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  QUANTITATIVE REASONING AND MATHEMATICAL 
MODELING1,2

3DWULFN�:��7KRPSVRQ
$UL]RQD�6WDWH�8QLYHUVLW\
3DW�7KRPSVRQ#DVX�HGX

,�¿UVW�SURYLGH�D�ELW�RI�KLVWRULFDO�EDFNJURXQG�RQ�D�WKHRU\�RI�VWXGHQWV¶�GHYHORSPHQW�RI�DOJHEUDLF�
UHDVRQLQJ�WKURXJK�TXDQWLWDWLYH�UHDVRQLQJ��7KH�TXDQWLWDWLYH�UHDVRQLQJ�SDUW�RI�WKH�WKHRU\�JDLQHG�
VRPH�SRSXODULW\��EXW�LWV�PRVW�LPSRUWDQW�IHDWXUHV��DW�OHDVW�LQ�P\�WKLQNLQJ���WKH�SDUWV�H[SOLFLWO\�
UHODWHG� WR� DOJHEUDLF� UHDVRQLQJ�� UHFHLYHG� OLWWOH�QRWLFH�� ,� WKHQ�SRLQW� WR� LPSRUWDQW�ZRUN� WKDW� H[-

WHQGHG�WKH�TXDQWLWDWLYH�UHDVRQLQJ�SDUW�RI�WKLV�WKHRU\�LQ�LPSRUWDQW�ZD\V��H�J���/REDWR��5HHG��(OOLV��
1RUWRQ��&DVWLOOR�*DUVRZ��DQG�0RRUH��DQG�GLVFXVV�KRZ�WKH�³OLWWOH�QRWLFHG´�DVSHFWV�FRXOG�LQIRUP�
WKDW�ZRUN�LQ�XVHIXO�ZD\V��,�DOVR�GLVFXVV�KRZ�D�IRFXV�LQ�VFKRRO�PDWKHPDWLFV�RQ�TXDQWLWDWLYH�UHD-
VRQLQJ�DQG�LWV�H[WHQVLRQ�LQWR�DOJHEUD�FRXOG�EH�OHYHUDJHG�ZLWK�UHJDUG�WR�VWXGHQWV¶�HQJDJHPHQW�LQ�
DXWKHQWLF�PDWKHPDWLFDO�PRGHOLQJ��)LQDOO\��,�H[WHQG�WKH�WKHRU\�RI�TXDQWLWDWLYH�UHDVRQLQJ��ZLWK�D�
IRFXV�RQ�TXDQWLWDWLYH�FRYDULDWLRQ��WR�LQFOXGH�UHDVRQLQJ�ZLWK�PDJQLWXGHV�DQG�GLVFXVV�H[DPSOHV�
RI�KRZ�ULFK��FRKHUHQW�XQGHUVWDQGLQJV�RI�PDJQLWXGHV�FDQ�EH�IRXQGDWLRQDO�IRU�DGYDQFHG�UHDVRQLQJ�
LQ�DQDO\WLF�JHRPHWU\��FDOFXOXV��GLIIHUHQWLDO�HTXDWLRQV��DQG�DQDO\VLV�
� ,Q������,�ZURWH�D�SDSHU�WKDW�SUHVHQWHG�D�WKHRU\�RI�TXDQWLWDWLYH�UHDVRQLQJ��3��:��7KRPSVRQ��
������ WKDW�SURSRVHG�PHDQLQJV� IRU�TXDQWLW\��TXDQWLWDWLYH�VWUXFWXUH��DQG�TXDQWLWDWLYH� UHDVRQLQJ�
WKDW�FRXOG�SURYLGH�D�IRXQGDWLRQ�IRU�WKHRULHV�RI�KRZ�WR�SURPRWH�DQG�VXSSRUW�DOJHEUDLF�UHDVRQLQJ��
,�QHYHU�DWWHPSWHG�WR�SXEOLVK�WKDW�SDSHU��DV�LWV�SXUSRVH�ZDV�WR�FRQFHQWUDWH�P\�WKLQNLQJ�UDWKHU�WKDQ�
WR�JHQHUDWH�D�SXEOLFDWLRQ��7R�D�ODUJH�H[WHQW��WKDW�VWUDWHJ\�ZRUNHG��$�QXPEHU�RI�DUWLFOHV�DQG�ERRN�
FKDSWHUV�IROORZHG�IURP�LW��HDFK�H[DPLQLQJ�D�VPDOO�SDUW�RI�WKH�WKHRU\��DQG�WKDW�WKHRU\�FRQWLQXHV�
WR�EH�DW�WKH�FRUH�RI�P\�FXUUHQW�ZRUN�ZLWK�WKHRULHV�RI�LQVWUXFWLRQ�DQG�OHDUQLQJ�LQ�WKH�FRQWH[W�RI�
LQVWUXFWLRQ��%XW�QRQH�RI�WKLV�ZRUN�UHYLVLWHG�WKH�WKHRU\�LQ�LWV�HQWLUHW\��6LQFH�WKHQ�,¶YH�JDLQHG��,�
KRSH��SHUVSHFWLYH�RQ�ZKDW�DUH�WKH�FHQWUDO�DVSHFWV�RI�TXDQWLWDWLYH�UHDVRQLQJ��DQG�,�KRSH�WR�WDNH�
WKLV�RSSRUWXQLW\�WR�UHYLVLW�WKHP�

Central Tenets of a Theory of Quantitative Reasoning

A Quantity is in a Mind, it is not in the World
-RKQVRQ��������JLYHV�D�IDVFLQDWLQJ�DFFRXQW�RI�/DYRLVLHU¶V�H[SHULPHQWV�OHDGLQJ�XS�WR�WKH�GLVFRY-

HU\�RI�R[\JHQ�LQ�WKH�ODWH�����V��,Q�WKH�PLG�FHQWXULHV��FLUFD������������HVSHFLDOO\�������������
ZKHQ�VFLHQWLVWV�ZLWQHVVHG�VRPHWKLQJ�EXUQLQJ�WKH\�saw�D�UHOHDVH�RI�SKORJLVWRQ²WKH�VWXII�WKDW�
REMHFWV� FRQWDLQ� WKDW� UHYHDOHG� LWVHOI� LQ� ÀDPHV�� 3KORJLVWRQ�ZDV� D� UHDO� VXEVWDQFH� WR� WKHP��7KH�
RULJLQDO�REMHFW��EHIRUH�EXUQLQJ��FRQWDLQHG�SKORJLVWRQ�DQG�FDO[²FDO[�EHLQJ�WKH�VWXII�WKDW�VWD\V�
EHKLQG�OLNH�DVK�DIWHU�SKORJLVWRQ�OHDYHV��7KHLU�PHQWDO�PRGHO�RI�FRPEXVWLRQ�ZDV�RI�VRPHWKLQJ�
EHLQJ�UHOHDVHG��QRW�VRPHWKLQJ�EHLQJ�FRPELQHG��$WWHPSWV�WR�TXDQWLI\�SKORJLVWRQ²WR�GHWHUPLQH�

�� �3UHSDUDWLRQ�RI�WKLV�SDSHU�ZDV�VXSSRUWHG�E\�1DWLRQDO�6FLHQFH�)RXQGDWLRQ�*UDQW�1R��(+5����������
$Q\�FRQFOXVLRQV�RU�UHFRPPHQGDWLRQV�VWDWHG�KHUH�DUH�WKRVH�RI�WKH�DXWKRUV�DQG�GR�QRW�QHFHVVDULO\�UHÀHFW�
RI¿FLDO�SRVLWLRQV�RI�16)��
�� �0DQ\�LGHDV�H[SUHVVHG�LQ�WKLV�SDSHU�GHYHORSHG�WKURXJK�LQWHQVH�FRQYHUVDWLRQV�ZLWK�WKH�ODWH�-LP�.DSXW�
RYHU�WKH�SHULRG������������,W�LV�LPSRVVLEOH�WR�XQWDQJOH�P\�DQG�-LP¶V�WKLQNLQJ�ZLWKRXW�KLV�SDUWLFLSDWLRQ��,�
DSRORJL]H�WR�-LP¶V�PHPRU\�IRU�P\�LQDELOLW\�WR�GR�WKLV�
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KRZ�PXFK�RI�LW�D�VXEVWDQFH�FRQWDLQHG²EXLOW��RYHU�PDQ\�\HDUV��WR�/DYRLVLHU¶V�FRQFOXVLRQ�WKDW�
WKH�PRGHO�LQ�ZKLFK�SKORJLVWRQ�SOD\HG�D�NH\�UROH�ZDV�QRW�YLDEOH��DQG�WKDW�WKHUH�LV�QR�VXFK�WKLQJ�
DV�SKORJLVWRQ��,Q�RWKHU�ZRUGV��SKORJLVWRQ�ZDV�D�TXDQWLW\�XQWLO�LW�ZDV�D�PLVWDNH�

7KH�SRLQW�WKDW�TXDQWLWLHV�DUH�PHQWDO�FRQVWUXFWLRQV��DQG�WKDW�WKHLU�FUHDWLRQ�LV�RIWHQ�HIIRUWIXO��
LV�FHQWUDO�WR�PDWKHPDWLFV�HGXFDWLRQ��7RR�RIWHQ�TXDQWLWLHV��VXFK�DV�DUHD�DQG�YROXPH��DUH�WDNHQ�DV�
REYLRXV��DQG�KHQFH�WKHUH�LV�QR�DWWHQWLRQ�JLYHQ�WR�VWXGHQW¶V�FRQVWUXFWLRQ�RI�TXDQWLW\�WKURXJK�WKH�
GLDOHFWLF�REMHFW�DWWULEXWH�TXDQWL¿FDWLRQ��,QVWHDG��WH[WERRN�ZULWHUV�DQG�WHDFKHUV�MXVW�XVH�WKHP�WR�
teach. 

-DVRQ� 6LOYHUPDQ� DQG� ,� �6LOYHUPDQ�	�7KRPSVRQ�� ������ SRLQWHG� WKLV� RXW� DV� UHYHDOHG� LQ�
0DUW\�6LPRQ¶V�ZRUN�ZLWK�HOHPHQWDU\�WHDFKHUV�RQ�KHOSLQJ�WKHP�XQGHUVWDQG�PXOWLSOLFDWLRQ�DV�D�
TXDQWLI\LQJ�RSHUDWLRQ��6LPRQ�	�%OXPH���������:H�QRWHG�WKDW�PDQ\�RI�6LPRQ¶V�SUH�VHUYLFH�HO-
HPHQWDU\�WHDFKHUV�WRRN�D�UHJLRQ�DV�D�XQLW�RI�DUHD��DQG�WKDW�D�PHDVXUH�RI�DUHD�ZDV�VLPSO\�FRS\LQJ�
WKDW�UHJLRQ�UHSHDWHGO\�WR�FRYHU�DQRWKHU�UHJLRQ�DQG�FRXQWLQJ�WKH�QXPEHU�RI�FRSLHV��7KXV��ZKLOH�
PHDVXULQJ�D�ODUJHU�UHFWDQJOH�ZLWK�D�XQLW�UHFWDQJOH�WKRVH�VWXGHQWV�REMHFWHG�ZKHQ�6LPRQ�WXUQHG�
WKH�XQLW�UHFWDQJOH����GHJUHHV�DIWHU�FRYHULQJ�WKH�¿UVW�URZ��7KH\�VDZ�6LPRQ¶V�PHWKRG�SURGXFLQJ�
³RYHUODSSLQJ�DUHDV´��7KH\�GLG�QRW�VHH�6LPRQ�XVLQJ�WKH�VPDOOHU�UHFWDQJOH�DV�D�UXOHU��ZKHUHE\�
KH�XVHG�LWV�HGJH�WR�PHDVXUH�WKH�OHQJWKV�RI�WKH�ODUJHU�UHFWDQJOH¶V�HGJHV�3�7KH\�GLG�QRW�VHH�HLWKHU�
PHDVXUHG�DUHD�RU�D�XQLW�RI�DUHD�DV�EHLQJ�FRPSRVHG�RI�WZR�OHQJWKV�FRPELQHG�PXOWLSOLFDWLYHO\��

)LJXUH����$Q�³HUUHG´�PHDVXUHPHQW�SURFHVV��IURP�6LOYHUPDQ�	�7KRPSVRQ�������

,Q�DQRWKHU�DUWLFOH�,�GHVFULEHG�6LPRQ¶V�VWXGHQWV¶�ZD\�RI�WKLQNLQJ²RI�XQLWV�RI�DUHD�RU�XQLWV�
RI�YROXPH�DV�REMHFWV�WR�EH�FRXQWHG²DV�RQH�GLPHQVLRQDO�DUHD�DQG�RQH�GLPHQVLRQDO�YROXPH��3��
:��7KRPSVRQ��������DQG�GLVFXVVHG�WKH�REVWDFOHV�WKLV�ZD\�RI�WKLQNLQJ�SRVHV�IRU�XQGHUVWDQGLQJ�
(XFOLGHDQ�GLPHQVLRQ�LQ�D�ZD\�WKDW�VXSSRUWV�XQGHUVWDQGLQJ�IUDFWDO�GLPHQVLRQ��,Q�WKDW�DUWLFOH�,�
DOVR�GHVFULEHG�FKLOGUHQ�UHFRQFHSWXDOL]LQJ�PXOWLSOLFDWLRQ�DV�D�TXDQWLWDWLYH�RSHUDWLRQ��,�DVNHG�D�
JURXS�RI��th�JUDGHUV�WKH�IROORZLQJ�TXHVWLRQ�

�� �,�KDVWHQ�WR�PDNH�FOHDU�WKDW�6LPRQ�LQWHQGHG�WR�KDYH�KLV�VWXGHQWV�H[SHULHQFH�WKH�GLOHPPD�RI�ZKHWKHU�
³WXUQLQJ�WKH�XQLW�UHFWDQJOH´�ZDV�D�OHJLWLPDWH�ZD\�WR�PHDVXUH�WKH�DUHD�RI�D�ODUJHU�UHFWDQJOH�
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)LJXUH����:H�KDYH�D�UHFWDQJOH�WKDW�LV���LQFKHV�ZLGH�DQG���FHQWLPHWHUV�KLJK��6XSSRVH�
ZH�GLG�WKH�VLOO\�WKLQJ�DQG�PXOWLSOLHG���E\���WR�JHW�LWV�DUHD��:H�ZRXOG�JHW�����%XW����
ZKDW"

7KH�HQVXLQJ�GLVFXVVLRQ�ZHQW�RQ�IRU����PLQXWHV�EHIRUH�RQH�FKLOG�DVNHG�WLPLGO\��³:RXOG�
LW�EH����UHFWDQJOHV�WKDW�DUH���FP�E\���LQFK"´�,Q�WKH�QH[W����PLQXWHV�FKLOGUHQ�ZRUNHG�WR�XQGHU-
VWDQG�KRZ�LW�ZDV�WKDW�����LW�PDGH�VHQVH��LQ�PXOWLSO\LQJ�OHQJWK�E\�ZLGWK��WKH\�ZHUH�VRPHKRZ�
JHQHUDWLQJ�UHFWDQJOHV��DQG�����WKDW�WKH�RQO\�WKLQJ�WKH\�QHHGHG�WR�NQRZ�DERXW�D�³FRYHULQJ�FRO-
OHFWLRQ´�ZDV�WKH�XQLW�OHQJWK�RI�HDFK�VLGH�RI�WKH�EDVLF�DUHD�XQLW��7R�XQGHUVWDQG�PXOWLSOLFDWLRQ�DV�
D�TXDQWL¿FDWLRQ�RI�DUHD�WKH\�QHHGHG�WR�UHFRQFHSWXDOL]H�RQH�XQLW�RI�DUHD��DPRXQW�RI�UHJLRQ��DV�D�
PXOWLSOLFDWLYHO\�VWUXFWXUHG�REMHFW�

7R�SUH�VHUYLFH�WHDFKHUV�IRU�ZKRP�DUHD�ZDV�D�WKLQJ�WR�EH�FRYHUHG�E\�FKXQNV�RI�DUHD��PHD-
VXULQJ�DUHD�DV�LI�E\�D�UXOHU�PDGH�QR�VHQVH��1RU�GLG�WKHLU�FRQFHSWLRQ�RI�DUHD�KDYH�WKH�SURSHUW\�RI�
EL�SURSRUWLRQDOLW\²WKDW�LI�\RX�PDNH�RQH�GLPHQVLRQ�n�WLPHV�DV�ODUJH�DQG�DQRWKHU�GLPHQVLRQ�m 

