gntn) .
71. gjn-i—n - gjn+n + ﬂjn+n71g]n+n—17
72. FEnd
73. gjn—&-n = legjn—&-n;
74 Win4n = Agjn—l-n;'
75, Cijngn = A7 Wjngn;
76. End

S I o

0 W W WWWWWWWNNoNoNDNDNNDNDNDN RO
COX IS TR O RSO R IS ERBRN RO OR AR p W=D

A sample Matlab code of Algorithm 9.1 is provided as follows.
Code #1: Matlab code of Algorithm 9.1

function [z, err,iter, flag] = milbicgstab(A, z,b, Q, M, max _it, tol)

%
%
%
%
%
%o
%

%
%
%
- %
%
%
%
%
- %
- %
%

input: A  N-by-N matrix
M  N-by-N preconditioner matrix
@  N-by-n auxiliary matrix [qi, -, qpn]
x initial guess
b right hand side vector
max_it  (integer) maximum number of iterations

tol  error tolerance
output: x solution computed
err error norm
iter  (integer) number of iterations performed
flag (integer): 0 = solution found to tolerance
1 = no convergence given max_it
-1 = breakdown
storage: D N X (n — 2) matrix defined only when n > 2
G,QW N x n matrices
A M N x N matrices
z,r,gt,u,ut,z,b ——— N x 1 matrices
c 1 X n matrix

N = size(A,2); n = size(Q,2);

G = zeros(N,n); W = zeros(N,n); % initialize workspace for d, g, w and ¢
if n>2, D=zeros(N,n—2); end

¢ = zeros(1,n); % end initialization

iter = 0; flag = 1; bnrm2 = norm(b);
if bnrm2 == 0.0, bnrm2 = 1.0; end

r=>b— Axux; err = norm(r)/bnrm2;
if err < tol, flag =0; return, end

G(:;,n)=r; gt = M\r; W(i,n) = Ax*g.t;
c(n) = Q(:;, 1)" * W(:, n);

(n) ==0, flag= —1; return, end
e = Q1) 47

for j = 0: maz_it
alphaa = e/c(n);
x = x + alphaa * g_t;
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u=r — alphaa * W(:,n);
err = norm(u)/bnrm2;
if err < tol, flag = 0; iter =iter + 1; return, end

ut=M\u; z=Axut; rhoo=z"xz;
if rhoo == 0, flag = —1; return, end
rhoo = —2'  u/rhoo;

x =x — rhoo*u_t;

r = rhoo * z + u;

err = norm(r)/bnrm2;

iter = iter + 1;

if err < tol, flag =0; return, end

if iter >= max_it, return, end

r¢ = rhoo x ¢(n);
if rc==0, flag = —1; return, end
fori=1:n—-1

F=QGi+1)*xu

itj>=1
betaa = —f /c(i);
ifi<=n-2

D(:,i) = u+ betaa x D(:,1);
G(:,1) = betaa * G(:,1);
W (:,4) = betaa * W (:,1);
betaa = —Q(:,i+2) * D(:,1)/c(i + 1);
fors=i+1:n—-2
D(:,i) = D(:,i) + betaa = D(:, s);
G(:,i) = G(:,1) + betaa * G(:, 8);
W(:,4) = W(:, i) + betaa x W(:, s);
betaa = —Q(:, 5+ 2)" « D(:, 1) /c(s + 1);
end
G(:,1) = G(:,1) + betaa * G(:,n — 1);
W(:,4) = W(:, i) + betaa « W(:,n —1);
W (:,4) = r 4+ rhoox W(:,1i);
else
G(:,i) = betaa * G(:,n — 1);
W (:,3) = r + (rhoo * betaa) * W (:,n — 1);
end
betaa = —Q(:, 1) * W(:,4)/re;
W(:,i) = W(:,i) + (rhoo = betaa) * W (:,n);
G(:,1) = G(:,1) + W(:,1) + betaa * G(:,n);
else
betaa = —Q(:,1) = r/rc;
W(:,1) = r+ (rhoo * betaa) * W (:,n);
G(:,1) = W(:,i) + betaa * G(:,n);
end
fors=1:i-1
betaa = —Q(:, s + 1) « W(:,1)/c(s);
G(:,1) = G(:, 1) + betaa * G(:, 5);

35
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90. W(:,3) = W(:, i) + betaa x D(:, s);
91. end

