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§1 Introduction.

An n-by-n matrix T;, is said to be Toeplitz if it has constant diagonals, i.e. [T},]; =
tj_x for all 0 < j, k < n. It is said to be circulant if we further have [T},] n—1 = [Tn]j+1,0
for all 0 < 7 < n — 1. In this paper, we consider the convergence rate of the precon-
ditioned conjugate gradient method for solving Toeplitz systems T,z = b with circulant
matrices as preconditioners. Strang in [13] showed that for such method the cost per
iteration is of O(nlogn) operations. In contrast, super-fast direct Toeplitz solvers require
O(nlog® n) operations, see for instance Ammar and Gragg [1]. Thus one has to analyze

the convergence rate of the iterative method in order to compare it with direct methods.

To analyze the convergence rate, which is a function of the matrix size n, we assume
that the given Toeplitz matrix T;, is the n-by-n principal submatrix of a semi-infinite

Toeplitz matrix 7. The function f which has the diagonals {¢;} of T as Fourier

bt
j=—o0
coefficients is called the generating function of the sequence of Toeplitz matrices {77, }22 ;.

Chan and Strang [5] proved that if the Strang preconditioner S,, [13] is used, the method

will converge superlinearly whenever f is a positive function in the Wiener class, i.e. when

e o]

j=—_oo 18 absolutely summable. The superlinear result is established by

the sequence {t;}
first showing that the spectra of the preconditioned matrices S, 1T, are clustered around

1.

Since then several other circulant preconditioners have been proposed and analyzed
under the same assumption that 7;, are generated by a fixed function f, see T. Chan [9],
Huckle [10], Ku and Kuo [11], Tismenetsky [14], Trefethen [15] and Tyrtyshnikov [16].
The most noticeable one is the T. Chan preconditioner C,, [9] which is defined to be the
minimizer ||B,, — T,||r over all circulant matrices B,,. Here || - ||r denotes the Frobenius
norm. The preconditioner C),, has a distinct advantage over §,, in that C,, is always
positive definite whenever T, is, see Tyrtyshnikov [16]. Chan [2] proved that under the
Wiener class assumption, the spectra of C; T, and S, 1T,, will be the same as n tends to

infinity and hence for sufficiently large n, the preconditioned system C, 1T}, converges as
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the same rate as the system S, 17}, provided that f is in the Wiener class.

However, in our recent papers, we have shown that the two preconditioners are funda-
mentally different. By using Weierstrass’ theorem, we showed in [6] that if the underlying
generating function f is a positive 2m-periodic continuous function, then the T. Chan
preconditioned systems C,, 1T, have clustered spectrum around 1 and hence the systems
converge superlinearly if the conjugate gradient method is employed. But the proof used
there does not work for Strang’s preconditioner. In [7], we resorted to a stronger form
of Weierstrass’ theorem, namely the Jackson theorem in approximation theory and we
are able to show that the Strang preconditioned systems S, 1T, have clustered spectrum
around 1 and hence converge superlinearly whenever f is a positive 2m-periodic Lipschitz
continuous function. One explanation of this fundamental difference, though not a for-
mal mathematical proof, is that we can associate the Strang preconditioner §S,, with the
Dirichlet kernel whereas the T. Chan preconditioner C), can be associated with the Fejér
kernel, see Chan and Yeung [8]. It is well-known in Fourier analysis that if f is 27-periodic
continuous (or respectively Lipschitz continuous), then the convolution product of f with
the Fejér kernel (or respectively the Dirichlet kernel) will converge to f uniformly, see for

instance, Walker [18, p.59, p.79].

In this paper, we will consider f that are not positive 2w-periodic continuous but only
nonnegative piecewise continuous. We will show that for these generating functions, the
spectra of C,; 1T, will no longer be clustered around 1. More precisely, we show that for all
sufficiently small ¢ > 0, the number of eigenvalues of C, 1T}, that lie outside (1 —¢,1 +¢)
will be at least of O(logn). If moreover f is strictly positive, then we can show further
that the number of outlying eigenvalues is exactly of O(logn). Numerical examples are
then given to demonstrate that for the preconditioned systems, the numbers of iterations
required for convergence do increase like O(logn) and hence the convergence rate of the
method cannot be superlinear in general. Recalling the explanation made in the preceding

paragraph, it is interesting to note that for piecewise continuous f, its convolution product



with the Fejér kernel will no longer converge to f uniformly.