WLPHV�DV�ODUJH��WKH�UHVXOWLQJ�DUHD�LV�nm�WLPHV�DV�ODUJH��2QO\�FRYHULQJ�DQG�FRXQWLQJ�PDGH�VHQVH��
)RU�DUHD�WR�HQWDLO�SURSRUWLRQDOLW\��WKH\�QHHGHG�WR�GHYHORS�D�GLIIHUHQW�TXDQWLW\�WKDW�WKH\�ZRXOG�
FDOO�DUHD²RQH�WKDW�LV�FUHDWHG�PXOWLSOLFDWLYHO\��7R�UHWXUQ�WR�WKH�H[DPSOH�RI�SKORJLVWRQ��WKRVH�IRU�
ZKRP�WKH�WKHRU\�RI�SKORJLVWRQ�H[SODLQHG�FRPEXVWLRQ��SKORJLVWRQ�H[LVWHG��,W�ZDV�D�VXEVWDQFH�
WKDW�ZDV�NH\�WR�WKHLU�XQGHUVWDQGLQJ�RI�FRPEXVWLRQ��7KH\�VDZ�LW�PDQLIHVWHG�LQ�HYHU\GD\�H[SHUL-
HQFH��%XW�WKH\�KDG�QRW�TXDQWL¿HG�LW��,Q�WKH�SURFHVV�RI�DWWHPSWLQJ�WR�TXDQWLI\�SKORJLVWRQ��DQG�
WKHUHE\�JDLQ�JUHDWHU�LQVLJKW�LQWR�WKH�QDWXUH�RI�FRPEXVWLRQ��QHZ�UHDOL]DWLRQV�HPHUJHG�

7KH�VWDQFH�WKDW�TXDQWLWLHV�DUH�LQ�PLQGV��QRW�LQ�WKH�ZRUOG��LV�IRU�HGXFDWRUV��QRW�VFLHQWLVWV��2I�
FRXUVH�VFLHQWLVWV�DUH�ZHOO�DZDUH�WKDW�WKH�EHVW�WKH\�FDQ�GR�LV�EXLOG�PRGHOV�RI�WKH�ZD\�WKH�ZRUOG�
³UHDOO\´�ZRUNV��%XW� WKH\�FRXOG�QRW�GR�VFLHQFH� LI� WKH\�GLG�QRW� WDNH� WKHLU�PRGHOV�DV�GHSLFWLQJ�
UHDOLW\�³DV�LW�LV´��(GXFDWRUV��KRZHYHU��PXVW�EH�FRQVWDQWO\�DZDUH�WKDW�ZKDW�LV�LQ�VWXGHQWV¶�PLQGV�
LV�ZKDW�PDWWHUV��7KH�VWDQFH�WKDW�TXDQWLWLHV�DUH�LQ�PLQGV��QRW�LQ�WKH�ZRUOG��DFWLYHO\�VXSSRUWV�EH-
LQJ�DWWHQWLYH� WR�KRZ�VWXGHQWV�FRQFHLYH� VLWXDWLRQV�DQG�VHUYHV�DV�DQ�DFWLYH� UHPLQGHU� WKDW� WKHLU�
FRQFHSWLRQV�RI�HYHQ�WKH�PRVW�³REYLRXV´�DVSHFWV�RI�D�VLWXDWLRQ�DUH�OLNHO\�WR�GLIIHU�IURP�RXUV�LQ�
important ways.

4XDQWL¿FDWLRQ�LV�D�5HDOO\�%LJ�'HDO
,Q��3��:��7KRPSVRQ��������SS�����������,�VDLG�WKLV�DERXW�TXDQWL¿FDWLRQ�

4XDQWL¿FDWLRQ�LV�D�SURFHVV�E\�ZKLFK�RQH�DVVLJQV�QXPHULFDO�YDOXHV�WR�TXDOLWLHV��7KDW�LV��
TXDQWL¿FDWLRQ�LV�D�SURFHVV�RI�GLUHFW�RU�LQGLUHFW�PHDVXUHPHQW��2QH�GRHV�QRW�QHHG�WR�DF-
WXDOO\�FDUU\�RXW�D�TXDQWL¿FDWLRQ�SURFHVV�IRU�D�TXDQWLW\�LQ�RUGHU�WR�FRQFHLYH�LW��5DWKHU��
WKH�RQO\�SUHUHTXLVLWH�IRU�D�FRQFHSWLRQ�RI�D�TXDQWLW\�LV�WR�KDYH�D�SURFHVV�LQ�PLQG��2I�
FRXUVH��D�SHUVRQ¶V�JUDVS�RI�D�SURFHVV�PD\�FKDQJH�DV�KH�RU�VKH�UH�FRQFHLYHV�WKH�TXDOLW\�
DQG�WKH�SURFHVV�LQ�UHODWLRQ�WR�RQH�DQRWKHU�
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,�ZLVK� ,�KDG�QRW� VDLG� WKLV�� IRU� LW� LV� FRPPRQO\�XQGHUVWRRG� WKDW� ,�PHDQW�SUHFLVHO\�ZKDW� ,�
VDLG²WKDW�TXDQWL¿FDWLRQ�LV�PHUHO\�D�SURFHVV�RI�DVVLJQLQJ�QXPEHUV�WR�DQ�DWWULEXWH�RI�DQ�REMHFW��
,�GLGQ¶W�PHDQ�WKLV�DW�DOO��DQG�WKH�UHPDLQGHU�RI�WKDW�DUWLFOH��ZKLFK�DQDO\]HG�RQH�FKLOG¶V�FRQVWUXF-
WLRQ�RI�VSHHG�DV�D�TXDQWLW\��GRFXPHQWHG�WKH�GLDOHFWLF�EHWZHHQ�KHU�SURJUHVVLYH�FRQFHSWXDOL]DWLRQ�
RI�PRWLRQ�DV�HQWDLOLQJ�WKH�VLPXOWDQHRXV�DFFXPXODWLRQ�RI�WZR�TXDQWLWLHV��GLVWDQFH�DQG�WLPH��DQG�
FRQFHSWXDOL]LQJ�D�TXDQWL¿FDWLRQ�RI�WKDW�VLPXOWDQHRXV�DFFXPXODWLRQ��+HUH�FRQFHSWXDOL]DWLRQ�RI�
HDFK²VSHHG�DV�D�TXDQWLW\�DQG�SURSRUWLRQDO�FRUUHVSRQGHQFH�DV�KHU�TXDQWL¿FDWLRQ�RI� LW²ZHQW�
KDQG�LQ�KDQG��7KH\�ZHUH�LQVHSDUDEOH�

/XLV�6DOGDQKD�DQG�,��3��:��7KRPSVRQ�	�6DOGDQKD��������GHYHORSHG�DQRWKHU�H[DPSOH�RI�
WKH�SRZHU�RI�TXDQWL¿FDWLRQ�DV� D� URRW�RI�PDWKHPDWLFDO� WKLQNLQJ��:H�FRQVLGHUHG� WKH�TXHVWLRQ��
³:KDW�LV�WRUTXH�DQG�KRZ�PLJKW�RQH�TXDQWLI\�LW"´�:KLOH�,�ZRXOG�QHYHU�FODLP�WKDW�RXU�FRQFHSWXDO�
DQDO\VLV�ZDV�GH¿QLWLYH�ZLWK�UHVSHFW�WR�OHDUQLQJ�WKH�LGHD�RI�WRUTXH��,�EHOLHYH�LW�GRHV�UHÀHFW�WKH�
GLDOHFWLF�EHWZHHQ�FRQFHSWXDOL]LQJ�D�TXDQWLW\�DQG�FRQFHSWXDOL]LQJ�LWV�TXDQWL¿FDWLRQ��7KH�FHQWUDO�
TXHVWLRQV�ZHUH�

x� :KDW�LV�WKH�REMHFW�RQH�FRQFHLYHV�ZKHQ�FRQFHLYLQJ�WRUTXH"
x� :KDW�LV�WKH�DWWULEXWH�RI�WKDW�REMHFW�WKDW�RQH�TXDQWL¿HV"�
x� :KDW�LV�RQH�XQLW�RI�WRUTXH"

7KH�DQVZHU�WR�����FDQ�RQO\�EH�WKDW�LW�LV�D�V\VWHP�WKDW�\RX�DUH�TXDQWLI\LQJ²D�V\VWHP�WKDW�
LQYROYHV�VRPHWKLQJ�WXUQLQJ�DURXQG�D�¿[HG�SRLQW�WKDW�VRPHKRZ�EHKDYHV�GLIIHUHQWO\�WKH�IDUWKHU�
IURP�WKDW�¿[HG�SRLQW�\RX�DUH��7KH�DQVZHU�WR�����RI�FRXUVH�LQYROYHV������7KH�DWWULEXWH�RI�WKDW�V\V-
WHP�LV�VRPHWKLQJ�OLNH�³DPRXQW�RI�WZLVW´��WKH�DZDUHQHVV�WKDW�LW�WDNHV�PRUH�VKRXOGHU�VWUHQJWK�WR�
KROG�D�SDLO�RI�ZDWHU�IDUWKHU�IURP�\RXU�ERG\�WKDQ�FORVHU��7KH�DQVZHU�WR�����LV�PRUH�FRPSOLFDWHG��
,W�LV�WKH�UHDOL]DWLRQ�WKDW��D��DQ\�TXDQWL¿FDWLRQ�RI�WRUTXH�PXVW�WDNH�LQWR�DFFRXQW��VLPXOWDQHRXVO\��
WKH�GLVWDQFH�WKDW�D�IRUFH�LV�DSSOLHG�IURP�WKH�¿[HG�HQG�DQG�WKH�DPRXQW�RI�IRUFH�EHLQJ�DSSOLHG��DQG�
WKXV�D�XQLW�RI�WZLVWLQHVV�LV�VD\��1HZWRQ�PHWHU�RU�IRRW�SRXQG���DQG��E��WKDW�DPRXQW of twistiness 

LV�SURSRUWLRQDO�WR�HDFK�RI�WKRVH�FRPSRQHQWV²LI�ZH�DSSO\�WKH�VDPH�IRUFH�DW�WKULFH�WKH�GLVWDQFH�
ZH�JHW� WKULFH�WKH�DPRXQW�RI� WZLVWLQHVV��,I�ZH�DSSO\�WKULFH�WKH�IRUFH�DW� WKH�VDPH�GLVWDQFH��ZH�
JHW� WKULFH� WKH� WZLVWLQHVV��7KXV��ZKDWHYHU�DPRXQW�RI� WZLVWLQHVV� LV�SURGXFHG�E\���IRUFH�XQLW�DW�
��GLVWDQFH�XQLW��D�IRUFH�RI�n�IRUFH�XQLWV�DW���GLVWDQFH�XQLW�ZLOO�EH�n�WLPHV�DV�JUHDW��DQG�D�IRUFH�
RI���IRUFH�XQLW�DW�D�GLVWDQFH�RI�m�GLVWDQFH�XQLWV�ZLOO�EH�m�WLPHV�DV�JUHDW��3XW�PRUH�IRUPDOO\��LI�
T������LV�WKH�DPRXQW�RI�WZLVWLQHVV�SURGXFHG�E\���IRUFH�XQLW�DSSOLHG�DW���GLVWDQFH�XQLW�IURP�D�
¿[HG�SRLQW��WKHQ�T�n,1) = nT������DQG�T���m) = mT�������7KHUHIRUH�T�Q�P) = mnT�������7KXV��ZH�
³PXOWLSO\�IRUFH�WLPHV�GLVWDQFH´�WR�TXDQWLI\�WRUTXH��

$V�DQ�H[WHQVLRQ�RI�WKLV�H[DPSOH�UHJDUGLQJ�WRUTXH��DQG�EXLOGLQJ�RII�WKH�ZD\V�RI�WKLQNLQJ�
GHVFULEHG� LQ��3��:��7KRPSVRQ�	�6LOYHUPDQ��������� LI�VWXGHQWV�FRPELQH�DQ�XQGHUVWDQGLQJ�RI�
WRUTXH�ZLWK�DQ�XQGHUVWDQGLQJ�RI�DFFXPXODWLRQ��WKHQ�LW�LV�QRW�KDUG�IRU�WKHP�WR�LPDJLQH�D�PHWKRG�
IRU�FRQFHSWXDOL]LQJ�WKH�WRWDO�WRUTXH�JHQHUDWHG�E\�DQ�REMHFW�RI�YDU\LQJ�GHQVLW\�WKDW�KDV�RQH�HQG�
¿[HG��,PDJLQH�VOLFLQJ�WKH�REMHFW�LQWR�VXSHU�WKLQ�SLHFHV�WKDW�DUH�YHUWLFDO�WR�WKH�D[LV�RI�WZLVW��LPDJ-

LQLQJ�HDFK�VOLFH�WR�EH�RI�XQLIRUP�GHQVLW\��DQG�VXPPLQJ�WKH�WRUTXH�JHQHUDWHG�E\�HDFK�DV�LI�HDFK�
LV�JHQHUDWHV�WRUTXH�LQGHSHQGHQWO\��7KH�VXP�LV�WKH�WRWDO�WRUTXH��+RZHYHU��WKLV�PHWKRG�LV�XQDYDLO-
able�WR�VWXGHQWV�ZKR�KDYH�QRW�FRQFHSWXDOL]HG�WRUTXH�DQG�DFFXPXODWLRQ�DSSURSULDWHO\��WRUTXH�DV�
FRQVWLWXWHG�PXOWLSOLFDWLYHO\�E\�D�IRUFH�DFWLQJ�DW�D�GLVWDQFH�IURP�D�¿[HG�SRLQW�DQG�D�WRWDO�DPRXQW�
RI�D�TXDQWLW\�DV�JHQHUDWHG�E\�DFFXPXODWLQJ�OLWWOH�ELWV�RI�LW�

7KH�GLDOHFWLF�EHWZHHQ�VWXGHQWV�FRQFHSWXDOL]LQJ�D�TXDQWLW\�DQG�FRQFHSWXDOL]LQJ�D�TXDQWL¿-

FDWLRQ�RI�LW�LV�VR�LPSRUWDQW�WKDW�,¶OO�VKDUH�D�WKLUG�H[DPSOH��$�FODVV�RI��th�JUDGH�VWXGHQWV�LQ�FHQWUDO�
,OOLQRLV�ZDV�FXULRXV�DERXW�ZK\�JUDLQ�VLORV�H[SORGH��WKH�QHZV�UHSRUWHG�RQH�KDYLQJ�H[SORGHG�WKH�
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SULRU�GD\���,�GHFLGHG�WR�OHYHUDJH�WKDW�FXULRVLW\�LQWR�DQ�DG�KRF�XQLW�RQ�TXDQWL¿FDWLRQ²RQ�FUHDW-
LQJ�WKH�TXDQWLW\�³H[SORVLYHQHVV´�DQG�KRZ�RQH�PLJKW�PHDVXUH�WKH�H[SORVLYHQHVV�RI�D�JUDLQ�VLOR��
6WXGHQWV�ZHUH�VW\PLHG�XQWLO�VRPHRQH�UHPHPEHUHG��IURP�VFLHQFH��WKDW�DQ�H[SORVLRQ�LV�MXVW�IDVW�
EXUQLQJ��DQG�VR�VRPHWKLQJ�PXVW�EXUQ�WR�SURGXFH�D�VLOR�H[SORVLRQ��7KHQ�RQH�VWXGHQW�UHPHPEHUHG�
WKURZLQJ�D�SLQFK�RI�ÀRXU�LQWR�D�FDPS¿UH�DQG�VHHLQJ�LW�EXUVW�LQWR�ÀDPHV��2K��JUDLQ�GXVW�LV�ZKDW�
EXUQV��%XW�LI�JUDLQ�GXVW�LV�DOO�RQ�WKH�JURXQG��\RX�FRXOG�KLW�LW�ZLWK�D�EORZWRUFK�DQG�LW�ZRXOGQ¶W�
EXUQ��:KDW¶V�JRLQJ�RQ"�$QRWKHU�VWXGHQW�UHFDOOHG�WKDW�EXUQLQJ�LV�MXVW�R[LGDWLRQ��DQG�WKDW�R[LGD-
WLRQ�KDSSHQV�RQO\�DW�D�PDWHULDO¶V�VXUIDFH��VR�PD\EH�ZKHQ�JUDLQ�GXVW�LV�DOO�RQ�WKH�ÀRRU�WKHUH�MXVW�
LVQ¶W�HQRXJK�H[SRVHG�VXUIDFH�IRU�LW�WR�EXUQ��:KHUH�GRHV�WKDW�WDNH�XV"�2K��:KHQ�GXVW�LV�RQ�WKH�
ÀRRU��RQO\�WKH�WRS��WKLQ�OD\HU�LV�H[SRVHG�WR�DLU��:KHQ�GXVW�LV�³LQ�WKH�DLU´��HDFK�LQGLYLGXDO�GXVW�
SDUWLFOH�LV�VXUURXQGHG�E\�DLU��:KHUH�GRHV�WKDW�WDNH�XV"�:HOO��PD\EH�LI�ZH�WKLQN�DERXW�WKH�DPRXQW�
RI�JUDLQ�GXVW��E\�YROXPH��LQ�UHODWLRQ�WR�WKH�DPRXQW�RI�VXUIDFH�DUHD�H[SRVHG�WKDW�ZLOO�JLYH�XV�D�
PHDVXUH�RI�H[SORVLYHQHVV"�%XW�ZDLW��GRHVQ¶W�WKH�VL]H�RI�WKH�VLOR�PDWWHU"�2K��\RX�QHHG�WR�WKLQN�
RI�WKH�DPRXQW�RI�VXUIDFH�DUHD�LQ�UHODWLRQ�WR�WKH�YROXPH�RI�GXVW��SHU�FXELF�IRRW�RI�DLU�LQ�WKH�VLOR��
7KH\�HQGHG��DIWHU�VHYHUDO�GD\V�RI�LQWHQVH�GHEDWH��ZLWK�D�XQLW�RI�PHDVXUH�EHLQJ�FP2�RI�³GXVW�VXU-
IDFH�DUHD´�SHU�FP3�RI�³GXVW�YROXPH´�SHU�IW3�RI�³VLOR�YROXPH´�DV�WKHLU�XQLW�LQ�ZKLFK�WKH\�ZRXOG�
PHDVXUH�D�VLOR¶V�H[SORVLYHQHVV4��7KH\�¿JXUHG�WKDW�WKHUH�ZRXOG�EH�D�ORZ�UDQJH�RI�PHDVXUHPHQWV�
WKDW�LQGLFDWH�³QRW�H[SORVLYH´��D�PLG�UDQJH�RI�PHDVXUHPHQWV�WKDW�LQGLFDWH�³LW�GHSHQGV�RQ�RWKHU�
WKLQJV´��H�J���WKH�H[DFW�FRPSRVLWLRQ�RI�WKH�GXVW���DQG�D�KLJK�UDQJH�RI�PHDVXUHPHQWV�WKDW�LQGL-
FDWH�³KLJKO\�H[SORVLYH´��7KH\�ZRQGHUHG�DERXW�KRZ�WR�¿JXUH�WKH�WRWDO�SDUWLFXODWH�VXUIDFH�DUHD�
RI�VRPH�DPRXQW�RI�GXVW��EXW�WKH\�ZHUH�FRQ¿GHQW�WKDW�WKLV�ZDV�SRVVLEOH�LI�\RX�DVVXPHG�DOO�GXVW�
SDUWLFOHV�KDG�D�JLYHQ�GLDPHWHU�

:KHWKHU�VWXGHQWV�HQGHG�ZLWK�D�JRRG�PHDVXUH�RI�H[SORVLYHQHVV�RU�D�SRRU�PHDVXUH�DFWXDOO\�
LV�QRW�UHOHYDQW�WR�WKH�VLJQL¿FDQFH�RI�WKHLU�DFWLYLW\��5DWKHU��WKH�VLJQL¿FDQFH�LV�WKDW�LQ�FRPLQJ�XS�
ZLWK�D�PHDVXUH�WKDW�VDWLV¿HG�WKHP��WKH\�QHHGHG�WR�EXLOG�IURP�PRGHOV�WKH\�DOUHDG\�KDG��FRPEXV-
WLRQ�KDSSHQV�DW�DQ�REMHFW¶V� VXUIDFH��H[SORVLRQV�KDSSHQ�E\� UDSLG�R[LGDWLRQ5��DQG� WKH\�QHHGHG�
WR�HQJDJH�LQ�D�GLDOHFWLF�EHWZHHQ�FRQFHSWXDOL]LQJ�WKH�DWWULEXWH�EHLQJ�PHDVXUHG��H[SORVLYHQHVV�
DQG�KRZ�WKLQJV�H[SORGHG��DQG�WKH�ZD\�LQ�ZKLFK�WKH\�ZRXOG�PHDVXUH�LW��E\�FRPSDULQJ�UHODWLYH�
DPRXQWV�RI�UHODWHG�TXDQWLWLHV��

$QRWKHU�DVSHFW�RI� WKLV�H[DPSOH�LV� LPSRUWDQW�IRU�VFKRRO�PDWKHPDWLFV��2QFH�VWXGHQWV�KDG�
FRQFHSWXDOL]HG�H[SORVLYHQHVV��KRZ�LW�ZRUNV��DQG�PHDVXUHV�RI� LW��ZH�FRXOG�VWDUW�GRLQJ�PDWK-

HPDWLFV��³6XSSRVH�WKHUH�DUH�WZR�VLORV�KDYLQJ�WKH�VDPH�YROXPH�DQG�KDYLQJ�WKH�VDPH�YROXPH�RI�
JUDLQ�GXVW�LQ�WKH�DLU��EXW�WKH�GLDPHWHU�RI�LQGLYLGXDO�SDUWLFOHV¶�LQ�RQH�VLOR�LV�WZLFH�WKH�GLDPHWHU�RI�
SDUWLFOHV�LQ�WKH�RWKHU��+RZ�H[SORVLYH�LV�RQH�VLOR�UHODWLYH�WR�WKH�RWKHU"´�2Q�WKH�RWKHU�VLGH�RI�WKLV�
H[DPSOH�LV�WKH�SRLQW�WKDW��ZLWKRXW�VWXGHQWV�KDYLQJ�D�ZRUNLQJ�PRGHO�RI�H[SORVLRQV�DQG�ZLWKRXW�
WKHP�KDYLQJ�FRQFHSWXDOL]HG�D�PHDVXUH�RI�H[SORVLYHQHVV��WKDW�TXHVWLRQ�ZRXOG�KDYH�EHHQ�PHDQ-

ingless to them.

7R�FRPH�IXOO�FLUFOH�UHJDUGLQJ�TXDQWL¿FDWLRQ��,�ZLVK�WKDW�LQVWHDG�RI�VD\LQJ�WKDW�TXDQWL¿FDWLRQ�
LV�WKH�SURFHVV�RI�DVVLJQLQJ�QXPHULFDO�YDOXHV�WR�D�TXDOLW\�,�KDG�VDLG�WKLV�

4XDQWL¿FDWLRQ�LV�WKH�SURFHVV�RI�FRQFHSWXDOL]LQJ�DQ�REMHFW�DQG�DQ�DWWULEXWH�RI�LW�VR�WKDW�
WKH�DWWULEXWH�KDV�D�XQLW�RI�PHDVXUH��DQG�WKH�DWWULEXWH¶V�PHDVXUH�HQWDLOV�D�SURSRUWLRQDO�
UHODWLRQVKLS��OLQHDU��EL�OLQHDU��RU�PXOWL�OLQHDU��ZLWK�LWV�XQLW� 

�� �,�VWLOO�¿QG�LW�IDVFLQDWLQJ�WKDW�LQ�WKLV�VRSKLVWLFDWHG�FRQYHUVDWLRQ�WKH\�IHOW�WKDW�WKH\�QHHGHG�³VPDOO�
XQLWV´�OLNH�FP2�DQG�FP3�WR�PHDVXUH�DWWULEXWHV�RI�GXVW�SDUWLFOHV��EXW�FP3�ZDV�WRR�VPDOO�D�XQLW�WR�PHDVXUH�WKH�
YROXPH�RI�D�VLOR�
�� �7KH\�GLG�QRW�FRQVLGHU�WKDW�FKHPLFDO�H[SORVLRQV�GR�QRW�LQYROYH�R[LGDWLRQ��EXW��DJDLQ��WKLV�KDUGO\�PDW-
ters here.
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6RPHWLPHV�WKH�SURFHVV�RI�TXDQWL¿FDWLRQ�PLJKW�WDNH�PLQXWHV��RWKHU�WLPHV�\HDUV��DQG�RWKHU�
WLPHV�JHQHUDWLRQV��$OVR��QRWLFH�WKDW�TXDQWLI\LQJ�D�TXDQWLW\�LV�QRW�WKH�VDPH�DV�PHDVXULQJ�RQH��
4XDQWL¿FDWLRQ�LV�D�SURFHVV�RI�VHWWOLQJ�ZKDW�LW�PHDQV�WR�PHDVXUH�D�TXDQWLW\��ZKDW�RQH�PHDVXUHV�
WR�GR�VR��DQG�ZKDW�D�PHDVXUH�PHDQV�DIWHU�JHWWLQJ�RQH��0HDVXUHPHQW�FRPHV�LQWR�SOD\�after the 

TXDQWL¿FDWLRQ�SURFHVV��DOWKRXJK�PHDVXUHPHQW�� IURP�WKH�VWDUW�� LV� WKH�PRWLYH�IRU�TXDQWLI\LQJ�D�
TXDQWLW\�DQG�WULDO�RU�LPDJLQHG�PHDVXUHPHQWV�DUH�LQYROYHG�ZKLOH�DPLGVW�WKH�TXDQWL¿FDWLRQ�SUR-

cess.

7KLV�H[SDQGHG�GH¿QLWLRQ�RI�TXDQWL¿FDWLRQ��WR�PH��SURYLGHV�DQ�H[SOLFLW�OLQN�EHWZHHQ�VFLHQFH�
HGXFDWLRQ�DQG�PDWKHPDWLFV�HGXFDWLRQ��:H�PXVW�WDNH�TXDQWL¿FDWLRQ�VHULRXVO\�LI�ZH�ZDQW�WR�GH-
YHORS�LQVWUXFWLRQDO�DQG�FXUULFXODU�VWUDWHJLHV�IRU�KDYLQJ�VWXGHQWV¶�PDWKHPDWLFV�EH�RI�XVH�WR�WKHP�
LQ�GHDOLQJ�ZLWK�WKHLU�ZRUOGV�6�%\�³WKHLU�ZRUOGV´�,�LQFOXGH�PRUH�WKDQ�VWXGHQWV¶�SK\VLFDO�ZRUOGV��
(FRQRPLFV�DERXQGV�ZLWK�TXDQWLWLHV�WKDW�VWXGHQWV�FRQFHSWXDOL]H�SRRUO\��H�J���SULQFLSDO��LQWHUHVW��
FRPSRXQGHG�LQWHUHVW��DQQXDO�LQWHUHVW�UDWH��PRQWKO\�LQWHUHVW�UDWH��SUR¿W��ORVV��UHYHQXH��H[SHQVH��
PDUJLQDO�FRVW��HWF����DQG�ZKLFK��SURSHUO\�FRQFHSWXDOL]HG��ZRXOG�HQDEOH�SHRSOH� WR�PDNH�ZLVH�
GHFLVLRQV�DQG�DYRLG�FRVWO\�PLVWDNHV��,VVXHV�RI�VFDOH�KDYH�WKHLU�FRQFHSWXDO�URRWV�LQ�TXDQWL¿FDWLRQ��
3DXORV¶��������FODVVLF�ERRN�RQ�LQQXPHUDF\�LV�DQ�DFFRXQW�RI�WKH�FRQVHTXHQFHV�RI�RXU�SRSXODFH¶V�
IDLOXUHV�LQ�TXDQWL¿FDWLRQ²RI�IDLOLQJ�WR�FRQFHSWXDOL]H�DVSHFWV�RI�RXU�ZRUOG�VR�WKDW�WKH\�DUH�PHD-
VXUDEOH�LQ�VRPH�XQLW��ZKLFK�FRPSOHWHO\�REVWUXFWV�WKHLU�DELOLW\�WR�UHDVRQ�TXDQWLWDWLYHO\�

Quantitative Operations are not the same as Numerical Operations (but they are related)
6WHIIH������D������E��SURYLGHG�ZKDW�,�FRQVLGHU�WR�EH�WKH�IRXQGDWLRQDO�DQDO\VLV�RI�WKH�PHQWDO�
RSHUDWLRQV�WKDW�JHQHUDWH�TXDQWLW\��,Q�WKHVH�SDSHUV�KH�GHVFULEHV�WKH�RSHUDWLRQV�RI�VHJPHQWLQJ�DQG�
XQLWL]LQJ�DV�IRXQGDWLRQDO�IRU�JHQHUDWLQJ�FRQFHSWV�RI�PHDVXUHG�TXDQWLW\��6R��LQ�WKH�VWULFW�VHQVH�
WKDW�6WHIIH�GHYHORSV��RSHUDWLRQV�WKDW�JHQHUDWH�TXDQWLW\�DQG�RSHUDWLRQV�WKDW�JHQHUDWH�QXPEHU�DUH�
WLJKWO\�UHODWHG�
� :LWKRXW� FRQWUDGLFWLQJ� 6WHIIH�� ,¶G� OLNH� XV� WR� HQWHU� WKH� ZRUOG� RI� FKLOGUHQ� DQG� WHDFKHUV��
&KLOGUHQ�RIWHQ�HPSOR\�QXPHULFDO�RSHUDWLRQV�WKDW�KDYH�QR�TXDQWLWDWLYH�VLJQL¿FDQFH��7KH\�PLJKW�
KDYH�TXDQWLWDWLYH�URRWV��EXW�DW�WKH�PRPHQW�RI�HPSOR\LQJ�WKHP�WKH\�RIWHQ�GR�QRW�UHÀHFW�RSHUD-
WLRQV�RQ�TXDQWLWLHV��7KH\�PLJKW�HYHQ�EH�KLJKO\�VWUXFWXUHG�ZLWK�UHJDUG�WR�QXPHULFDO�XQGHUSLQ-

QLQJV��HQWDLOLQJ�FRPSRVLWH�XQLWV�DQG�PXOWLSOLFDWLYH� UHODWLRQVKLSV��%XW�DJDLQ�� WKH\�FDQ�GR� WKLV�
ZLWKRXW�LPDJLQLQJ�VRPHWKLQJ�EHLQJ�TXDQWL¿HG�
� ,Q������,�ZURWH�DERXW�VL[��th�JUDGH�FKLOGUHQ¶V�DGGLWLYH�UHDVRQLQJ��3��:��7KRPSVRQ���������
,Q�WKDW�DUWLFOH�,�GH¿QHG�GLIIHUHQFH�DV�D�TXDQWLW\�UHVXOWLQJ�IURP�FRPSDULQJ�WZR�TXDQWLWLHV�DGGL-
WLYHO\²³WKH�DPRXQW�E\�ZKLFK�RQH�TXDQWLW\�H[FHHGV�RU�IDOOV�VKRUW�RI�DQRWKHU´��7KXV��D�GLIIHU-
HQFH��DV�D�UHVXOW�RI�D�FRPSDULVRQ��LV�D�TXDQWLW\��%XW�LW�LV�D�TXDQWLW\�WKDW�H[LVWV�ZLWKLQ�D�VWUXFWXUH��
�4XDQWLW\�$��4XDQWLW\�%��5HVXOW�RI�&RPSDULQJ���)XUWKHU��,�JDYH�H[DPSOHV�RI�KRZ��LQ�D�FRPSOH[�
VLWXDWLRQ��RQH�FRXOG�SRWHQWLDOO\�XVH�DQ\�DULWKPHWLF�RSHUDWLRQ��QRW�MXVW�VXEWUDFWLRQ��WR�HYDOXDWH�
WKDW�TXDQWLW\��,�DOVR�JDYH�DQ�H[DPSOH�RI�WKH�FKLOGUHQ�XVLQJ�VXEWUDFWLRQ�EXW�QRW�NQRZLQJ�ZKDW�
TXDQWLW\�WKH\�KDG�MXVW�HYDOXDWHG��7KLV�H[DPSOH�GHVHUYHV�UHSHDWLQJ�IRU�WKH�SUHVHQW�FRQYHUVDWLRQ��
,W�LQYROYHV�D�UDWKHU�OHQJWK\�H[FHUSW��VR�,�DSRORJL]H�LQ�DGYDQFH��,�ZLOO�IRFXV�XSRQ�OLQHV��������EXW�
WKRVH�OLQHV�PDNH�VHQVH�RQO\�LQ�WKH�FRQWH[W�RI�WKH�GLVFXVVLRQ�WKDW�SUHFHGHV�WKHP�

�� �%RE�0D\HV�QRWHG�WKDW�PDQ\�VFLHQFH�HGXFDWRUV�¿QG�P\�PHDQLQJ�RI�TXDQWLWDWLYH�UHDVRQLQJ�³WRR�PD-
WK\´��0\�UHSO\��WR�UHLWHUDWH�D�SRLQW�WKDW�,�PDGH�LQ��3��:��7KRPSVRQ������D���ZDV�WKDW�ZKLOH�PDWK�HGXFDWLRQ�
PXVW�WDNH�VFLHQWL¿F�UHDVRQLQJ�PRUH�VHULRXVO\�DV�D�VRXUFH�RI�PDWKHPDWLFDO�UHDVRQLQJ��VFLHQFH�HGXFDWLRQ�
PXVW�WDNH�PDWKHPDWLFDO�UHDVRQLQJ�PRUH�VHULRXVO\�DV�D�VRXUFH�RI�VFLHQWL¿F�UHDVRQLQJ��,�VWLOO�PDLQWDLQ�WKDW�
VFLHQFH�HGXFDWLRQ�FRXOG�SUR¿W�IURP�DWWHQGLQJ�ZLWK�JUHDWHU�FODULW\�WR�TXDQWLW\�DQG�TXDQWLWDWLYH�UHDVRQLQJ�DV�
,�GHVFULEH�WKHP�KHUH�
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3UREOHP���
7ZR�IHOORZV��%URWKHU�$�DQG�%URWKHU�%��HDFK�KDG�VLVWHUV��6LVWHU�$�DQG�6LVWHU�%�
7KH�WZR�IHOORZV�DUJXHG�DERXW�ZKLFK�RQH�VWRRG�WDOOHU�RYHU�KLV�VLVWHU�
,W�WXUQHG�RXW�WKDW�%URWKHU�$�ZRQ�E\����FHQWLPHWHUV�
%URWKHU�$�ZDV�����FP�WDOO�
6LVWHU�$�ZDV����FP�WDOO�
%URWKHU�%�ZDV�BBBBB�FP�WDOO�
6LVWHU�%�ZDV�BBBBB�FP�WDOO�
3XW�QXPEHUV�LQ�WKH�EODQNV�VR�WKDW�HYHU\WKLQJ�ZRUNV�RXW��

��� 37�� 2ND\��'R�WKLV�RQH�DV�D�WHDP��3XW�QXPEHUV�LQ�WKH�EODQNV�VR�WKDW�HYHU\WKLQJ�
ZRUNV�RXW�

� � 3DXVH�DV�FKLOGUHQ�UHDG�WKH�WH[W�
��� -LOO�� �«��LQDXGLEOH��«�:HOO��DFWXDOO\��%URWKHU�%�KDV�WR�EH�DW�OHDVW����FP�VKRUWHU�

WKDQ�%URWKHU�$�
��� 0ROO\�� %XW�LW�VD\V�WKDW�%URWKHU�$�ZRQ�E\����FP�
��� -LOO�� ,�NQRZ�
��� 0ROO\�� 6R�WKDW�PHDQV�«�
��� -LOO�� 6R�WKDW�PHDQV�KH��%URWKHU�%��KDV�WR�EH�DW�OHDVW����FP�VKRUWHU�«�
��� 0ROO\�� <HDK��DW�OHDVW�
��� -LOO�� 1R�ZDLW�«�QR�LW�GRHVQ¶W��EHFDXVH�«�QRW�LW�GRHVQ¶W��EHFDXVH�«�
��� 0ROO\�� ,W�VD\V�VKH�FRXOG�EH�VKRUWHU�WKDQ�KLP�LI�WKH�GLIIHUHQFH�LV�VPDOO��3DXVH��%XW�

LI�%URWKHU�$�ZRQ�E\����FP��WKDW�PHDQV�WKDW�6LVWHU�%�PXVW�EH�DW�OHDVW����FP�
taller than Sister A.

���� -LOO�� 8K�XK��QR���,I�%URWKHU�%�LV�VKRUWHU��WKHQ�VKH�FDQ¶W�EH�
� � 3DXVH�
���� -LOO�� :HOO�ZH�FRXOG�SXW�«�
���� 0ROO\�� /LNH�WKH�ODVW�RQH�ZH�KDG�
���� -LOO�� :HOO��\RX�FRXOG�SXW�WKDW�%URWKHU�%�ZDV�����FP�WDOO�DQG�6LVWHU�%�ZDV�����FP�

tall.

���� 3HWHU�� +RZ�GR�\RX�NQRZ�WKDW�ZRXOG�ZRUN"
���� 0ROO\�� %XW�%URWKHU�$�VWLOO�KDV�WR�ZLQ�E\����FP�
���� 'RQ�� 2K��VR�%URWKHU�%�«�\HDK�ZRXOG�EH����«�RK�QR��KH�ZRXOGQ¶W�«�%XW�KH�

FRXOG�EH����FP�VKRUWHU��+H�GRHVQ¶W�KDYH�WR�EH��EXW�KH�FRXOG�EH�
� � 3DXVH�
���� 'RQ�� ,�GRQ¶W�WKLQN�LW�PDWWHUV�ZKDW�ZH�SXW�LQ�WKHUH�
���� -LOO�� 8PPP�«�%URWKHU�$�KDG�WR�ZLQ�E\����FP�
���� 'RQ�� �4XLHWO\���,�GRQ¶W�WKLQN�LW�PDWWHUV�
���� 0ROO\��
� 3HWHU��
���� 0ROO\�� $V�ORQJ�DV�KH�ZLQV�E\����FP��\RX�FRXOG�SXW�DQ\WKLQJ�LQ�
���� 3HWHU�� %XW�ZKDW�GR�\RX�PHDQ�WKDW�KH�ZLQV�E\����FP"
���� 0ROO\�� +H�KDV�WR�EH����FP�WDOOHU�WKDQ�6LVWHU�$�«�WKDQ�«�
���� -LOO�� %URWKHU�%�LV�WKDQ�6LVWHU�%�
���� 3HWHU�� 2K��,�NQRZ�

�� �7KH�FKLOGUHQ�KDG�VROYHG�D�SUREOHP�XVLQJ�WKH�VDPH�FRQWH[W��EXW�ZLWK�QXPEHUV�LQVWHDG�RI�EODQNV��VR�
WKH\�KDG�DOUHDG\�VRUWHG�RXW�WKH�DVVXPSWLRQ�WKDW�%URWKHU�$�FRPSDUHG�KLPVHOI�WR�6LVWHU�$�DQG�%URWKHU�%�
FRPSDUHG�KLPVHOI�WR�6LVWHU�%�

<HV�LW�GRHV��%URWKHU�$�KDV�WR�ZLQ�E\����FP�
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D�� 3DXVH�
���� 37�� <RX�KDYH�DQ\�QXPEHUV�LQ�WKHUH�\HW"
���� $OO�� 1R�
���� 37�� *RRG�GLVFXVVLRQ��«�$UH�\RX�WU\LQJ�WR�¿JXUH�RXW�ZKDW�WKH�¿UVW�QXPEHU�LV"
� � 3DXVH�
���� -LOO�� :DLW��/HWV�¿QG�RXW�WKH�GLIIHUHQFH�EHWZHHQ�%URWKHU�$�DQG�6LVWHU�$�
���� 'RQ�� ,W¶V�HDV\�
���� 0ROO\�� ,W¶V����
���� 'RQ�� ,W¶V����«����
���� 0ROO\�� 6R��6LVWHU�%�PXVW�EH����FP�«�PXVW�EH����PLQXV����
���� -LOO�� 6KH�FRXOG�EH�
���� 0ROO\�� 6KH�FRXOG�EH��EHFDXVH�KH�KDV�WR�ZLQ�E\����FP�
���� 3HWHU�� ���PLQXV����«����
���� 'RQ�� ,W¶V����
���� 3HWHU�� 6KH�FRXOG�EH�����%XW�ZKDW�ZRXOG�%URWKHU�%�EH"
���� 0ROO\�� 6R��VKH�FRXOG�EH����FP�WDOO��%XW�VKH�GRHVQ¶W�have to be 82 cm tall.

���� -LOO�� 6KH�FRXOG�EH����FP�RU�ORZHU�
���� 0ROO\�� +H¶G�>VKH¶G"@�KDYH�WR�ZLQ�E\����FP�«�
���� 3HWHU�� %URWKHU�%"
���� 0ROO\�� %URWKHU�$�
���� -LOO�� %XW�WKHQ�%URWKHU�%�FDQ¶W�EH�«�ZH�FRXOG�PDNH�%URWKHU�%�EH����«�ZH�FRXOG�

PDNH�%URWKHU�%�EH�WKH�VDPH�WKLQJ�
���� 3HWHU�� <RX�FRXOG�PDNH�%URWKHU�%�EH�����
���� 0ROO\�� 1R��\RX�FRXOGQ¶W��EHFDXVH��WKHQ�KH¶G�EH�«�,�GRQ¶W�NQRZ�
���� 37�� :KDW�GRHV�WKH����PHDQ"
���� -LOO�� 7KDW¶V�WKH�GLIIHUHQFH�EHWZHHQ�6LVWHU�$�DQG�%URWKHU�$�
���� 37�� 7KH����LV"

50.  

���� 0ROO\�� %XW�KH�KDG�WR�ZLQ�E\����FP��VR�ZH�WRRN�DZD\����IURP����«�6R�%URWKHU�%�
ZRXOG�KDYH�WR�EH�WKH�VDPH�DV�%URWKHU�$��>7R�-LOO@�:H�FRXOG�GR�LW�WKDW�ZD\�

���� -LOO�� 8K�KXK��\HV��«�
���� 3HWHU�� ����«�
���� -LOO�� 7KHQ�%URWKHU�%�ZRXOG�ZLQ�
���� 3HWHU�� 1R�KH�ZRXOGQ¶W
���� 0ROO\�� <HV�KH�ZRXOG�
���� 37�� &RXOG�,�DVN�\RX�WR�WKLQN�DERXW�VRPHWKLQJ�«�7U\�WKLV��7KLQN�DERXW�ZKDW�WKH�

82 means.

� � /RQJ�SDXVH�
���� -LOO�� LQDXGLEOH�«�RND\��VR� WKH�GLIIHUHQFH�EHWZHHQ�%URWKHU�$�DQG�6LVWHU�$�DQG�

VXEWUDFWHG�«�XK�«�KRZ�PXFK�«�KH�ZRQ�«�E\��WR�0ROO\��«�
� � 3DXVH�
���� 0ROO\�� +XK"
���� -LOO�� �«�:H�WRRN�WKH�GLIIHUHQFH�EHWZHHQ�%URWKHU�$�DQG�6LVWHU�$��'RHV�HYHU\ERG\�

XQGHUVWDQG�WKDW"
���� $OO�� <HDK�
���� -LOO�� $QG�WKHQ�ZH�WRRN�DZD\�KRZ�PXFK�%URWKHU�$�ZRQ�E\�

-LOO��
'RQ� 1R��LW�LVQ¶W�����LV�
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���� $OO�� <HDK�
���� 0ROO\�� <HV�«�\HV�«�\HV�
���� 3HWHU�� �*LJJOHV�DW�0ROO\���6R�����«�
���� 37�� �7R�-LOO��$QG�\RX�JRW�����ULJKW"�1RZ��ZKDW�GRHV�WKH����VWDQG�IRU"
� � 3DXVH�
���� -LOO�� 8KKKKK�«�
���� $OO�� �*LJJOHV��
���� 37�� :HOO��ZKDW�GRHV�WKDW����VWDQG�IRU"
���� 0ROO\�� +RZ�PXFK�WKH�GLIIHUHQFH�LV�«�2K��VR�WKH����FRXOG�EH�WKH�GLIIHUHQFH�EH-

WZHHQ�%URWKHU�%�DQG�6LVWHU�%�
���� 37�� ,V�WKDW�ZKDW�LW�LV"
���� 'RQ�� ,W�FRXOG�
���� 37�� 2U�LV�WKDW�KRZ�WDOO�6LVWHU�%�LV"
���� 0ROO\�� ,W�FRXOGQ¶W�EH�KRZ�WDOO�VKH�LV�EHFDXVH�WKHQ�%URWKHU�%�ZRXOG�ZLQ�
���� 3HWHU�� 1R�LW�ZRXOGQ¶W��+H�FRXOG�EH����RU�PRUH�
���� -LOO�� 6KH�KDV�WR�EH�VKRUWHU�WKDQ����FP�«�RU�WDOOHU�«�
���� 'RQ�� ,W�GRHVQ¶W�PDWWHU�
���� 3HWHU�� 7KLV�ZRXOG�ZRUN�«�����DQG����
���� 37�� :RXOG�%URWKHU�$�ZLQ�E\����FP��3HWHU"
���� 3HWHU�� �«�QR�
���� 0ROO\�� +H�KDV�WR�ZLQ�E\����FP��VR�\RX�FRXOG�KDYH�6LVWHU�%�EH�����FP�VKRUWHU�WKDQ�

Sister A.

���� 3HWHU�� ,W�FRXOG�EH�����7KDW�ZRXOG�EH����GLIIHUHQFH�
� � 3DXVH�
���� 37�� /HW¶V�WKLQN�DJDLQ��7KH����VWDQGV�IRU�ZKDW"

84.  

���� 0ROO\�� ,�NQRZ��,�NQRZ��<RX�FDQ�VXEWUDFW����PLQXV�����DQG�WKHQ�\RX¶G�JHW������$QG�
����LV����PRUH�WKDQ����

� � 3DXVH�
���� 'RQ�� +XK"
���� 37�� ([SODLQ� LW� DJDLQ��0ROO\��%XW� LQVWHDG�RI� WDONLQJ� DERXW� WKH� DULWKPHWLF�� WDON�

DERXW�ZKDW�LW�LV�WKDW�\RX�DUH�WKLQNLQJ�
���� 0ROO\�� 7KH�¿UVW�WKLQJ�ZH�GLG�ZDV�WKH�GLIIHUHQFH�EHWZHHQ�%URWKHU�$�DQG�6LVWHU�$��

DQG�LW�ZDV�����$QG�PLQXV����LV����
���� -LOO�� %XW�ZKDW�ZDV�WKH����IRU"
���� 0ROO\�� +XK"
���� -LOO�� :KDW�GRHV�WKH����VWDQG�IRU"
���� 0ROO\�� ,�GRQ¶W�NQRZ�

� 7KH�VWUXFWXUH�RI�WKLV�SUREOHP�LV�WKDW�LW�HQWDLOV�D�TXDQWLWDWLYH�GLIIHUHQFH�WKDW�FRPSDUHV�WZR�
TXDQWLWDWLYH�GLIIHUHQFHV� �VHH�)LJXUH����� ,Q� OLQHV������ WKH� FKLOGUHQ�GHWHUPLQHG� WKDW�%URWKHU�$�
VWRRG����FP�WDOOHU�WKDQ�6LVWHU�$��7KH\�FRQFHSWXDOL]HG�WKH�TXDQWLWDWLYH�GLIIHUHQFH�EHWZHHQ�WKHLU�
KHLJKWV�DQG�VXEWUDFWHG�WR�HYDOXDWH� LW�� ,Q� OLQHV�������WKH\�LQWXLWHG�WKDW�%URWKHU�$�ZLQQLQJ�WKH�
DUJXPHQW�E\����FP�PHDQW�WKDW� WKH�GLIIHUHQFH�WKH\�IRXQG�SRVVHVVHG�DQ�H[FHVV�RI����FP�RYHU�
VRPHWKLQJ��,Q�OLQH����0ROO\�ZRQGHUHG��FRUUHFWO\��ZKHWKHU�WKH������������FRXOG�EH�WKH�GLIIHU-
HQFH�EHWZHHQ�%URWKHU�%�DQG�6LVWHU�%��EXW�KHU�UHSO\�WR�P\�TXHVWLRQ�LQ�OLQHV����DQG����VXJJHVWHG�

-LOO��
'RQ� +RZ�PXFK�GLIIHUHQFH�WKHUH�LV�EHWZHHQ�6LVWHU�$�DQG�%URWKHU�$�
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WKDW�WKLV�ZDV�QRW�D�QHFHVVDU\�FRQFOXVLRQ�IRU�KHU�8��7KH�UHPDLQGHU�RI�WKH�H[FHUSW�VXJJHVWHG�WR�PH�
WKDW�WKRXJK�WKH\�NQHZ�WKDW�WKHUH�ZDV�D�FRPSDULVRQ�EHWZHHQ�%URWKHU�%¶V�DQG�6LVWHU�%¶V�KHLJKWV��
WKDW�NQRZOHGJH�GLG�QRW�EULQJ�WR�PLQG�D�TXDQWLWDWLYH�VWUXFWXUH�LQ�ZKLFK�WKH�UHVXOW�RI�WKDW�FRP-