92. ifi<n-—1

93. D(:,4) = W(:, i) — u;

94. c(i) = Q(,i+ 1) = D(:,1);

95. if ¢(i) == 0, flag = —1; return, end
96. alphaa = f/c(i);

97. u = u — alphaa * D(:,1);

98. else

99. (i) = Qi+ 1) x (W(:,1) — u);
100. if ¢(i) == 0, flag = —1; return, end
101. alphaa = f/c(i);

102. end

103. gt=M\G(:,1); W(:,1i) =Ax*g.t;
104. alphaa = rhoo * alphaa;

105. x = x + alphaa * g_t;

106. r =1 — alphaa x W (:,1);

107. err = norm(r)/bnrm2;

108. iter = iter + 1;

109. if err < tol, flag =0; return, end
110. if iter >= max_it, return, end

111. end

112. e=Q(:,1) xr; betaa = —e/rc;

113. W(:,n) =r+ (rhoo x betaa) * W (:,n);
114. G(:y,n) = W(:,n) + betaa x G(:,n);

115. ifn>=2

116. betaa = —Q(:,2) * W(:,n)/c(1);

117. fors=1:n—-2

118. G(:,n) = G(:,n) + betaa x G(:, s);
119. W(:,n) = W(:,n) + betaa x D(:, s);
120. betaa = —Q(:, s +2) « W(:,n)/c(s + 1);
121. end

122. G(:,n) = G(:,n) + betaa * G(:,n — 1);
123. end

124. gt=M\G(,n); W(,n)=Axg.t;

125. e(n) =Q(:, 1) « W(:,n);

126. if ¢(n) == 0, flag = —1; return, end
127.  end

Remark: u_t can be stored in the location of g_t without changing the performance

of the code.

The following function time_per_iter outputs the operation time in a single iter-

ation of Code #1.

FU oo =

Code #2: Time per iteration.
function ¢t = time_per_iter(A,b,Q, M)

% input: A N-by-N coefficient matrix
% b right hand side vector
% N-by-n auxiliary matrix used by ML(n)BiCGStab

Q
% M N-by-N preconditioner matrix
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6. % output: ¢ estimate of the operation time per iteration of Algorithm 9.1
7.
8. N = size(A,2); n=size(Q,2); ¢=randn(l,n); = randn(N,1);

9. r=ux; gt=u1x; G=randn(N,n); W =G,

10. ifn>2 D=G(:1:n—2); end

11. e = randn(l); bnrm?2 = rand(1); iter = 0,

12. max_it = 10; tol = 0.0; t.2 =0; t-n = 0;

13.

4. di=1; j=1;

15. tic, Lines 39 - 56 of Code #1 go here; ¢_11 = toc;
16. fori=1:mazx(n—2,1):n—1

17. tic

18. Lines 58 - 110 of Code #1 go here;

19. if i ==1, t2 =toc; else, t_.n = toc; ii = ii + 1; end
20. end

21. tic, Lines 112 - 126 of Code #1 go here; .12 = toc;
22, t=(t114t 12+ ((t-2+tn)/it) * (n—1))/n;

9.2. ML(n)BiCGStab Associated with (5.2) and Related Codes. The

following algorithm is a preconditioned version of Algorithm 5.1.

ALGORITHM 9.2. ML(n)BiCGStab with preconditioning associated with

definition (5.2).

1. Choose an initial guess xg and n vectors qi,qz, ", qn -

2. Compute rg =b — Axg, g0 = M 'rg, wg = Agy, cp = q{iwo and eg = q{Iro.

3. Forj=0,1,2,

4 Fori=1,2,---,n—1

b. Qjnti = €jnti—1/Cinti—1;

6. Xjnti = Xjntio1 + Ujntijnti—1; 6 g&=M"'g
7 Cjnti = Cjnti—1 — QjntiWinti—1;

8 Cinti = q{i1rjn+'i;

9

Uj>1
n+z
10. ﬂd Dn+i _ej"‘H/(pJ c(jfl)”Jri)"
In-+i
11. Zy = Tjnti + Pj ﬂ(j 1)T)l+l Wi—1)n+is
~ nti)  ~
12. gjin+i = ﬂ((g l)r)H»zg(] 1)n+is
13. Fors=4i+4+1,---,n—1
n+z