The outline of the paper is as follows. In §2, we list some of the useful lemmas that will
be used in later sections. In §3, we show that for piecewise continuous generating functions
f, the number of outlying eigenvalues of the matrix T;, — C,, is at least of order O(logn)
and hence the spectra of T;, — C,, cannot be clustered around zero. Using this result, we
prove in §4 that the spectra of C;; 1T, cannot be clustered around 1 for any nonnegative
piecewise continuous function f. We then prove in §5 that if f is strictly positive, then
the number of outlying eigenvalues of C;1T;, is exactly of O(logn). Numerical results
are given in §6 to illustrate how the discontinuities in f affect the rate of convergence.
They show that the convergence rate is no longer superlinear and in general the number
of iterations required for convergence increases at least like O(logn) when n increases.

Concluding remarks are finally given in §7.

§2 Preliminary Lemmas.
Let Ly, be the space of all 2m-periodic Lebesgue integrable real-valued functions

defined on the real line R. For f € L, its Fourier coeflicients are defined as,

1 [~ ,
telf] = %/ f(@)e~*%dg | k=0,+1,42,...

Let 7,[f] be the n-by-n Toeplitz matrix with the (4, k)th entry given by ¢;_4[f], 0 < j, k <
n and Cp[f] be the n-by-n circulant matrix that minimizes ||C,, — T,[f]||r over all n-by-n
circulant matrices C,. The matrix C,[f] is called the T. Chan circulant preconditioner
and its (j,1)th entry is given by ¢;_;[f] where

(n — k)telf] + kte-nlf]  f n,
cxlf] :{ " )

Cn+k[f] 0<—-k< n,

see T. Chan [9]. In this paper, we will consider the spectrum of C,; [f]7,[f] as n goes to
infinity for piecewise continuous functions f € Lo,. Since f is real-valued, t_[f] = tx[f]
and hence 7,(f] and C,[f] are Hermitian matrices for all n. For f € Lo, let frmax and

fmin be its essential supremum and infimum respectively.

4



Lemma 1. Let f € Loy with fmax # fmin- Then for alln > 1,

fmin < Amin(%[f]) S )\min(cn[f]) S )\maX(Cn[f]) S AmaX('ﬁL[f]) < fmaXa

where Amax and Amin denote the mazimum and minimum eigenvalues respectively.

Proof. For the two strict inequalities, see Chan [3, Lemma 1]. For the other inner inequal-

ities, see Tyrtyshnikov [16, Theorem 3.1].

Notice that if fmax = fmin, then T,[f] = Co[f] = fmin - In where I, is the n-by-n identity
matrix. Thus in the following, we assume for simplicity that f is non-constant.

Given a Hermitian matrix A, N(e; A) will be used to denote the number of eigenvalues
of A with absolute values exceeding e. A sequence of Hermitian matrices {Ay},=12, .. is
said to have clustered spectra around « if for any € > 0, there exists a ¢ > 0 such that for

alln > 1, N(e A, —al,) <c. If a =0, we simply say {A, }n=1,2,.. has clustered spectra.

Lemma 2. Let A, and B, be n-by-n Hermitian matrices and A and p be any positive

numbers. Then

(i) Ny £pA,) = N(g;An),

(ii) N(A+ p, A + Bp) < N(\, Ay) + N(g, By).

Proof. (i) is trivial and (ii) can be proved by Cauchy’s interlace theorem, see Wilkinson

[20, p.103] or Widom [19, p.11].

It follows immediately from Lemma 2 that if {A,} and {B,} are two sequences of Her-
mitian matrices with clustered spectra, then {aA, + B, } also has clustered spectra for

any real numbers « and f.

Lemma 3. Let {A,}n=1,2,.. be a sequence of Hermitian matrices. If sup||A,|r < oo,
n

then {A,} has clustered spectra.

Proof. Since ||A,||% is equal to the sum of the square of the eigenvalues of A, it follows

that for any given € > 0, N(e; A,) <sup||4,|%/2.
n



Lemma 4. (Chan and Yeung [6, Theorem 1]) Let f € Lo, be continuous. Then the

sequence of matrices

has clustered spectra.