SDULVRQ�H[LVWHG�DV�D�TXDQWLW\�LQ�LWV�RZQ�ULJKW��7KXV��P\�LQWHUSUHWDWLRQ�ZDV�WKDW�WKHVH�VWXGHQWV�
FRXOG�FRPSDUH�WZR�TXDQWLWLHV�DGGLWLYHO\�WR�IRUP�D�TXDQWLWDWLYH�GLIIHUHQFH��EXW�WKHLU�RSHUDWLRQ�RI�
FRPSDULVRQ�ZDV�QRW�VXFK�WKDW�NQRZLQJ�WKDW�D�TXDQWLW\�LV�D�GLIIHUHQFH�EULQJV�ZLWK�LW�WKH�DZDUH-
QHVV�WKDW�WZR�RWKHU�TXDQWLWLHV�PXVW�EH�FRPSDUHG�WR�SURGXFH�LW��7KLV�H[SODLQV�WKHLU�LQFOLQDWLRQ�WR�
WU\�WR�SXW�³��´�VRPHKRZ�LQWR�WKH�KHLJKW�RI�%URWKHU�%�RU�6LVWHU�%��1RW�WKLQNLQJ�RI�D�GLIIHUHQFH�DV�
D�TXDQWLWDWLYH�VWUXFWXUH�LV�VLPLODU�WR�VWXGHQWV�EHLQJ�JLYHQ�D�VSHHG�DQG�QRW�WKLQNLQJ�DXWRPDWLFDOO\�
WKDW�GLVWDQFH�DQG�WLPH�PXVW�EH�LQYROYHG��WRR�

)LJXUH����6WUXFWXUH�RI�WKH�SUREOHP�DV�D�FRPSDULVRQ�RI�GLIIHUHQFHV�

� 6R�� WR�EH�FOHDU�� LQ�P\�XVDJH��TXDQWLWDWLYH�RSHUDWLRQV�DUH� WKRVH�RSHUDWLRQV�RI� WKRXJKW�E\�
ZKLFK� RQH� FRQVWLWXWHV� VLWXDWLRQV� TXDQWLWDWLYHO\�� 1XPHULFDO� RSHUDWLRQV� DUH� WKH� RSHUDWLRQV� E\�
ZKLFK�RQH�HVWDEOLVKHV�QXPHULFDO�UHODWLRQVKLSV�DPRQJ�WKHLU�PHDVXUHV��4XDQWLWDWLYH�DQG�QXPHUL-
FDO�RSHUDWLRQV�DUH�FHUWDLQO\�UHODWHG�GHYHORSPHQWDOO\��EXW�LQ�DQ\�SDUWLFXODU�PRPHQW�WKH\�DUH�QRW�
WKH� VDPH� HYHQ� WKRXJK� LQ� YHU\� VLPSOH� VLWXDWLRQV� FKLOGUHQ� �DQG� WHDFKHUV9�� FDQ� FRQIRXQG� WKHP�
XQSUREOHPDWLFDOO\�

Dispositions That Allow Students to Create Algebra from Quantitative Reasoning

(OOLV��������JLYHV�D�FRPSHOOLQJ�DFFRXQW�RI�WKH�LPSRUWDQW�UROH�WKDW�TXDQWLWDWLYH�UHDVRQLQJ�SOD\V�
LQ�VWXGHQWV¶�RSHUDWLRQV�RI�JHQHUDOL]LQJ��DQG�RI�WKH�UROH�WKDW�JHQHUDOL]LQJ�SOD\V�LQ�VWXGHQWV¶�GHYHO-
RSPHQW�RI�DOJHEUDLF�UHDVRQLQJ��6KH�RXWOLQHV�D�QXPEHU�RI�JHQHUDOL]LQJ�DFWLRQV�VWXGHQWV�HPSOR\�
WKDW��ZKHQ�JURXQGHG�LQ�TXDQWLWDWLYH�UHDVRQLQJ��SURGXFH�PRUH�DQG�VWURQJHU�JHQHUDOL]DWLRQV�WKDQ�
ZKHQ�VWXGHQWV�DWWHPSW�WR�JHQHUDOL]H�IURP�QXPHULFDO�RU�FDOFXODWLRQDO�SDWWHUQV��,�KDYH�OLWWOH�WR�RI-
IHU�WKDW�H[WHQGV�(OOLV¶�ZRUN��EXW�,�EHOLHYH�,�FDQ�VD\�VRPHWKLQJ�DERXW�RWKHU�SURFHVVHV�DW�SOD\�ERWK�
ZLWKLQ�DQG�LQ�DGGLWLRQ�WR�WKH�JHQHUDOL]LQJ�DFWLRQV�VKH�LGHQWL¿HG�

�� �(DUOLHU�SDUWV�RI�WKH�DUWLFOH�VKRZ�FOHDUO\�WKDW�WKH�FKLOGUHQ�IHOW�IUHH�WR�SXVK�EDFN�ZKHQ�,�TXHVWLRQHG�
WKHLU�FRQFOXVLRQV�DQG�WKH\�ZHUH�FRQ¿GHQW�LQ�WKHP�
�� �$QG�UHVHDUFKHUV�
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� ,Q��3��:��7KRPSVRQ��������,�LGHQWL¿HG�D�QXPEHU�RI�GLVSRVLWLRQV�DQG�D�SURFHVV�RI�DEVWUDF-
WLRQ� WKDW� FDQ� DLG� VWXGHQWV¶� FRQVWUXFWLRQ� RI� DOJHEUDLF� UHDVRQLQJ� IURP� TXDQWLWDWLYH� UHDVRQLQJ��
%ULHÀ\��WKH\�DUH�

A Disposition to Represent Calculations
,W�LV�FRPPRQ�LQ�$VLDQ�DQG�5XVVLDQ�SULPDU\�PDWKHPDWLFV�FXUULFXOD�WR�KDYH�VWXGHQWV�ZULWH�WKH�
DULWKPHWLF�WKH\�ZRXOG�SHUIRUP�WR�UHVROYH�D�VLWXDWLRQ�ZLWKRXW�FDOFXODWLQJ�WKH�UHVXOW��7KLV�SUDFWLFH�
KDV�D�VDOXWDU\�HIIHFW��6WXGHQWV�FDQ�VHH�WKH�YDOXHV�RI�WKH�TXDQWLWLHV�WKDW�DUH�GHVFULEHG�LQ�WKH�VLWXD-
WLRQ�DQG�VHH�ZKHUH�WKHVH�YDOXHV�¿W�LQWR�D�VROXWLRQ��7KXV��XQHYDOXDWHG�H[SUHVVLRQV�DUH�UHPLQGHUV�
WR�WKH�VWXGHQW�ZULWLQJ�WKHP��DQG�KLQWV�WR�VWXGHQWV�UHDGLQJ�WKHP��WR�WKH�XQGHUO\LQJ�TXDQWLWDWLYH�
VWUXFWXUH�JLYLQJ� ULVH� WR� WKH�FDOFXODWLRQ��7KLV�SURYLGHV�RSSRUWXQLWLHV� IRU�SVHXGR�HPSLULFDO� DE-

VWUDFWLRQ��3LDJHW���������ZKLFK�LV�WR�UHDVRQ�DERXW�WKH�SURGXFWV�RI�RQH¶V�UHDVRQLQJ�DV�LI�UHDVRQLQJ�
DERXW�REMHFWV�LQ�WKH�ZRUOG��ZKLFK�LV�SURSDHGHXWLF�IRU�VWXGHQWV¶�HYHQWXDO�UHÀHFWLYH�DEVWUDFWLRQ�
of their reasoning.

� 6WXGHQWV¶� GLVSRVLWLRQ� WR�ZULWH� QXPHULFDO� IRUPXODV� IRU� WKHLU� FDOFXODWLRQV� SURGXFHV�PDQ\�
RSSRUWXQLWLHV� IRU� WKLQNLQJ� DERXW�ZKDW� RQH� GRHV�ZLWK� TXDQWLWLHV¶� YDOXHV� LQ� VSHFL¿F� VLWXDWLRQV�
DQG�ZLWK�SDWWHUQV�RI�NQRZQ�LQIRUPDWLRQ��1XPEHUV�WKHQ�EHFRPH�DOPRVW�V\PEROLF��7KXV��ZKHQ�
D�VWXGHQW�KDV�H[HUFLVHG�UHSHDWHGO\�WKH�GLVSRVLWLRQ�WR�ZULWH�QXPHULFDO�IRUPXODV��WKH\�IHHO�OLWWOH�
UHVLVWDQFH�WR�XVLQJ�D�OHWWHU�WR�UHSUHVHQW�D�YDOXH�WKDW�WKH\�GR�QRW�NQRZ��7KXV��D�GLVSRVLWLRQ�WR�ZULWH�
QXPHULFDO�IRUPXODV�IRU�HYDOXDWLQJ�D�TXDQWLW\�OHDGV�WR�D�GLVSRVLWLRQ�WR�ZULWH�IRUPXODV�WKDW�LQYROYH�
UHSUHVHQWDWLRQV�RI�WR�EH�NQRZQ�YDOXHV�RI�TXDQWLWLHV�

A Disposition to Propagate Information
4XDQWLWDWLYH�UHDVRQLQJ�SURYLGHV�WKH�PHDQV�IRU�LPDJLQLQJ�D�VLWXDWLRQ�TXDQWLWDWLYHO\��%XW�TXDQ-

WLWDWLYH� UHDVRQLQJ� WKDW� HQWDLOV� RQO\� TXDQWLWDWLYH� RSHUDWLRQV� FDQQRW� DQVZHU� TXHVWLRQV� DERXW� D�
TXDQWLW\¶V�QXPHULFDO�YDOXH��/HDUQLQJ�KRZ�WR�HYDOXDWH�D�TXDQWLW\�LV�SDUW�RI�TXDQWLI\LQJ�LW��)RU�
H[DPSOH��WKH�SURFHVV�RI�HYDOXDWLQJ�D�UDWLR�HQWDLOV�SURSRUWLRQDO�FRUUHVSRQGHQFH��,I���GROODUV�FRU-
UHVSRQGV�WR���ORDYHV�RI�EUHDG��WKHQ�����RI���GROODUV�FRUUHVSRQGV�WR�����RI���ORDYHV��ZKHQFH�GLYL-
VLRQ�WR�HYDOXDWH�D�UDWLR��DVVXPLQJ�FRQVWDQF\�RI�SULFH��
� %XW�RIWHQ�LQ�FRPSOH[�TXDQWLWDWLYH�VHWWLQJV�ZH�KDYH�SDUWLDO�LQIRUPDWLRQ��ZKHQFH�WKH�QHHG�
WR�SURSDJDWH�LQIRUPDWLRQ��DV�LQ�WKH�H[DPSOH�RI�%URWKHUV�$�DQG�%���7KXV��WR�UHVROYH�WKH�VLWXDWLRQ�
VWXGHQWV�PXVW�DGG�LQIRUPDWLRQ�WKH\�GHULYH�WR�WKHLU�XQGHUVWDQGLQJ�RI�WKH�VHWWLQJ�DQG�WKHQ�DWWHPSW�
WR�UHVROYH�WKH�VLWXDWLRQ�IXUWKHU��3URSDJDWLRQ�LV�PDGH�SRVVLEOH�E\�WZR�FRQGLWLRQV��EHLQJ�DZDUH�RI�
TXDQWLWDWLYH�VWUXFWXUH�DQG�EHLQJ�DZDUH�RI�QXPHULFDO�RSHUDWLRQV�WR�SHUIRUP�WR�HYDOXDWH�D�TXDQWLW\�
LQ�WKDW�VWUXFWXUH�
� $�GLVSRVLWLRQ�WR�SURSDJDWH�LQIRUPDWLRQ�LV�HVVHQWLDO�IRU�VWXGHQWV�WR�GHDO�ZLWK�FRPSOH[�TXDQ-

WLWDWLYH�VLWXDWLRQV��0RUHRYHU��VWXGHQWV�QHHG�WR�EH�DEOH�WR�HYDOXDWH�TXDQWLWLHV�ERWK�FDQRQLFDOO\�
DQG�QRQ�FDQRQLFDOO\��+HUH�LV�D�GHWDLOHG�OLVW�RI�FDQRQLFDO�DQG�QRQ�FDQRQLFDO�RSHUDWLRQV�WKDW� LV�
HVVHQWLDO�IRU�VWXGHQWV�WR�SURSDJDWH�LQIHUUHG�LQIRUPDWLRQ�WKURXJKRXW�D�TXDQWLWDWLYH�VWUXFWXUH�10

10� �7KLV�OLVW�LV�VXI¿FLHQW�IRU�PLGGOH�VFKRRO�PDWKHPDWLFV�DQG�PRVW�RI�KLJK�VFKRRO��,W�FDQ�HDVLO\�EH�H[-

WHQGHG�
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1) &DQRQLFDO�$ULWKPHWLF�IRU�4XDQWLWDWLYH�5HODWLRQVKLSV���  
DULWKPHWLF�RSHUDWLRQ�WR�HYDOXDWH�D�TXDQWLW\�WKDW�UHVXOWV� 
IURP�D�TXDQWLWDWLYH�RSHUDWLRQ�

 Structure

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�DQ�DGGLWLYH�FRPELQDWLRQ�RI�WZR�TXDQWLWLHV11 $GGLWLRQ

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�DQ�DGGLWLYH�FRPSDULVRQ�RI�WZR�TXDQWLWLHV� 6XEWUDFWLRQ

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�D�PXOWLSOLFDWLYH�FRPELQDWLRQ�RI�� 0XOWLSOLFDWLRQ
� WZR�TXDQWLWLHV�

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�D�PXOWLSOLFDWLYH�FRPSDULVRQ�RI�WZR�TXDQWLWLHV� 'LYLVLRQ

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�DQ�LQVWDQWLDWLRQ�RI�D�UDWH� 0XOWLSOLFDWLRQ

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�D�FRPSRVLWLRQ�RI�UDWLRV� 0XOWLSOLFDWLRQ

�� $�TXDQWLW\�LV�WKH�UHVXOW�RI�D�FRPSRVLWLRQ�RI�UDWHV� 0XOWLSOLFDWLRQ

2)  1RQ�FDQRQLFDO� $ULWKPHWLF� IRU� 6XERUGLQDWH� 4XDQWLWLHV� LQ� D� 4XDQWLWDWLYH� 5HODWLRQVKLS��
$ULWKPHWLF�RSHUDWLRQ�WR�HYDOXDWH�D�TXDQWLW\�WKDW�LV�DQ�RSHUDQG�RI�D�TXDQWLWDWLYH�RSHUDWLRQ� 

 ,Q�WKH�FDVH�ZKHUH�WKH�YDOXH�RI�D�UHVXOWDQW�TXDQWLW\�LV�NQRZQ�EXW�WKH�YDOXH�RI�RQH�RI�WKH�
RSHUDQG�TXDQWLWLHV�LV�XQNQRZQ��VWXGHQWV�PXVW�GHFLGH�XSRQ�DQ�LQIHUUHG�QXPHULFDO�RSHUDWLRQ�WKDW�
LV�EDVHG�RQ�NQRZOHGJH�RI�WKH�FDQRQLFDO�RSHUDWLRQ�

-  If a = b * c, then c = a ÷ b�DQG�b = a ÷ c.

-  If a = b ÷ c, then c = b ÷ a�DQG�b = a * c. 

-  If a = b + c, then c = a - b�DQG�b = a - c.

-  If a = b - c, then c = b - a�DQG�b = a + c.

� ,�LPDJLQH�WKDW�VWXGHQWV�FRXOG�LQWHUQDOL]H�WKHVH�UHODWLRQVKLSV�LQ�DQ\�RI�VHYHUDO�ZD\V�GHSHQGLQJ�
RQ�WKH�VRSKLVWLFDWLRQ�RI�WKHLU�TXDQWLWDWLYH�UHDVRQLQJ��7KH�LGHDO�FDVH�ZRXOG�EH�WKDW�WKH\�FRQVWUXFW�
WKHVH�QRQ�FDQRQLFDO�RSHUDWLRQV�DV�JHQHUDOL]DWLRQV�IURP�D�FRPELQDWLRQ�RI�TXDQWLWDWLYH�DQG�QXPHUL-
cal operations. 