14 ﬁ(j 1)n+s - le+1zw/(Pj c(jfl)n+s);
15. Zoy = Zoy + p]ﬂ(j”i‘)ln+sW(7 Dn+ss
16. gyn—i—z g]"""l + ﬂ (G— 1)n+sg(] Dn+ss
17. End
18. gjn-H' = gjn+i + Milzw;
19. Else
20. Bjnti = M1
21. End
22. Win4i = Aan-‘rz;
23. Fors=0,---,1—1

(Jnﬂ) .
24 ﬁjn«l»s - _qs+1wjn+i/cjn+s;
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(dn+i)
25. Winti = Win4iq + /gjn_l’_q Win+tss
20. gjn—i—z gjn-H + ﬁjiﬁ:;l 8in+s;
27. End
28. Cinti = Ay Wiinpi;
29. End
30. Qjnt4n = ejn+n71/cjn+n71;'
31. Xjnd+n = Xjntn—1 + Ajntn8intn—1;
32. EjnJrn =Tjntn—1 — XjntnWintn—15
34 Pi+1 = _(Aujn—i-n)Huj;n+n/HAujn-l-n”%;
35. Xjin4+n = Xjn+n — Pj+1Wjntn;
36. Tjintn = pj+1Aujn+n + Win4n;
37 ejpyn = qflrjn+n;
jn+
8. BT, = —€jntn/ (Pi+1¢G-1n+n);
39. Zyw = Tjnin + pj+1ﬁ((;n—f)7:3+nw(j—l)n+n;
= n+
40. gin+n = ﬁ((j 1)7:3+ng(j Dn+ns
41. Fors=1,--- n—1
+
42 6;517—7—5”) 7qs+lzw/(pj+1cjn+8);
43. Zy = Zy + pj+1ﬁ]iﬁ|.gn)wjn+s;
~ ~ ]n+n)~
44 gint+n = gjn+n ﬂ]n+s 8jintss
45.  End
40. gjn-&-n = Milzw + gjn-‘,—n;
47. Windn = Agjn+n;'
48 Cjn+n q: anJrn;
49.End

S IR S ol

N e e e e i o)
S © 0D U WO

function [z, err, iter, flag|

%
%
%
%
%
%
%

%
%
%
%
- %
- %
%
%
%
- %

input:

output:

storage:

A sample Matlab code is as follows.
Code #3: Matlab code of Algorithm 9.2
= mlibicgstab(A, z,b,Q, M, max_it, tol)

) An

A N-by-N matrix
M N-by-N preconditioner matrix
Q N-by-n auxiliary matrix with columns q, - - -
T initial guess
b right hand side vector
maz_it (integer) maximum number of iterations
tol error tolerance
T solution computed
err error norm
iter (integer) number of iterations performed

flag  (integer): 0 = solution found to tolerance
1 = no convergence given maz_it

-1 = breakdown

c, re 1 X m matrices

x,r,b,ut,z

N-by-1 matrices

A M N-by-N matrices
Q,G,W  N-by-n matrices
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N = size(A,2); n = size(Q,2);
G = zeros(N,n); W = zeros(N,n); % initialize workspace for g, w, ¢ and p * ¢
¢ = zeros(1,n); rc = zeros(1,n); % end initialization

iter = 0; flag = 1; bnrm2 = norm(b);
if bnrm2 == 0.0, bnrm2 = 1.0; end
r=>b— Axx; err = norm(r)/bnrm2;
if err < tol, flag =0; return, end

G(;,1) = M\r; W(;,1) = A= G(;,1); c(1) = Q(:;,1) * W(:,1);
if ¢(1) == 0, flag = —1; return, end
e=Q(:,1) xr;

for j =0 : max_it
fori=1:n—-1
alphaa = e/c(i);
x = x + alphaa * G(:,1);
r =1 — alphaa x W(:,1);
err = norm(r)/bnrm2;
iter = iter + 1,
if err < tol, flag =0; return, end
if iter >= max_it, return, end

e=Q(G,i+1) *xr;
itj>=1
betaa = —e/rc(i + 1);
W, i+ 1) =7+ (rhoo x betaa) x W(:,i + 1);
G(:,1+ 1) = betaa x G(:,1 + 1);
fors=i+1:n—1
betaa = —Q(:, s+ 1) « W (e, i+ 1) /re(s + 1);
W(,i+1)=W(,i+ 1)+ (rhoo = betaa) * W(:,s + 1);
G(,i+1) = G(:,i + 1) + betaa * G(:, s + 1);
end
G(,i+1) =G, i+ 1)+ (M\W(,i+1));
else
G(:yi+1) = M\r;
end
W(i+1)=AxG(:i+1);
fors=0:i—-1
betaa = —Q(:, s+ 1) * W (i +1)/c(s + 1);
W(,i+1)=W(,i4+1) + betaa * W(:, s + 1);
G(:,i+1) =G i+ 1) 4 betaa « G(:, s + 1);
end
c(i+1) = QUi+ 1Y s Wi+ 1);
if (i +1)==0, flag=—1; return, end
end
alphaa = e/c(n);
x = + alphaa * G(:,n);
r =r — alphaa * W(:,n);
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70. err = norm(r)/bnrm2;