Lemma 5 (Widom [19, p.30]) Let H, be the n-by-n Hilbert matriz

R
101 N
2 3 n+1
H,=|1% :
11 . 1
-n n+1 2n—1 -
Then for any 0 < e < w, we have
2 _1€
N(e,H,) = =logn-sech™ = - (1+ o(1))
T s

where o(1) tends to zero as n increases.

Lemma 6. Let f € Lo, be bounded. Define H,[f] to be the n-by-n Hankel matriz with

entries given by
[Hn[f]]j,k:(tj+k[f]) y jak:()ala"' an_l'

Then | Hnlflll2 < lIfllco-

Proof. By Nehari’s theorem [12, Theorem 1], the infinite Hankel matrix #[f] satisfies
IHIANZ = hax, {z*H[fT A fle} < 1 f]%-
Hence for any n-vector y with ||y||2 = 1, we have
1912 > A M) (B) 2 v Ml

In particular, [|[H,[f]ll2 < [[flleo- O



§3 Spectra of A,[f].

In this section, we prove that if f € Lo, is piecewise continuous, the spectrum of
A, [f] = Tulf] — Culf] cannot be clustered around zero. More precisely, we show that
N(e; An[f]) > O(logn). For simplicity, we will present the proof for the case n = 2m.
When n is odd, the proof can be modified accordingly.

Before we start, let us give a brief motivation of our proof. Suppose we have an
f € Lo, which has only one jump discontinuity at & € (—m, 7]. Then by adding multiple
of the function g(#) defined in Lemma 8 below, the sum of the functions will be a 27-
periodic continuous function. In view of Lemmas 2 and 4, we then only have to consider
N(e; Aplg])- In Lemma 8, we will show that the spectrum of A, [g] is basically the same
as the spectrum of the Hilbert matrix H,, with only small norm perturbation. Hence by
Lemma 5, we get the result. The proof below however will be more complicated because
we need to show further that if f has multiple jumps, then the outlying eigenvalues derived
from one jump will not be canceled out by the outlying eigenvalues from the other jumps
and thus leave us with a clustered spectrum.

Let f € Lo, be a piecewise continuous function with points of discontinuity in (—, 7]
at —m <01 <--- <0, <7 and jumps

a = lim f(@)— lim f(0), k=1,---,u.

667 606,

Let the biggest jump be at 8y,, i.e.

ko | = max o

Insert arbitrary v points ¢1, P, ... ,¢, into {01,60s,... ,0,} such that
T < P1 <01 <P <3< - <, <0, <.

Define the functions
O+m—0k —m<0< 0k,
0—m—0k, O, <0<,

90(0) = {
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(0 —m <6 < ¢ka
M b < 0 < 0,
) 200k — ¢x)
=N 0 g
— T g, <0< ,
et — ) < P41
\ 0 ¢k+1 <0 < T,
fork=1,2,... ,v—1and
0 —n <0< ¢y,
0— ¢,
T P <0L6,,
g,,(9) = 2(01/ _(151/) ¢
0—m
TTT g, <6<,
2(r—8,) sosT
if 0, < or o_ o
—¢1
— " 71 <0< ¢,
21+ ) =
g,,(@): 0 $1 <0< ¢y,
0_¢1/
—— ¢, <0<,
=)
if 8, = . All functions gg(6), k = 0,1,--- ,v are to be extended into functions in L.

Now we write f as

[ - Qe -
f=r+ 7’;0 g0+ > orlrg — — 90~ > o digr
k=1 k=1

where

{—1 k = ko,
S =
1 k# k.

Then we have

14 a v
Bom[f] = Dom[f + a:) 9o+ Y ardrgr] — %Azm[gd — Ao, [Zak&cgk]- (1)
k=1 k=1

In the next three lemmas, we consider the limiting behavior, as m tends to infinity, of the

eigenvalues of the three terms in the right hand side of (1) respectively.
Lemma 7. The sequence of matrices

Oéko

go + Z Ok Gk] tm=1,2,...
k=1

{A2m [f +

™

has clustered spectra.