3)  $Q\� WLPH�D�TXDQWLW\� LV�HYDOXDWHG�RU�KDV�D� IRUPXOD�FRQVWUXFWHG� IRU� LW��HYHU\�VWUXFWXUH�RI�
ZKLFK�WKDW�TXDQWLW\�LV�SDUW�LV�H[DPLQHG�WR�VHH�LI�DQ\WKLQJ�QHZ�FDQ�EH�LQIHUUHG�DERXW�LW��,I�
QHZ�LQIRUPDWLRQ�FDQ�EH�LQIHUUHG��WKHQ�DQ�LQIHUHQFH�LV�PDGH�DQG�SURSDJDWLRQ�FRQWLQXHV�

,I�D�VWXGHQW�KDV�ERWK�D�GLVSRVLWLRQ�WR�ZULWH�IRUPXODV�IRU�TXDQWLWLHV��HLWKHU�DULWKPHWLFDO�RU�
DOJHEUDLF��DQG�D�GLVSRVLWLRQ�WR�SURSDJDWH�LQIRUPDWLRQ��WKHQ�WKH\�DUH�SRVLWLRQHG�WR�ZULWH�FRPSOH[�
DOJHEUDLF�IRUPXODV�WR�UHSUHVHQW�YDOXHV�RI�TXDQWLWLHV�LQ�D�VLWXDWLRQ�
� 6WXGHQWV�ZKR�DUH�GLVSRVHG�WR�ZULWH�IRUPXODV�IRU�HYDOXDWLQJ�D�TXDQWLW\�DUH�VWLOO�QRW�SRVL-
WLRQHG�WR�ZULWH�HTXDWLRQV��7KH\�PXVW�DOVR�EH�ZLOOLQJ�WR�ZULWH�IRUPXODV�WR�HYDOXDWH�D�TXDQWLW\�IRU�
ZKLFK�WKH\�DOUHDG\�NQRZ�D�YDOXH�RU�IRU�ZKLFK�WKH\�KDYH�DOUHDG\�ZULWWHQ�D�IRUPXOD��:KHQ�WKH\�

11� ³$GGLWLYH�FRPELQDWLRQ´�LQFOXGHV�GLVMXQFWLYH�FRPELQDWLRQV��VXFK�DV�³3XW���DSSOHV�ZLWK���RUDQJHV�´�
7KH�XQLW�IRU�WKLV�SDUWLFXODU�FRPELQDWLRQ�LV�$33/(_25$1*(²DQ\�LWHP�LQ�WKLV�FRPELQDWLRQ�LV�DQ�DSSOH�RU�
DQ�RUDQJH��3D\LQJ�DWWHQWLRQ�WR�WKH�XQLW�DYRLGV�WKH�DV\PPHWU\�RI�6FKZDUW]¶V��������VFKHPH�RI�FDOOLQJ�WKH�
UHVXOWLQJ�XQLW�D�³IUXLW�´�7KDW�LV��LI�WKH�XQLW�RI�WKH�FRPELQDWLRQ�LV�IUXLW��WKHQ�IURP�³6DOO\�KDV���>IUXLW@��IRXU�RI�
ZKLFK�DUH�>RUDQJH@´�ZH�FDQQRW�FRQFOXGH�WKDW�VKH�KDV���DSSOHV��+RZHYHU��IURP�³6DOO\�KDV���>DSSOH_RUDQJH@��
IRXU�RI�ZKLFK�DUH�>RUDQJH@´�ZH�FDQ��LQGHHG��FRQFOXGH�WKDW�VKH�KDV���DSSOHV�

Arithmetic Operation 
WR�(YDOXDWH�WKH�
5HVXOWDQW�4XDQWLW\
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KDYH�D�IRUPXOD�IRU�HYDOXDWLQJ�D�TXDQWLW\�WRJHWKHU�ZLWK�D�YDOXH�WKDW�WKH�IRUPXOD�PXVW�SURGXFH��
WKH\�KDYH�DQ�HTXDWLRQ��:KHQ�WKH\�KDYH�WZR�IRUPXODV�IRU�HYDOXDWLQJ�D�VLQJOH�TXDQWLW\¶V�YDOXH��
WKH\�KDYH�DQ�HTXDWLRQ�

A Disposition to Think with Abstract Units
0DWKHPDWLFLDQV�W\SLFDOO\�VD\�WKDW�D�VFDODU�LV�D�³GLPHQVLRQOHVV´�TXDQWLW\²D�UDWLR�EHWZHHQ�WZR�
TXDQWLWLHV�LQ�WKH�VDPH�XQLW��7KLV��KRZHYHU��LV�PRUH�DQ�DUWLIDFW�RI�DQ�DULWKPHWLF�RI�XQLWV�WKDQ�RI�
FRQFHSWXDO�DQDO\VLV��7KHUH�DUH�PDQ\�VLWXDWLRQV�ZKHUH�LW�LV�QRW�RQO\�VHQVLEOH��EXW�GHVLUDEOH to 

UHWDLQ�XQLWV�LQ�D�UDWH�LQYROYLQJ�TXDQWLWLHV�KDYLQJ�WKH�VDPH�XQLW��+HUH�LV�RQH�H[DPSOH�

-DQH�LV�D�JROIHU�ZLWK�D�NHHQ�H\H�EXW�D�ZHDN�VZLQJ��6KH�FDQ�DFFXUDWHO\�HVWLPDWH�GLV-
WDQFHV��EXW�FRQVLVWHQWO\�KLWV�WKH�EDOO�OWKV�DV�IDU�DV�VKH�QHHGV�WR�KLW�LW��,I�-DQH�LV�����
\DUGV�IURP�ZKHUH�VKH�ZDQWV�WKH�EDOO�WR�JR��ZKDW�HVWLPDWH�VKRXOG�VKH�XVH�LQ�RUGHU�WR�
KLW�WKH�EDOO�IDU�HQRXJK"

-DQH�KDV�D�FRQVWDQW�³KLW�UDWH´��7KH�YDOXH�RI�WKDW�UDWH�LV�O��7KH�XQLW�RI�WKDW�UDWH�LV�³\G�\G�´�
Together these mean that there are OWK�\DUGV�RI�³KLW´�SHU�HDFK�\DUG�RI�GLVWDQFH�WR�WKH�KROH��7R�
FRQVLGHU�O DV�D�VFDODU�LQ�WKLV�VLWXDWLRQ�ZRXOG�EH�XQQDWXUDO��$�XQLW�RI�³\G�\G´�IROORZV�QDWXUDOO\�
IURP�FRQFHLYLQJ�WKH�VLWXDWLRQ�TXDQWLWDWLYHO\��DQG�ZLWK�WKH�NQRZOHGJH�WKDW�JRO¿QJ�GLVWDQFHV�DUH�
PHDVXUHG�LQ�\DUGV��

7KH�LQWHUSUHWDWLRQ�RI�-DQH¶V�KLW�UDWH�DV�KDYLQJ�D�XQLW�RI�\G�\G�LV�QRW�QHFHVVDU\��DQG�SHUKDSV�
VHHPV�XQQDWXUDO�WR�D�VRSKLVWLFDWHG�UHDGHU��7KH�VWDWHPHQW�³«�KLWV�WKH�EDOO�OWKV�DV�IDU�DV�VKH�QHHGV�
WR�KLW�LW´�GRHV�QRW��LWVHOI��LPSO\�D�XQLW�IRU�-DQH¶V�KLW�UDWH��5DWKHU��LW�LV�WKH�XQLW�\G�for Wants to Hit 

DQG�\G�IRU�(VWLPDWHG�'LVWDQFH�WKDW�VXJJHVWV�WKH�XQLW�\G�\G�IRU�-DQH¶V�KLW�UDWH�
7KH�FUX[�RI�WKH�LVVXH�RI�VFDODUV�UHVLGHV�LQ�WKH�TXHVWLRQ��&DQ�RQH�TXDQWLWDWLYHO\�LQWHUSUHW�WKH�

VWDWHPHQW�³«�KLWV�WKH�EDOO�OWKV�DV�IDU�DV�VKH�QHHGV�WR�KLW�LW´�LQGHSHQGHQWO\�RI�VSHFL¿F�FRQWH[W�
�L�H���XQLWV�RI�RWKHU�TXDQWLWLHV�"�<HV��E\�FRQFHLYLQJ�RI�D�VLWXDWLRQ�LQ�WHUPV�RI�parametric�XQLWV��
7KH�LGHD�RI�SDUDPHWULF�XQLWV�LV�WKH�VDPH�DV�WKDW�RI�SDUDPHWULF�YDOXHV��<RX�NQRZ�WKDW�D�XQLW�ZLOO�
EH�DVVRFLDWHG�ZLWK�D�TXDQWLW\��EXW� LW�QHHG�QRW�EH�JLYHQ�VSHFL¿FDOO\� WR�NQRZ�VRPHWKLQJ�DERXW�
WKH�TXDQWLW\��$�XQLW�FDQ�EH�DWWDFKHG�WR�WKH�TXDQWLW\�ZKHQ�RQH¶V�XQGHUVWDQGLQJ�RI�WKH�VLWXDWLRQ�
EHFRPHV�VSHFL¿F�HQRXJK�WR�ZDUUDQW�LW�

7KH�QRWLRQ�RI�SDUDPHWULF�XQLWV�FDQ�EH�PDGH�H[SOLFLW�E\�SXWWLQJ�D�TXHVWLRQ�PDUN�DV�WKH�¿UVW�
FKDUDFWHU� LQ�D�XQLW�QDPH��7KH�TXHVWLRQ�PDUN� LQGLFDWHV� WKDW� WKH�XQLW� LV�D�SDUDPHWHU�� WKH�QDPH�
LWVHOI�LV�XVHG�DV�D�PDWFKLQJ�YDULDEOH�VR�WKDW��RQFH�ERXQG�E\�WKH�PDWFKLQJ�SURFHVV�LQ�FKHFNLQJ�
WKH�FRQVLVWHQF\�RI�D�TXDQWLWDWLYH�VWUXFWXUH��WKH�VDPH�QDPH�LPSOLHV�WKH�VDPH�XQLW�ZKHUHYHU�LW�LV�
XVHG�ZLWKLQ�WKH�VWUXFWXUH�RI�D�TXDQWLW\¶V�XQLW�12�7KXV��ZH�FRXOG�VD\�WKDW�WKH�XQLW�RI�-DQH¶V�KLW�UDWH�
LV�����"/��"/���PHDQLQJ�WKDW�WKLV�ZRUNV�DV�ORQJ�DV�VKH�PHDVXUHV�KHU�HVWLPDWH�DQG�KHU�DFWXDO�KLW�
OHQJWK�LQ�WKH�VDPH�XQLW��7KH�DFWXDO�XQLW�ZRXOG�EH�GHWHUPLQHG�WR�PDNH�WKH�TXDQWLWDWLYH�VWUXFWXUH�
FRKHUHQW��H�J���\DUGV�LQ�-DQH¶V�FDVH��

12� :KHWKHU�WKH�VDPH�SDUDPHWHU�QDPH�QHHGV�WR�LPSO\�WKH�VDPH�ELQGLQJ�WKURXJKRXW�D�VWUXFWXUH�LV�
XQFOHDU��,I�D�QRQ�SDUDPHWULF�XQLW�QDPH�ZHUH�WR�EH�WKRXJKW�RI�DV�ELQGLQJ�WR�LWVHOI��WKHQ�WKH�DQVZHU�ZRXOG�
KDYH�WR�EH�WKDW�WKH�VDPH�SDUDPHWHU�QDPH�LQ�GLIIHUHQW�TXDQWLW\¶V�XQLWV�ZRXOG�KDYH�WR�UHSUHVHQW�WKH�VDPH�
ELQGLQJ��+RZHYHU��LW�VHHPV�HQWLUHO\�UHDVRQDEOH�WKDW�D�SHUVRQ�FRXOG�EH�WKLQNLQJ�RI�SDUDPHWULF�XQLWV�IRU�
GLIIHUHQW�TXDQWLWLHV��XVH�WKH�VDPH�³PHQWDO�V\PERO´�LQ�FRQVWUXFWLQJ�WKH�TXDQWLW\¶V�XQLWV��EXW�LQWHQG�WKHP�WR�
EH�GLIIHUHQW��,Q�HVVHQFH��WKH�LVVXH�LV�ZKHWKHU�ELQGLQJV�DUH�ORFDO�WR�D�TXDQWLW\�DV�FRQFHLYHG�RU�JOREDO�WR�WKH�
SHUVRQ�DV�FRQFHLYHU��,�LPDJLQH�WKDW�HLWKHU�FRXOG�EH�WKH�FDVH�IRU�DQ\�JLYHQ�LQGLYLGXDO�
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A Disposition to Reason with Magnitudes
,� IROORZ�:LOGL� ������� LQ� WKH�ZD\� ,� VSHDN� DERXW� TXDQWLWLHV¶�PDJQLWXGHV��7KH� LGHD�KH� WULHV� WR�
FDSWXUH�LV��IRU�H[DPSOH��WKDW�VRPHRQH¶V�KHLJKW�LV�WKH�VDPH�UHJDUGOHVV�RI�WKH�XQLW�LQ�ZKLFK�\RX�
PHDVXUH� LW��$� SHUVRQ� KDV� WKH� VDPH� ³DPRXQW� RI� KHLJKW´� ZKHWKHU� PHDVXUHG� LQ� LQFKHV�� FHQWL-
PHWHUV��PHWHUV��PLOHV��NLORPHWHUV��RU� OLJKW�\HDUV��+H�FDSWXUHV�WKLV�IRUPDOO\�ZLWK�WKH�HTXDWLRQ

���ZKLFK�KH�LQWHQGHG�DV�³WKH�PDJQLWXGH�RI�TXDQWLW\�Q�LV�WKH�PHDVXUH�RI�Q, 

LQ�XQLWV�RI�X��WLPHV�DV�ODUJH�DV�WKH�PDJQLWXGH�RI�X�´�7R�SXW�LW�DQRWKHU�ZD\��DQG�WR�FRQWLQXH�WKLV�
H[DPSOH��D�PHDVXUH�RI�D�SHUVRQ¶V�KHLJKW�LV�WKH�PDJQLWXGH�RI�WKDW�SHUVRQ¶V�KHLJKW�LQ�UHODWLRQ�WR�
WKH�PDJQLWXGH�RI�WKH�XQLW�LQ�ZKLFK�\RX�PHDVXUH�LW��2I�FRXUVH�WKH�GH¿QLWLRQ�LV�FLUFXODU��EXW�LW�LV�
FLUFXODU�RQO\�WR�WKH�H[WHQW�WKDW�ZH�PXVW�GH¿QH�WKH�PDJQLWXGH�RI�D�XQLW�±�WKH�DPRXQW�RI�D�TXDQWLW\�
WKDW�WKH�XQLW�FRPSULVHV²RXWVLGH�WKH�IRUPXOD��%XW�WKLV�LV�FRPPRQ��7KH�PDJQLWXGH�RI�RQH�IRRW�LV�
the length of this��DV�ZH�KROG�XS�D�WLWDQLXP�EDU�ERUURZHG�IURP�WKH�8�6��%XUHDX�RI�6WDQGDUGV���

7KH�LGHD�RI�TXDQWLWDWLYH�PDJQLWXGH�LV�QRQWULYLDO�IRU�HOHPHQWDU\�JUDGHV�VWXGHQWV��,W�PXVW�EH�
UDLVHG�LQ�FRQWH[W�UHSHDWHGO\��ZLWK�VSHFL¿F�TXDQWLWLHV��RYHU�WKHLU�VFKRROLQJ��2QH�ZD\�WR�GHYHORS�
WKH�LGHD�RI�TXDQWLWDWLYH�PDJQLWXGH�LV�WR�WDNH�VHULRXVO\�WKH�LGHD�RI�XQLW�FRQYHUVLRQV��EXW�QRW�E\�
URWH��5DWKHU��WKH�LGHD�RI�XQLW�FRQYHUVLRQV�VKRXOG�EH�EXLOW�XSRQ�WKH�LGHD�WKDW�LI�WKH�PHDVXUH�RI�D�

TXDQWLW\�LV�MX�LQ�XQLWV�RI�X��WKHQ�LWV�PHDVXUH�LV���MX�LQ�XQLWV�RI�PDJQLWXGH�������� u �DQG�LWV�

PHDVXUH�LV�������MX�LQ�XQLWV�RI�PDJQLWXGH��� u ��,I�D�XQLW�RI�OHQJWK�QDPHG�)UHG is 3 times as 

ORQJ�DV�WKH�XQLW�*HUWUXGH, then my height in )UHGV�ZLOO�EH�����P\�KHLJKW�LQ�*HUWUXGHV.
7KLQNLQJ�RI�D�TXDQWLW\�LQ�WHUPV�RI�LWV�PDJQLWXGH�LQYROYHV�WKH�VDPH�FRQFHSWXDO�RSHUDWLRQV�

DV� WKLQNLQJ� DERXW� LQYHUVH� YDULDWLRQ�� ,QGHHG�� VWXGHQWV� FDQ� EXLOG� WKH� FRQFHSWXDO� RSHUDWLRQV� RI�
LQYHUVH�YDULDWLRQ�UHÀHFWLYHO\�IURP�UHDVRQLQJ�DERXW�TXDQWLWDWLYH�PDJQLWXGHV��$OVR��ZKHQ�D�VWX-

GHQW�XQGHUVWDQGV�PDJQLWXGH�E\�D�VFKHPH�RI�RSHUDWLRQV�WKDW�HQWDLOV�LQYHUVH�YDULDWLRQ��WKHQ�VKH�
FDQ�WDNH�D�XQLW�OHVV�OHQJWK�WR�UHSUHVHQW�D�TXDQWLW\¶V�PDJQLWXGH�ZLWK�WKH�IXOO�NQRZOHGJH�WKDW�WKLV�
OHQJWK�DFWXDOO\�UHSUHVHQWV�D�FODVV�RI�XQLW�PHDVXUH�SDLUV��6KH�FDQ�DOVR�UHDVRQ�DERXW�D�TXDQWLW\�
ZKRVH�YDOXH� LV� ODEHOHG��VD\��³����´�ZLWKRXW�XQLWV�E\�XQGHUVWDQGLQJ�WKDW� WKH�XQLW¶V�PDJQLWXGH�
LV��������RI� WKH�TXDQWLWLHV¶�PDJQLWXGH²HYHQ�ZKHQ�QHLWKHU� LV� VWDWHG�RU�NQRZQ�� ,� VXVSHFW� WKDW�
VWXGHQWV�ZKR�FDQ�UHVROYH�FRPSOH[�VLWXDWLRQV�XVLQJ�RQO\�PDJQLWXGHV�DUH�DOVR�DGHSW�DW�UHDVRQLQJ�
ZLWK�SDUDPHWULF�XQLWV�

Quantitative Reasoning, Covariation, and Generalization13

7R�VHJXH�LQWR�LVVXHV�RI�TXDQWLWDWLYH�UHDVRQLQJ�DQG�PRGHOLQJ�,�VKDOO�¿UVW�H[DPLQH�LGHDV�RI�FR-

YDULDWLRQ�DQG�JHQHUDOL]DWLRQ��7KH�LPSRUWDQFH�RI�FRYDULDWLRQDO�UHDVRQLQJ�IRU�PRGHOLQJ�LV�WKDW�WKH�
operations that compose covariational reasoning are the very operations that enable one to see 

LQYDULDQW�UHODWLRQVKLSV�DPRQJ�TXDQWLWLHV�LQ�G\QDPLF�VLWXDWLRQV��7KH�LPSRUWDQFH�RI�JHQHUDOL]D-
WLRQ�IRU�PDWKHPDWLFDO�PRGHOLQJ�LV�WKDW�JHQHUDOL]LQJ�LV�ZKDW�RQH�GRHV�ZKHQ�UHSUHVHQWLQJ�UHODWLRQ-

VKLSV�DPRQJ�TXDQWLWLHV�LQ�VWDWLF�VLWXDWLRQV��DQG�LPDJLQLQJ�WKRVH�UHODWLRQVKLSV�WR�UHPDLQ�WKH�VDPH�
XQGHU�FKDQJHG�FLUFXPVWDQFHV�LV�WLJKWO\�UHODWHG�WR�FRYDULDWLRQDO�UHDVRQLQJ�

13� 7KH�GLVFXVVLRQ�LQ�WKLV�VHFWLRQ�EXLOGV�FRQVLGHUDEO\�IURP�HDUOLHU�SDSHUV�RQ�UDWH�RI�FKDQJH��$��*��
7KRPSVRQ�	�7KRPSVRQ��������3��:��7KRPSVRQ������E������F��3��:��7KRPSVRQ�	�7KRPSVRQ��������DQG�
RQ�FRQFHSWV�RI�IXQFWLRQ��6DOGDQKD�	�7KRPSVRQ��������3��:��7KRPSVRQ������F������G����&DUORV�&DVWLOOR�
*DUVRZ�KDV�KHOSHG�PH�XQGHUVWDQG�ZK\�WKHVH�LGHDV�ZHUH�QRW�HYLGHQW�LQ�WKRVH�SDSHUV�IURP�D�UHDGHU¶V�
perspective.
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Covariation
4XDQWLWDWLYH�UHDVRQLQJ�LV�RIWHQ�SRUWUD\HG�DV�D�IRXQGDWLRQ�IRU�DULWKPHWLF�DQG�DOJHEUD��ZKLFK�LW�LV��
:KDW�LV�OHVV�ZHOO�XQGHUVWRRG�LV�WKH�FHQWUDO�UROH�WKDW�TXDQWLWDWLYH�UHDVRQLQJ�FDQ�SOD\�LQ�VWXGHQWV¶�
OHDUQLQJ�DQG� WKH�XVH�RI�FRQFHSWV� WKDW�DUH� IRXQGDWLRQDO� WR�FDOFXOXV�DQG�GLIIHUHQWLDO�HTXDWLRQV��
7KHUH�LV�WKH�REYLRXV�UROH�WKDW�TXDQWLWDWLYH�UHDVRQLQJ�SOD\V�LQ�PDNLQJ�VHQVH�RI�VLWXDWLRQV�LQ�ZKLFK�
FDOFXOXV�LV�HPEHGGHG�DQG�DERXW�TXDQWLWLHV�LQ�WKHP��7KH�OHVV�ZHOO�XQGHUVWRRG�DVSHFW�RI�TXDQWLWD-
WLYH�UHDVRQLQJ�LV�WKH�IRXQGDWLRQ�LW�SURYLGHV�IRU�KROGLQJ�LQ�PLQG�LQYDULDQW�UHODWLRQVKLSV�DPRQJ�
TXDQWLWLHV¶�YDOXHV�DV�WKH\�YDU\�LQ�G\QDPLF�VLWXDWLRQV��$Q�HOHPHQWDU\�VFKRRO�VWXGHQW�PLJKW�HQYL-
VLRQ�D�VLWXDWLRQ�LQ�ZKLFK�RQH�WUHH�LV�WKUHH�WLPHV�DV�WDOO�DV�DQRWKHU��:KDW�VKH�ZLOO�¿QG�GLI¿FXOW�LV�
WR�LPDJLQH�WKLV�UHODWLRQVKLS�KROGLQJ�RYHU�WLPH�DV�WKH�WUHHV�JURZ²LPDJLQLQJ�WKDW�WKH�WDOOHU�WUHH�LV�
always�WKUHH�WLPHV�DV�WDOO�DV�LWV�QHLJKERU�DV�HDFK�RI�WKHP�JURZ��7KH�WZR�LQVWDQFHV�UHYHDO�D�VWDUN�
FRQWUDVW�EHWZHHQ�WZR�ZD\V�RI�WKLQNLQJ��,Q�WKH�¿UVW�LQVWDQFH��³WKUHH�WLPHV�DV�WDOO´�LV�D�GHVFULSWLRQ�
RI�D�VWDWLF�UHODWLRQVKLS��,Q�WKH�VHFRQG�LQVWDQFH��³WKUHH�WLPHV�DV�WDOO´�LV�DQ�LQYDULDQW�UHODWLRQVKLS�
EHWZHHQ�WZR�TXDQWLWLHV�ZKRVH�YDOXHV�YDU\��7KH�VHFRQG�LQVWDQFH�LQYROYHV�D�ZD\�RI�WKLQNLQJ�WKDW�
LV�IRXQGDWLRQDO�IRU�WKH�FRQFHSWV�RI�YDULDEOH�DQG�IXQFWLRQ�LQ�FDOFXOXV��
� 7KH� PDWKHPDWLFV� RI� YDULDWLRQ� LQYROYHV� LPDJLQLQJ� D� TXDQWLW\� ZKRVH� YDOXH� YDULHV�� ,W� LV�
HDV\� WR� VD\�ZKDW� YDULDWLRQ� LV�� EXW� LW� LV� QRQWULYLDO� IRU� VWXGHQWV� WR� GHYHORS� WKH� FRQFHSWXDO� RS-

HUDWLRQV� WKDW� DOORZ� WKHP� WR� VHH� YDULDWLRQ� LQ� TXDQWLWLHV� DQG� TXDQWLWDWLYH� VLWXDWLRQV�� 7KH� FRQ-

FHSW� RI� YDULDWLRQ� RI�ZKLFK� ,� VSHDN� LV�� IRU�PH�� EHVW� FDSWXUHG� OLNH� WKLV�� 6XSSRVH� [ represents 

D�TXDQWLW\¶V�YDOXH��7KDW� WKH�TXDQWLW\¶V�YDOXH�YDULHV� LV� WR�VD\� WKDW�RQH�anticipates� LWV�PHDVXUH�
KDYLQJ�GLIIHUHQW�YDOXHV�DW�GLIIHUHQW�PRPHQWV�LQ�WLPH��6R�D�YDU\LQJ�TXDQWLW\¶V�YDOXH�PLJKW�EH�
UHSUHVHQWHG� DV� [ = [�t), where t� UHSUHVHQWV� �FRQFHSWXDO�� WLPH�� ,� SUHIHU�� WKRXJK�� WR� FKDUDFWHU-
L]H� YDULDWLRQ�PDWKHPDWLFDOO\� LQ� D� ZD\� WKDW� FDSWXUHV� WKH� LGHD� WKDW� YDULDWLRQ� DOZD\V� KDSSHQV�
over an interval. So, let D�  � GRPDLQ�t��� WKH� YDOXHV� RI� FRQFHSWXDO� WLPH� RYHU�ZKLFK� t ranges.

Let D� EH� WKH� GRPDLQ� RI� t�� EXW� LQ� LQWHUYDOV� RI� VL]H� İ, which means that 

�
D  t,t � e� �

t
U ,14

 

where t�FDQ�WDNH�DQ\�YDOXH�RI�FRQFHSWXDO�WLPH��,Q�RWKHU�ZRUGV��D�LV�QRW�SDUWLWLRQHG�LQWR�LQWHUYDOV�
RI�VL]H�İ��,QVWHDG��RQH�anticipates that it will be FRYHUHG�ZLWK�LQWHUYDOV�RI�VL]H�İ��,�HPSKDVL]HG�
³DQWLFLSDWH´�WR�FRQYH\�WKDW�,�GR�QRW�HQYLVLRQ�SHRSOH�DFWXDOO\�LPDJLQLQJ�D�FRYHU�RI�DQ�LQWHUYDO��
7KH�SXUSRVH�RI�VSHDNLQJ�RI�D�FRYHULQJ�LQVWHDG�RI�D�SDUWLWLRQ�LV�WKDW�RQH�FDQ�LPDJLQH�D�TXDQWLW\¶V�
YDOXH�YDU\LQJ�ZLWKLQ�LQ�DQ�LQWHUYDO�LQ�FKXQNV��EXW�ZLWK�WKH�LPPHGLDWH�DQG�SHUVLVWHQW�UHDOL]DWLRQ�
WKDW�DQ\�FKXQN�RI�FRPSOHWHG�YDULDWLRQ�FDQ�EH�UH�FRQFHLYHG�DV�HQWDLOLQJ�FRQWLQXRXV�YDULDWLRQ��

:LWK�WKH�DERYH�FKDUDFWHUL]DWLRQ�LQ�SODFH��YDULDWLRQ�LQ�RQH�YDULDEOH��[��FDQ�EH�H[SUHVVHG�DV�

��

xe

= x te� �, where te  represents the interval t,t � e> ��DQG�t�YDULHV�WKURXJK�FRQFHSWXDO�WLPH�15 

�,�UHFRJQL]H�LPPHGLDWHO\�WKH�GLI¿FXOWLHV�ZLWK�WKLV�IRUPXODWLRQ��EXW�ZKDW�,�KRSH�WR�FDSWXUH�LV�WKH�
LGHD�WKDW�LQ�WKLQNLQJ�RI�D�YDU\LQJ�PDJQLWXGH��HYHQ�DW�PRPHQWDU\�WLPHV��ZH�DUH�LPDJLQLQJ�D�VPDOO�
LQWHUYDO�RI�FRQFHSWXDO�WLPH�WKURXJK�ZKLFK�WKH�YDULDWLRQ�KDSSHQV�16

7KLV�IRUPXODWLRQ�RI�YDULDWLRQ�WULHV�WR�FDSWXUH�WKH�FRQFHSWXDO�RSHUDWLRQV�EHKLQG�DQ�LPDJH�
RI�D�JURZLQJ�PDJQLWXGH��OLNH�D�OLQH�VHJPHQW�JHWWLQJ�ORQJHU��$�SDUWLFXODU��VWDWLF��PDJQLWXGH�KDV�

14� ,�DP�QRW�FRQFHUQHG�DW�WKLV�PRPHQW�ZLWK�ZKHWKHU�LQWHUYDOV�VKRXOG�EH�RSHQ��FORVHG��RU�KDOI�RSHQ�KDOI�
FORVHG��, am FRQFHUQHG�ZLWK�FDSWXULQJ�WKH�G\QDPLF�EHWZHHQ�FRYHULQJ�DQG�YDU\LQJ�
15� 7KDW�LV��WKLQN�RI�D�YDOXH�WKDW�YDULHV�E\�LQ¿QLWHVLPDO�DPRXQWV��DQG�YDULHV�ZLWKLQ�WKRVH�DPRXQWV�DV�
ZHOO��,Q�RWKHU�ZRUGV��YDULDWLRQ��DV�D�ZD\�RI�WKLQNLQJ��LV�UHFXUVLYH��:H�GH¿QH�YDULDWLRQ�ZLWKLQ�D�İ�VL]HG�
LQWHUYDO�LQ�WKH�VDPH�ZD\�ZH�GH¿QH�YDULDWLRQ�ZLWKLQ�WKH�LQWHUYDO�WKDW�FRQWDLQV�LW��,�DP�LQGHEWHG�WR�&DUORV�
&DVWLOOR�*DUVRZ�IRU�GLVFXVVLRQV�WKDW�OHG�WR�WKLV�FKDUDFWHUL]DWLRQ�RI�YDULDWLRQ�
16� 7KH�SKUDVH�³WKURXJK�ZKLFK�WKH�YDULDWLRQ�KDSSHQV´�LV�RI�SDUDPRXQW�LPSRUWDQFH��(YHQ�ZKHQ�WKLQNLQJ�
RI�YDULDWLRQ�KDSSHQLQJ�LQ�ELWV��ZH�ZDQW�VWXGHQWV�WR�LPDJLQH�WKDW�YDULDWLRQ�KDSSHQV�within the bits as well.
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D�YDOXH�RI�[�t���%XW�LQ�WKLQNLQJ�RI�WKH�PDJQLWXGH�YDU\LQJ��ZH�LPDJLQH�LW�YDU\LQJ�LQ�PLFURVFRSLF�
ELWV��HDFK�ELW�LWVHOI�HQWDLOLQJ�YDULDWLRQ�XSRQ�FORVH�LQVSHFWLRQ��7KH�LPSRUWDQFH�WKDW�VWXGHQWV�EXLOG�
WKLV� LPDJH�HDUO\� LV� LPSOLFDWHG�E\�VWXGLHV�VKRZLQJ�WKDW�FDOFXOXV�VWXGHQWV�GR�not see variables 

YDU\LQJ��&DUOVRQ��������������-DFREV��������7ULJXHURV�	�-DFREV��������
,� FDQ� QRZ� UHSUHVHQW� D� FRQFHSWLRQ� RI� WZR� TXDQWLWLHV¶� YDOXHV� FRYDU\LQJ� DV�

xe , ye� � x te� �, y te� �� ���,�LQWHQG�WKH�SDLU� xe , ye� ��WR�UHSUHVHQW�FRQFHLYLQJ�RI�D�PXOWL-
SOLFDWLYH�REMHFW²DQ�REMHFW�WKDW�LV�SURGXFHG�E\�XQLWLQJ�LQ�PLQG�WZR�RU�PRUH�TXDQWLWLHV�VLPXOWD-
QHRXVO\��([DPSOHV�DUH

x� $�UHFWDQJOH¶V�OHQJWK��ZLGWK��DQG�DUHD��
x� $�SRLQW¶V�ORFDWLRQ�LQ�WZR�GLUHFWLRQV�VLPXOWDQHRXVO\�IURP�D�UHIHUHQFH�SRLQW��
x� 7KH�YDOXH�RI�RQH�TXDQWLW\�DQG�WKH�YDOXH�RI�DQRWKHU�TXDQWLW\�WKDW�LV�UHODWHG�WR�LW�LQ�VRPH�

QDWXUDO�RU�GHWHUPLQLVWLF�ZD\�
x� 7KH�YDOXHV�RI�WZR�TXDQWLWLHV�DV�WKH\�HDFK�YDU\�LQ�WLPH��VXFK�DV�DQ�REMHFW¶V�ORFDWLRQ�DQG�

its velocity at that location.