71. if err < tol, flag = 0; iter = iter + 1; return, end
72. ut=M\r; z=Axut; rhoo=z"xz;

73. if rhoo == 0, flag = —1; return, end

74. rhoo = —z' xr/rhoo;

75. r = 1x — rhoo * u_t;

76. r =1+ rhoo * z;

7. err = norm(r)/bnrm2;

78. iter = iter + 1;

79. if err < tol, flag =0; return, end

80. if iter >= max_it, return, end

81.

82. rc = rhoo * ¢;

83. if re(1) == 0, flag = —1; return, end

84. e=Q(:;,1) xr; betaa = —e/rc(1);

85. W(:,1) =1+ (rhoo x betaa) * W(:, 1);

86. G(:,1) = betaa x G(:,1);

87. fors=1:n-1

88. if re(s+1) ==0, flag=—1; return, end

89. betaa = —Q(:, s + 1) « W(:,1)/re(s + 1);

90. W(:,1) = W(:, 1) + (rhoo * betaa) * W (:, s + 1);
91. G(;,1) = G(:,1) + betaa * G(:, s + 1);

92. end

93. G(;,1) = (M\W(, 1)+ G(:;,1); W(:,1) = AxG(:,1);
94. () =Q(:, 1) «W(,1);

95. if ¢(1) == 0, flag = —1; return, end

96. end

The following function outputs the operation time per iteration of Code #3.
Code #4: Time per iteration.

function ¢t = time_per_iter(A,b, Q, M)

% input: A N-by-N coefficient matrix

% b right hand side vector

% Q N-by-n auxiliary matrix used by ML(n)BiCGStab

% M N-by-N preconditioner matrix

% output: ¢ estimate of the operation time per iteration of Algorithm 9.2

N oW

N = size(A,2); n=size(Q,2); ¢=randn(l,n); rc=c¢;
x =randn(N,1); r =xz; G =randn(N,n); W = G;

e = randn(1l); bnrm2 = rand(1); rhoo = randn(1);

iter = 0; maz_it = 10; tol = 0.0; j = 1;

= == O
o= o

if n==
tic, Lines 67 - 95 of Code #3 go here; t = toc;

elseif n == 2
tic, ¢+ = 1; Lines 36 - 42 of Code #3 go here; t_11 = toc;
tic, Lines 44 - 65, 67-80 of Code #3 go here; t_2 = toc;
tic, Lines 82 - 95 of Code #3 go here; t_12 = toc;
t=(t114+t124t2)/2;

else

N e i e e e S
© L XN W
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tic, ¢ = 1; Lines 36 - 42 of Code #3 go here; t_11 = toc;
tic
i =mn —2; Lines 44 - 65 of Code #3 go here;
i =mn —1; Lines 36 - 42 of Code #3 go here;
tn_1=toc;
tic, Lines 44 - 65, 67 - 80 of Code #3 go here; t_n = toc;
tic, Lines 82 - 95 of Code #3 go here; t_12 = toc;
t=(((t11+¢12) +tn1)/2% (n—1) +tn)/n;

end

9.3. Codes for the Optimal n. The function find-n searches for the n at

which ML(n)BiCGStab takes the least operation time in a single iteration. find-n
needs to call the following function to implement.

P NSO =

NN RN DNDDNRNDNRNDN H = = = = = ©
PISTRIR LSOOI T s W~ O
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30.
31.
32.

1.

Code #5: fitting a quadratic polynomial.

function z = least_sq(z,y)

% Input x,y, vectors of length k. Assume that x has increasing components.