Proof. By Lemma, 4, it suffices to show that the function

Otko

9o+ Y arlrge
k=1

I+

™

is a 2w-periodic continuous function. However, from the definitions of g, k = 0,1, ---
it is clear that the function is already 27-periodic and that the points 6;, 7 = 1,2,---

are its only possible points of discontinuity in (—m,n|. However, for ; # 0;,, we have

Oéko

—90(0) + > andrgr(0)]
k=1

lim [f(0) +
0—0,

o

0—0; m

= lim [f(0) + —2g0(6) + Z arbrgr(0) + ;659;(0)]

k=1
k#j

’ k=1
k#j
. ko id
= 911]%1+ [f(0) + 90(0) + Z arrgr(0) + a;0;9;(0)]
-6 —
=
= lim [f(0) + —2g0(0) + )  ardrgr (0
0—>o;r[f( ) 90(0) 162::1 10k 9k (0)]

At 0y,, we have

— lim [f(6) + “ﬂ’“f’ 90(8) — Qrogro () + > ctbigr(0)]

00,
0 k=1
k#ko

. ag, 1 Z
= lim f(9)+ - '77_505190"‘20%519'0

0—>0k_0 k1
k#ko
= lim f(0)+ Lo (—m) — (—l)a + 21/: a0y - 0
6—0; P 2/ ko - Kok
k#ko
. « -
= lim [£(6) + 2.90(6) — oGk () + D ki (6)
kg =
bt
. a ~
= lim [£(6) + W’“ 90(0) + D ondrge(0)]. o
9—)9k0 k=1
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Lemma 8. Let ¢ be an arbitrary point in (—n,w]. Let g € Loy be defined by

9) — O+m—¢& —m<O<E,
g()_{ﬁ—ﬂ—f E<f<m.

Then

A2m [9] = AZm + BZma (2)
where Ao, and Bs,, are both Hermitian matrices with
4 _1€
N(e; Aam) = —logm - sech . (1+0(1)), (3)
T
for any 0 < e <7 and

sup || Bom|lF < 24 2VIn2 < oc. (4)
m

Proof. The Fourier coefficients tx[g] of g are given by

1 [y 10 0 k:O,
thlg] = — e~ Mo ={ ;
kl9] 27r/_7rg( Je %6_”“5 k=+1,42 ...

Thus the first row of Ay,,[g] is given by

1 j o2m — 1
(O, o (t=1l9] = tzm—a[g]), -, 5 (E=jlg] = tom—jlg]); -, —5——(t-2m+a[g] — tl[g])>
c—1(2m—1 s —1(2m—j
:(0,—M,...,—7ze ( ,J)g,...,—ie—iéf)
i(e—i(2m—1)§ _ ez’&) Z’(e—i(2m—j)§ _ ez’j&) i(e—ié _ ei(zm—l)g)
+ (0, i, ity .
2m 2m 2m

Let flzm and Bgm be the 2m-by-2m Hermitian Toeplitz matrices with their first rows

given by
: —i(2m—1)¢ o—i(2m—3)§ )
0, - —— e (5)
2m —1 2m —j
and
i(e—i(2m—1)§ _ eig) Z-(e—i(2m—j)§ _ eijg) Z-(e—ig _ ei(zm—l)g) 6
(03 2 y T 2 LA m > ()
respectively. Then we have Agy,[g] = Agpm + Bom. From (6), we have
5 2m—1 i 9
. B ] Ciam—i)e  ije
1 Bam || =2 Zl (2m—3)‘%(6 =g ¢l )‘
‘7=
2m—1 .
2m—j  2(2m—1)
<2 = < 4. 7
< 223 3 — (7)
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We next partition Aoy, as
Un Vi O
0 ] + [ 0 Vm] '

By (5), we see that V,, is a Hermitian Toeplitz matrix with its first row given by

= 0
A2m — [U*

m

. demiem=1) iemiem=i)¢ iemim e
o2m—1 777 2m—j 7 m+1 )
Hence
. m- je—i@m=0)E % |;ei(2m—j)E|?
Wl = 5 ‘ W‘ I
7j=1
m—1 . m—1 2m—1
1
=2y <o / ~dz < 21In2.
j=1 (2m — j)? o 2m m T

Thus if we define

then by (7) and (8), we have

| Bamll7 < || Baml||F + V2||VinllF < 2+ 2VIn2.

It remains to show that the matrix

1 ~ = Voo O 0 U,
A2mEA2m[g]_BZm:A2m+BZm_B2m:A2m_[ 0 Vv :| = |:U*

satisfies (3). To prove that, we first define

0 1
JTnE . ’

P,, = diag(1, €%, ... el(m=2)¢ gilm=1)¢)

and
Qum = diag(—ie™ "™, —je™ (M= L. e i),

11

(8)



It is straightforward to check that U,, = P} H,,J,Q, where H,, is the Hilbert matrix

defined in Lemma 5. Hence

A [0 Un]_[Pn O 0 HpJn][Pn 0
m=lys ol |0 @Qf|JnHn O 0 Qnm

_LIPy 0 ) [Im In |[Hn 0 |[In Jm |[Pm O
2010 Q5 |dIm —Inm 0 —-Hy,l|l|L, —Jdn 0 Qnm
_ 1P Py | [Hn 0 | [Pn JmQm
Since
\/i Pm _JQO
is an orthogonal matrix for all £, As, is orthogonally similar to
H,, 0
0 -—-H,|’

By Lemma 5, (3) follows.

Lemma 9. The matriz Aoy,[ Y, apdrgr| can be written as
k=1

A2m[z akékgk] = D2m + E2m7 (9)
k=1

where Do, and FEs,, are Hermitian matrices with

N(|a§°|;D2m> =0 (10)
and
sup || Eaop||r < ¢ < 00 (11)

for some c¢ independent of m.

Proof. For simplicity, let us write

h = Z akékgk.
k=1

Define W,,, to be the m-by-m Toeplitz matrix

tnlh] tmalh] ... ti[h]
W,, = tm+1[h] tz[h] . (12)
t2m—: 1[h]  tom—2lh] tm[h]

12



It is clear that the entries of the Hankel matrix W,,J,, are just Fourier coefficients of the

function h(@)e~*. Therefore, by Lemma 6, we have
Wi mll2 < Sgplhw)e—wl = [|Plloo;

where by the definitions of A and g;, 1 < k < v,

[lloo = [1(B1,)] = 122l
Hence if we let
Dom = [—VOV,;; —vovm]’
then we have
Darulls = [Wanlle = [ W Tlle < [WonFlall ol < 12521

Thus N(|ak,|/2; Do) = 0.
It remains to show that Es,, = As,,[h] — Dy, satisfies (11). To estimate || Es,,||F,

we partition the Hermitian Toeplitz matrix Ay, [h] as

X,, Yo

Clearly X,,, is an m-by-m Hermitian Toeplitz matrix with its first row given by

(o,§§5<t_ﬂh]—tmn_1vﬂ),g%;u.a[h]—tmn_2vﬂ>,n. ,ﬂg;;l(tqn+1V4——un+1V4)) (13)
and Y, is given by the m-by-m Toeplitz matrix

Bt lB] ~ tlh])  EL s [A] b []) o 2L (g [B] — ta[R])
Tg—;(t—m+1[h] - tm+1[h]) ;

Al —tomalh]) B (olh] —tomslh]) oo 2 (mlh] — tm[A)

Therefore

Xm Wo +Yn

Bom =y v x,

13



and hence
1 Bom |7 = 2| X% + 2 Wi + Y| % - (15)

By direct computations, the Fourier coefficients ¢;[h] of h are given by

v—1 L .. .. .
1 _’Lyok _ e—lj¢k e—l]¢k+1 _ 6_1‘70’“
ti[h] = akék{Qze LIS 4 : }
ilh] Z (O — or)J (Prs1 —Or)j
04u5u {2. —ijb. | e~ 10y _ o—tidy N e~ HT _ g—ijby
47Tj (01/ - ¢u).7 (77' - 01/)]

}, j=41,42,...

when 6, < w. If ,, = 7, then

v—1

1 —ij0k _ p—ijdbn e~ Wbk _ =130k
ti[h] = akék{Zze ij0% + — + - }
it Z (Or — bx)J (Pr+1— O)j
a,l, | ijm . —ijm e~ — em o e~Hor — W } .
—F e’ + e + — + ; =41,+£2,....
47r,7{ (r=9)i  (h+mi 07T
In either case, there exists a constant ¢ such that
t;[R]] < i| j=El42,
J
Hence by (13),
m—1 _] 2
160 =2 30 = )| 02501t 18]
i=1
1 m—1 c 2
m— m—j m—1 ] 2 m—1
= 2¢2 = 2¢2 Z j<c? (16)
— 52 N2 =9
= (@2m—j) o (m+j)? T m? o
Moreover, by (12) and (14),
m—1 +] 2
W + Yol 7 = Z(m—j)‘tm—j[h] o (t=m—jlh] = tm—;[h])
§=0
m—1 ] 2
+Y(m- j)\tmﬂ-[h] F T 1 s lh] = b
j=1
m—1 . 2
m —l— J m—j
o t=m=ilh] + = tm—[h]
J=0
iy m—j m+ j
+ Z oy Lmmt [h] + thﬂ[
=1

.