% least_sq uses orthogonal polynomials to find a quadratic polynomial

% p(t) = e(1) + e(2)t + e(3)t? that best fits the data {(x(1),y(1)), -, (z(k),y(k))}
% in the least-squares sense. Then, it outputs the minimizer z € [x(1), (k)] of p(t).

k = length(x);
a = zeros(1,3); b= zeros(1,2); ¢2=0; d= zeros(1,3); d(1) =k;
fors=1:k, b(1) =b(1)+ z(s); end
b(1) = b(1)/d(1);
fors=1:k
d(2) = d(2) + (x(s) —b(1))*; b(2) = b(2) +x(s) * (x(s) — b(1))*;
2 =2+ x(s) * (x(s) — b(1));

end
b2) = b(2)/d(2); 2 = 2/d(1);
fors=1:k
a(l) =a(1) +y(s); a(2) =a(2) +y(s) * (z(s) — b(1));
a(3) = a(3) +y(s) = ((z(s) — b(2)) * (x(s) — b(1)) — €2);
dd(3) =d(3) + ((z(s) = b(2)) * (z(s) = b(1)) — 2)*;
a(l) = a(1)/d(1); a(2) = a(2)/d(2); a(3) = a(3)/d(3);
e=[a(1) +b(1) * (b(2) * a(3) — a(2)) — a(3) x 2, a(2) — a(3) * (b(1) + b(2)), a(3)];
if e(3) > 0
1 z=—e(2)/(2x¢(3)); %p'(z)=0
z=z(1) - 1;
end

if (z <z(1)) | (2> z(k))
pl=e(1) +e(2) xz(1) +e(3) xx(1)% % pl = p(x(1))
pk =e(1) +e(2) * x(k) +e(3) xx(k)?; % pk = p(x(k))
if p1 < pk, z=x(1); else, z=x(k); end

end

Code #6: finding the optimal n.
function n = find_n(A,b,Q, M, n_step,n_max)
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2. % input: n_step positive integer > 4.

3. % n-max positive integer, a multiple of n_step

4. % A b, M coefficient matrix, right hand side and preconditioner

5 % Q N-by-n_maz auxiliary matrix

6. % output: n n € [1,n_mazx] at which ML(n)BiCGStab has about the
7 % smallest operation time in a single iteration

8.

9. if (n_step <= 3) | (rem(n-mazx,n_step) ~=0)

10. disp('n_step is assumed to be greater than 3 and n_maz a multiple of n_step.’);
11. n = —1; return

12. end

13.

14. nl =1; t1=time_per_iter(A,b,Q(:,1:nl), M);
15. nd = n_step; t4 = time_per_iter(A,b,Q(:,1: nd), M);

16.  if (nd == n_maz) | (t4 >=1t1) % optimal n € [nl, nd]

17. n2 = — floor(—(nl 4+ nd)/3); t2 = time_per_iter(A,b,Q(:,1: n2), M);
18. n3 = floor(2 x (n1+n4)/3); t3 = time_per_iter(A,b,Q(:,1:n3), M);
19. z = least_sq([n1,n2,n3,nd], [t1,t2,t3,t4]);

20. n = floor(z); return

21. end

22.

93, n3=nd; 13=t4;
24. nd = n3 + n_step; t4 = time_per_iter(A,b, Q(:,1 : nd), M);
25.  while (t4 < t3) & (n4 < n-max)

26. nl =n3; tl =1t3; n3=nd; t3=1t4
27. nd = n3 + n_step; t4 = time_per_iter(A,b,Q(:,1 : nd), M);
28. end % optimal n € [nl,nd]

29. n2 = floor((nl +n3)/2); t2 = time_per_iter(A,b,Q(:,1:n2), M);
30. z = least_sq([n1,n2,n3,nd], [t1,t2,t3, t4]);
31. n = floor(z);

Remark: To obtain a better estimate of n,,,, one can add “t = time_per_iter(A, b, Q(:
1 n), M); [t,9] = min([t,t1,t2,t3,t4]); nn = [n,nl,n2,n3,nd]; n = nn(:);” after
Line 31.

9.4. A Sample Run. Here is a sample run of find_n.m plug a ML(n)BiCGStab
algorithm.
1. N =100; A=randn(N); M =randn(N); b= randn(N,1);
tol = le-7; max_it = 3 % N; n_step = 4; n_max = 10 x n_step;
x = zeros(N,1); r=b— Axx; Q= [r,sign(randn(N,n_maz — 1))];
n = find_n(A,b,Q, M,n_step, n_max);
[x, err, iter, flag] = mibicgstab(A,z,b, Q(:, 1 : n), M, maz_it, tol);
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