14



3
A

1 , . |
< 5 2 (= {4 )ty ]+ (m = )t R+
7=0
1 m—1
W B j)|t—m+j [h” + (m +j)|tm+j[h]|}2
_7=1
< 2 W

Putting this and (16) back into (15), we have ||Eap||r < 2¢c.
We now combine Lemmas 7-9 to show that the spectra of Ag,,[f] cannot be clustered.

Theorem 1. Let f € Lo, be piecewise continuous with points of discontinuity in (—m, 7]

at —m < 01 < --- <0, <7 and jumps

ap = hm f(@)— lim f(6), k=1, ,v

0—)0 06,
Define |ag,| = maxi<p<y |ax|. Then for any 0 < € < |ag,|/4, there exists a constant b,
independent of m, such that
4 1 2¢
N(e; Aspn[f]) > —=(1 + 0(1)) log m - sech™ ( +—)—b
m |ak0‘

where o(1) tends to zero as m increases.

Proof. Putting (2) and (9) into (1), we find

_E2m} D2m _A2m[f]

k=1
= G2m _D2m _AZm[f] )

where

G2m = A2m [f - —BZm - E2m

k=1
We note that by (4), (11), Lemmas 7 and 3, the sequence of matrices {Ga,, } has clustered

spectra. Moreover, by Lemma 2 and (10),

N(k';i' + 2¢; aﬂ’“” Azm) < N(e; Gam) + N(@ —Dzm> + N (& —Don[f])
= N(&;Gam) + N(@; Dzm) + N (€ Azml[f])
= N(€;Gam) + N(e; Ao [f])

15



for all € > 0. Thus by (3),

N(e; Aof]) > N(k.;il + 2¢; a7;:0 Agm) — N(e;Gam)

(|ak0| + 4e
2|C¥k0|

I
2

U A2m) - N(G; GZm)

2—) — N(&Gam)

|ak0 |

3|

1
(14 o(1)) logm - sech™! (5 +

for all 0 < € < |ag,|/4. Finally, since {G2,, } has clustered spectra, it follows that for any
0 < € < |ag,|/4, there exists a constant b such that N(e; Ga,,) < b for all m. Hence the

theorem is proved. 0

84 Spectrum of the Preconditioned Systems.

In this section, we consider the spectrum of the preconditioned matrices C; [f]T.[f]-
We note that by Lemma 1, f should be nonnegative to guarantee that 7,[f] and C,[f] are
positive definite. When C,,[f] is positive definite, C,, Y ?[f] is well-defined and C; [ f]7n[f]
is similar to the Hermitian matrix Cp, "/ 2[ f1Tnlf1Cn 1/ 2[ f]- The following theorem shows

that the spectrum of

Calf]72 AlfICalf] 2 = CTYPIAITRIAIC 2] — I

cannot be clustered around zero.
Theorem 2. Let f € Lo, be nonnegative and piecewise continuous. Let its points of

discontinuity in (—m,w| be at —w < 61 < --- < 0, < 7 with jumps

ap = lim f(0)— lim f(0), k=1,---,v

+ —
0—6, 0—0,

and |ag,| = maxi<k<, |ag|. Then for any 0 < € < 4|||O}k|‘|’| , there corresponds a constant b
such that
1 1 4 1 2 0o
N6 Calf1 A1l 7H) > 204 o(1)) o & - seen (1 4 20 em))
s 2 2 |k |

where o(1) tends to zero as n increases.
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Proof. For simplicity, we write A,,[f] and C,[f] as A,, and C,, respectively. For any nonzero

_1
vector z, let y = A,,Cp, *x. Then

_1 _1
*Cn 2 AnCL AL P yrCly

T*T T*T

If y = 0, we have
1
*xm—1 *
y'Cy= Yy

" fmax

and if y # 0, then by Lemma 1,
T T o Sy 1,
Yy Crly = 2= gy > Anin(Cr ) YTy > Yy (17)
Yy Jmax

So we constantly have

_1 _1
y*C_1y> 1 y*y 1 z*Cp 2A2C, %z

n

ST " fmax T°T  fmax ¥
_1
Let z = C, *x. Notice that z # 0 since £ # 0. Therefore we have

y*Coly S 1 z*A2z 1 . 2*A22 Z'z

n

T¥T 7 fmax Z*ZT fmax  2¥z  z*zx
Since by Lemma 1 again,

* *xm—1
zzzwcn $>/\min(C;1)> 1

jai bl
fmax

x*x x*x

it follows that

n

_1 _1
o*Cn 2 AnC ARG 2 Y Cly S 1 A2z

* - * — £2 *
T rxT max zTZ

Hence by the Courant and Fischer theorem, see Wilkinson [20, p.101], we have, for any

.
nonzero vectors {v}4_; in C",

1 1
z*Cp 2 AnC;lAnCn 2z 1 z*Asz
max " > max TR -
z#0 T #0 fmax 7z
$€(1)1,...,’U_1‘_1)J' xE(vl,...,’Uj_1>J'
1 2* A2z
= max TR
z#0 max 2"z
1 1
ZG(CT% VL gee- ,C,% ’Uj_l)J'
1 2
> 2 )‘j(An)a
max

17



where the eigenvalues \; are ordered as Ay > Ay > --- > \,,. Since {vk }fc;ll are arbitrary,

by the Courant-Fischer theorem again, we then have

N(Cr R ACTIALCH ?) >

|ak30 |
4fmax ’

Therefore, for 0 < € <
N(6;Cn ¥ AnCr®) = N(&5 (Ch F AnCi )" (C  AnCi?))
= N(%Cr 2 AnC ALCH?)

Ai) = N(fiax62; A?l) = N(fmaxe; An)

Hence by Theorem 1, we have

N(6Ca 2 AnCa?) >

4 26fmax)
—(1+o log — - sech™ ( + —b.
~(1+0(1))log 5 o .

§5 Bounds on the Number of Outlying Eigenvalues.
In this section, we show that if f is strictly positive, then the number of outlying
eigenvalues of C,, ![f]7,[f] cannot be more than O(logn). We begin with the following

Lemma.

Lemma 10. Let f € Loy be piecewise continuous with points of discontinuity in (—m,n]
at —m < 01 <--- <0, <7 and jumps ag, kK =1,--- ,v. Then for all sufficiently small

€ > 0, there exist positive constants ¢1 and cz, independent of m, such that

c1logm < N(e; Aoy [f]) < calogm .

Proof. For k =1,2,... ,v, we define

O0+m—0, —7<0<0;,
0—m— 04 9k<9S777

gr(0) = {

and write f as
/= {f+22—’“ Z‘;—
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It is easy to check that the first term on the right side is continuous. By Lemma 8,

A?m [f] A2m [f + Z %gk Z A2m [gk]

Qg .
= Agmlf + Z o] — -y o (4 2m + Brom)

where Ay, o, and By, o, satisfy the propertles in (3) and (4) respectively. Hence by Lemmas
2-4, we have for any 0 < € < %ﬂako\, (where as before |ag,| = maxi<p<, |agl), there

exists a positive constant ¢ such that

v

g .. (073
—gk -3 o Dhi2m)+
k=1

N(e Bom[f]) < N(—

Ve (0%
+N( ;_ZﬁAk,Zm)
k=1

v+1

Y € af
<c+ZN( ;o Ak,2m)

P +1' 27
—c-l—zu:N( 27e )
A ey

|ag| (v + 1)

4 2e
— E | . i —=— ). 1
c—klc . ogm - sec ( ) ( —|—o( ))

4 - 2e
<c+ —logm 1+o(1))-sech™! <7)
7 ogm ) (14 of [cral (v + 1)

4y 2€
=c+ —logm-(1+o0(1 sech_l(i).
— log ( (1) PIOES)

By combining this result with Theorem 1, the Lemma follows.
As a corollary, we can show that the matrix C,[f]~'7,[f] — I, will have at most

O(logn) outlying eigenvalues provided that fi, >0 .

Theorem 3. Let f € Lo, be piecewise continuous with fumin > 0. Then for all sufficiently

small € > 0, there exist positive constants cs and c4 such that

cs 1ogg < N(&:Colf] 2 Au[fICalf]%) < cslog g

Proof. The proof is similar to Theorem 2 with (17) replaced by

. *C—l 1
yety =2 Yy < A (Y)Y <
y*y fmin

where the last inequality above follows from Lemma 1.

Yy,
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§6 Numerical Results.

In this section, we illustrate by numerical examples how the discontinuities in the
generating function f affect the convergence rate of the method. In the examples, test
functions f defined on (—, 7] are used to generate Toeplitz matrices 7, [f] and the systems
Tnlf]z = b, where b = %(1, 1,---,1,1)*, are then solved by the preconditioned conjugate
gradient method with or without the preconditioner C,[f]. All computations are done by
Matlab on a Sparc II workstation at UCLA. The zero vector is used as the initial guess
and the stopping criterion is ||r4||2/||7o||2 < 1077, where 7, is the residual vector after ¢
iterations. Table 1 shows the numbers of iterations required for convergence. In the table,
the first row gives the generating functions and the second row indicates the preconditioner
used. The function fg ., 0 <y < f, is a piecewise linear function defined by

P=Y1p —r<o<o,

fon@ =9 57
— 0+ 0<6<m,
™

where 3 and « are the maximum and minimum values of f{3 1 on (—m, 7] respectively.

' + 1 0+m)*+1 J{10,0.1y (6 + m)° f{10,01

n  ||None |C,[f] |None [C,[f] ||None |C,[f] |None |C,[f] ||None |C,[f]
16 8 8 16 9 8 7 16 10 8 7
32 20 7 33 10 16 8 35 14 16 8
64 37 7 45 11 26 9 7 19 27 9
128 56 6 49 11 36 10 167 27 39 10
256 67 6 50 13 47 11 356 41 95 12
512 70 6 51 13 59 13 743 65 76 15
1024 71 5 51 13 68 14 1486 | 107 106 18

Table 1. Number of iterations for different generating functions.

We note that the first generating function #* 4 1 is a 2m-periodic function and the
convergence rate obtained here is typical for such class of functions, see Chan [2]. The
other four functions are all piecewise continuous. Note that the second and the third
functions are strictly positive. Therefore 7y, [f], C,[f] and hence C, ![f]T.[f] are all well-
conditioned in view of Lemma 1. In particular, the corresponding systems will converge

linearly, i.e. the method will converge in finite number of steps independent of the matrix
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size. So although the O(logn) effect can be seen for the preconditioned systems for small
n, it will level off when n gets larger. For the last two functions, since their fi; = 0,
the matrices 7,[f] will no longer be well-conditioned. In fact, we see that for the non-
preconditioned systems, the numbers of iterations required for convergence increase like
O(n) and O(y/n) respectively, cf. Chan [3, p.338]. In these cases, the number of iterations

for the preconditioned systems grows even faster than O(logn).

For comparison, the spectra of the preconditioned systems for n = 64 were computed
and shown in Figure 1 with the first test function 6* + 1 at the bottom (i.e. y = 1 in the
figure) to the fifth one f;19 9y at the top. For the last four functions, we can see that their

corresponding spectra are less clustered than the first one.

6

BF + + ++m+ +

4+ .+

3L 4+ rms +
y R +

1+ e +

% 1 2 3 4 5 6

Figure 1. Spectra of Preconditioned Systems for n = 64.
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§7 Concluding Remarks.

We have proved in this paper that when the T. Chan circulant preconditioner is used
to precondition Toeplitz matrices that are generated by nonnegative piecewise continu-
ous functions, the resulting matrices cannot have spectrum clustered around 1 and the
number of outlying eigenvalues grows at least like O(logn). We then show by numerical
examples that these outlying eigenvalues do affect the convergence rate of the method
and in general the convergence rate is no longer superlinear and the number of iterations
required for convergence increases at least like O(logn) too. For such systems, it is better
to use band-Toeplitz preconditioners instead of circulant preconditioners for they guaran-
tee linear convergence rate whenever f is nonnegative piecewise continuous, see Chan and
Ng [4, Theorem 1]. We finally remark that recently, Tyrtyshnikov [17] has established a
generalized Szeg6 theorem and used that to prove that if f is in Lo with fi,;, > 0, then
the number of outlying eigenvalues grows no more than o(n). Theorem 3 in this paper

can be viewed as a stronger form of his result under a stronger assumption.

Acknowledgments: We would like to thank Dr. K.M. Tsang for the helpful discussions.
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