� 7KLV�IRUPXODWLRQ�RI�FRYDULDWLRQ�UHVHPEOHV��LQ�PDQ\�ZD\V��WUDGLWLRQDO�GH¿QLWLRQV�RI�D�IXQF-
WLRQ�GH¿QHG�SDUDPHWULFDOO\�DQG�RI�GH¿QLWLRQV�RI�D�UHODWLRQ�EHWZHHQ�WZR�VHWV��%XW�FODVVLFDO�GH¿QL-
WLRQV�RI�SDUDPHWULF�IXQFWLRQV��VHW�UHODWLRQV��HWF��GR�QRW�PDNH�DQ�H[SOLFLW�UHSUHVHQWDWLRQ�RI�KRZ�
SHRSOH�LPDJLQH�YDULDEOHV�YDU\LQJ�RU�KRZ�WKH\�XQLWH�WZR�IXQFWLRQV�WR�PDNH�DQ�LQYDULDQW�UHODWLRQ-

VKLS�EHWZHHQ�WKHP��0DULO\Q�&DUOVRQ�DQG�0LNH�2HKUWPDQ�KDYH�ZULWWHQ�H[WHQVLYHO\�DERXW� WKH�
LPSRUWDQFH� RI� FRYDULDWLRQDO� UHDVRQLQJ� DV� D� IRXQGDWLRQ� IRU� VWXGHQWV¶� XQGHUVWDQGLQJV� RI� IXQF-
WLRQ��&DUOVRQ��������&DUOVRQ��-DFREV��&RH��/DUVHQ��	�+VX��������&DUOVRQ�	�2HKUWPDQ��������
&DUOVRQ��3HUVVRQ��	�6PLWK��������2HKUWPDQ��������2HKUWPDQ��&DUOVRQ��	�7KRPSVRQ���������
:KDW�,¶YH�RIIHUHG�KHUH��,�EHOLHYH��LV�D�QHZ�ZD\�RI�WKLQNLQJ�DERXW�FRYDULDWLRQ�DQG�LWV�UHODWLRQVKLS�
WR�TXDQWLWDWLYH�UHDVRQLQJ���
� ,Q�VXPPDU\��WKHUH�DUH�WZR�FRQVLGHUDWLRQV�LQ�H[DPLQLQJ�VWXGHQWV¶�FRQVWUXFWLRQ�RI�TXDQWLWD-
WLYH�FRYDULDWLRQ��7KH�¿UVW�LV�FRQFHLYLQJ�WKH�TXDQWLWLHV�WKHPVHOYHV�DQG�LPDJHV�RI�WKHP�WKDW�HQWDLO�
WKHLU�YDOXHV�YDU\LQJ��7KH�VHFRQG�LV�WR�FRQFHSWXDOL]H�WKH�PXOWLSOLFDWLYH�REMHFW�PDGH�E\�XQLWLQJ�
WKRVH�TXDQWLWLHV�LQ�WKRXJKW�DQG�PDLQWDLQLQJ�WKDW�XQLW�ZKLOH�DOVR�PDLQWDLQLQJ�D�G\QDPLF�LPDJH�
RI�WKH�VLWXDWLRQ�LQ�ZKLFK�LW�LV�HPEHGGHG��7KLV�DFW��RI�XQLWLQJ�WZR�TXDQWLWLHV�FRQFHSWXDOO\�ZLWKLQ�
DQ�LPDJH�RI�D�VLWXDWLRQ�WKDW�FKDQJHV�ZKLOH�VWD\LQJ�WKH�VDPH��LV�QRQWULYLDO��<HW�LW�LV�DW�WKH�KHDUW�RI�
XVLQJ�PDWKHPDWLFV�WR�PRGHO�G\QDPLF�VLWXDWLRQV��

7ZR� UHFHQW� VWXGLHV� H[DPLQHG� DVSHFWV� RI� VWXGHQWV¶� DELOLWLHV� WR�PRGHO� G\QDPLF� VLWXDWLRQV�
WKURXJK�D�IRFXV�RQ�ZD\V�RI�XQGHUVWDQGLQJ�FRYDULDWLRQ��&DUORV�&DVWLOOR�*DUVRZ��������IRFXVHG�
VWXGHQWV¶�XQGHUVWDQGLQJV�FRYDULDWLRQ�DQG�UDWH�RI�FKDQJH�DQG�WKHLU�LPSOLFDWLRQ�IRU�XQGHUVWDQG-

��� $�FRPSOHWH�DQDO\VLV�RI�YDULDWLRQ�DQG�FRYDULDWLRQ�ZRXOG�FHUWDLQO\�LQYROYH�ORRNLQJ�DW�WKH�GHYHORSPHQW�
RI�FRQFHSWV�RI�VLPXOWDQHLW\�DQG�WLPH��7KH�LGHD�RI�VLPXOWDQHLW\�KDV�LWV�URRWV�LQ�ZKDW�,QKHOGHU�DQG�3LDJHW�
RULJLQDOO\�FDOOHG�³PXOWLSOLFDWLYH�RSHUDWLRQV´��H�J���,QKHOGHU�	�3LDJHW��������SS���������DQG�LQ�VWXGHQWV¶�
FRQVWUXFWLRQ�RI�WLPH�DV�D�TXDQWLW\��)HDJDQV��������*ODVHUVIHOG��������.DPLL�	�5XVVHOO��������/RYHOO�	�
6ODWHU��������1DWVRSRXORV�	�$EDG]L��������3LDJHW���������%\�³PXOWLSOLFDWLYH�RSHUDWLRQV´�,QKHOGHU�DQG�
3LDJHW�PHDQW�WKH�FRQVWUXFWLRQ�RI�ORJLFDO�³DQG´²WKH�RSHUDWLRQ�RI�KDYLQJ�LQ�PLQG�WZR�DWWULEXWHV�RI�DQ�RE-

MHFW�VLPXOWDQHRXVO\��$Q�REMHFW�FRXOG�EH�D�WULDQJOH��DQG�LW�FRXOG�EH�EOXH��,QKHOGHU�DQG�3LDJHW�FODLPHG�WKDW�LW�
LV�ZKLOH�FRQVWUXFWLQJ�FRQFUHWH�PHQWDO�RSHUDWLRQV�WKDW�D�FKLOG�FRPHV�WR�VHH�DQ�REMHFW�DV�EHLQJ�VLPXOWDQHRXV-
O\�D�WULDQJOH�DQG�EOXH��7KH\�FKDUDFWHUL]HG�PXOWLSOLFDWLYH�RSHUDWLRQV�DV�EHLQJ�WKH�VRXUFH�RI�PXOWLSOH�FODV-
VL¿FDWLRQ��VRUW�REMHFWV�RQ�WZR�FKDUDFWHULVWLFV�VLPXOWDQHRXVO\��DQG�PXOWLSOH�VHULDWLRQ��RUGHU�REMHFWV�RQ�WZR�
PHDVXUHV�VLPXOWDQHRXVO\���7KH�LGHD�RI�FRQFHSWXDO�WLPH�LV�WKDW�RI�D�PHDVXUHG�GXUDWLRQ��ZKHUH�RSHUDWLRQV�RI�
PHDVXUH�YDU\�ZLWK�WKH�VRSKLVWLFDWLRQ�DQG�GHYHORSPHQW�RI�WKH�SHUVRQ�LPDJLQLQJ�LW��$�IXOO�GLVFXVVLRQ�RI�ERWK�
VLPXOWDQHLW\�DQG�WLPH�LV�FOHDUO\�QRW�SRVVLEOH�LQ�WKLV�SDSHU�
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LQJ�H[SRQHQWLDO�JURZWK��.HYLQ�0RRUH��������H[DPLQHG�VWXGHQWV¶�FRQVWUXFWLRQ�RI�WULJRQRPHWULF�
IXQFWLRQV�WKURXJK�D�IRFXV�RQ�ZD\V�RI�XQGHUVWDQGLQJ�DQJOH�PHDVXUH�DQG�WKH�FRYDULDWLRQ�RI�DQJOH�
PHDVXUH�DQG�WULJRQRPHWULF�UDWLR��7KHVH�WZR�VWXGLHV�DUH�LQVWUXFWLYH�IRU�ZD\V�LQ�ZKLFK�D�IRFXV�RQ�
TXDQWLWDWLYH�UHDVRQLQJ�RSHQV�QHZ�SHUVSHFWLYHV�RQ�VWXGHQWV¶�XQGHUVWDQGLQJ�RI�IXQFWLRQV�DQG�WKHLU�
DELOLWLHV�WR�HQJDJH�LQ�PDWKHPDWLFDO�PRGHOLQJ�

,Q�D�WHDFKLQJ�H[SHULPHQW�LQYROYLQJ�WZR�KLJK�VFKRRO�MXQLRU�$OJHEUD�,,�VWXGHQWV��&DVWLOOR�
*DUVRZ��������XVHG�WKH�FRQWH[W�RI�LQWHUHVW�EHDULQJ�EDQN�DFFRXQWV�DV�WKH�JHQHUDO�WKHPH�E\�ZKLFK�
KH�EURDFKHG�LVVXHV�RI�FRYDULDWLRQ��UDWH�RI�FKDQJH��DQG�H[SRQHQWLDO�JURZWK��+H�VFDIIROGHG�WDVNV�
WKDW�SRUWUD\HG�WKH�YDOXH�RI�DQ�DFFRXQW�JURZLQJ�DFFRUGLQJ�WR�GLIIHUHQW�EDQN�SROLFLHV�UHJDUGLQJ�
KRZ�WKH\�UHSRUWHG�WKH�YDOXH�RI�DQ�DFFRXQW��6RPH�EDQNV�UHSRUWHG�DFFRXQW�YDOXHV�DW�WKH�PRPHQW�
RI�LQTXLU\�DV�WKH�DPRXQW�DW�WKH�EHJLQQLQJ�RI�WKH�LQWHUHVW�SHULRG��DQG�LQFUHDVHG�WKH�UHSRUWHG�YDOXH�
RQO\�DW�WKH�HQG�RI�WKH�LQWHUHVW�SHULRG��2WKHU�EDQNV�UHSRUWHG�DFFRXQWV¶�YDOXHV�DV�KDYLQJ�JURZQ�
OLQHDUO\�IURP�WKH�PRPHQW�RI�LQLWLDO�GHSRVLW�WR�WKH�PRPHQW�RI�LQTXLU\��7KH�WZR�SROLFLHV�ZRXOG�
SURGXFH�WKH�VDPH�DPRXQW�RI�HDUQHG�LQWHUHVW�DW�WKH�HQG�RI�DQ�LQWHUHVW�SHULRG��EXW�UHVXOWHG�LQ�GLI-
IHUHQW�UHSRUWHG�YDOXHV�GXULQJ�DQ�LQWHUHVW�SHULRG��7KH�¿UVW�SROLF\��LQFUHDVH�RQO\�DW�HQG�RI�LQWHUHVW�
SHULRG��SURGXFHV�D�VWHS�IXQFWLRQ�IRU�WKH�YDOXH�RI�DQ�DFFRXQW�LQ�UHODWLRQ�WR�WKH�QXPEHU�RI�\HDUV�
LW�LV�RQ�GHSRVLW��7KH�VHFRQG�SROLF\�SURGXFHV�D�OLQHDU�IXQFWLRQ�RI�DFFRXQW�YDOXH�LQ�UHODWLRQ�WR�WKH�
QXPEHU�RI�\HDUV�LW�LV�RQ�GHSRVLW�

&DVWLOOR�*DUVRZ� WKHQ� FURVVHG� WKH� WZR� UHSRUWLQJ� SROLFLHV�ZLWK� D� SROLF\� RI� FRPSRXQGLQJ�
HDUQHG�LQWHUHVW�²VRPH�EDQNV�UHSRUWHG�DFFRXQWV¶�YDOXHV�DV�FKDQJLQJ�RQO\�DW�WKH�HQG�RI�D�FRP-

SRXQGLQJ�SHULRG�DQG�RWKHU�EDQNV�UHSRUWHG�DFFRXQWV¶�YDOXHV�DV�KDYLQJ�JURZQ�OLQHDUO\�ZLWKLQ�D�
FRPSRXQGLQJ�SHULRG��7KH�¿UVW�SROLF\�SURGXFHV�D�VWHS�IXQFWLRQ�WKDW�JURZV�JHRPHWULFDOO\��DQG�LWV�
UDWH�RI�FKDQJH�RI�DFFRXQW�YDOXH�ZLWK�UHVSHFW�WR�WKH�QXPEHU�RI�\HDUV�RQ�GHSRVLW�LV�]HUR�DOPRVW�
HYHU\ZKHUH��:KHUH�LW�LV�QRW�]HUR��WKH�UDWH�RI�FKDQJH�GRHV�QRW�H[LVW��7KH�VHFRQG�SROLF\�SURGXFHV�
D�FRQWLQXRXV�IXQFWLRQ�ZKRVH�UDWH�RI�FKDQJH�RI�DFFRXQW�YDOXH�ZLWK�UHVSHFW�WR�QXPEHU�RI�\HDUV�RQ�
GHSRVLW�LV�SURSRUWLRQDO�WR�WKH�DFFRXQW¶V�YDOXH�DW�WKH�EHJLQQLQJ�RI�WKH�FRPSRXQGLQJ�SHULRG��7KLV�
UDWH�RI�FKDQJH�H[LVWV�DW�DOO�PRPHQWV�LQ�WLPH�H[FHSW�DW�WKH�HQG�RI�D�FRPSRXQGLQJ�SHULRG�

,Q�DQ�H[WHQVLRQ�RI�WKH�FRQWLQXRXV�PRGHO��&DVWLOOR�*DUVRZ�DOVR�LQWURGXFHG�D�EDQNLQJ�SROLF\�
WKDW�KH�FDOOHG�WKH�³SHU�FDSLWD´�SROLF\²HDFK�GROODU�HDUQV�LQWHUHVW�DW�D�VLPSOH�UDWH��7KH�PRGHO�LV�
H[WHQGHG�E\�KRZ�WKH�EDQN�WUHDWV�WKH�LQWHUHVW�DFFUXHG�E\�HDFK�GROODU²HLWKHU�E\�SXWWLQJ�LW�LQ�D�
VHSDUDWH��QRQ�LQWHUHVW�DFFRXQW�RU�E\�DGGLQJ�LW�WR�WKH�DFFRXQW�WKDW�HDUQHG�LW�

7KRXJK�&DVWLOOR�*DUVRZ¶V�UHVXOWV�DUH� WRR� LQWULFDWH� WR�FRQYH\�LQ� WKLV�EULHI�DFFRXQW�� WKHUH�
DUH�WZR�DVSHFWV�WR�KLV�H[SHULPHQW�WKDW�DUH�LPSRUWDQW�IRU�WKH�SUHVHQW�GLVFXVVLRQ��7KH�¿UVW�SRLQW�
LV�WKH�SRWHQWLDOO\�SRZHUIXO�GLVWLQFWLRQV�WKDW�D�IRFXV�RQ�TXDQWLWDWLYH�UHDVRQLQJ�FDQ�LQWURGXFH�LQWR�
VWXGLHV�RI�OHDUQLQJ�DQG�WHDFKLQJ��,W�LV�E\�PDLQWDLQLQJ�D�WLJKW�IRFXV�RQ�TXDQWLWDWLYH�UHDVRQLQJ�WKDW�
&DVWLOOR�*DUVRZ�GHYHORSHG�WKH�LQWULFDWH�LQWHUDFWLRQ�DPRQJ�ZD\V�RI�WKLQNLQJ�DERXW�FRYDULDWLRQ��
UDWH�RI�FKDQJH��DQG�H[SRQHQWLDO�JURZWK�WKDW�KH�HPERGLHG�LQ�WDVNV��7KH�VHFRQG�SRLQW�LV�WKDW�KLV�
DQDO\VLV�RI�FRYDULDWLRQ�DQG�UDWH�RI�FKDQJH�UHLQIRUFH�WKH�¿UVW�SRLQW�PDGH�LQ�WKLV�SDSHU²WKDW�LW�
LV�XVHIXO�WR�VHH�TXDQWLWLHV�DV�EHLQJ�LQ�PLQGV��QRW�DV�EHLQJ�LQ�WKH�ZRUOG��,Q�SDUWLFXODU��&DVWLOOR�
*DUVRZ�IRXQG�WKDW�KRZ�RQH�LPDJLQHV�WKDW�TXDQWLWLHV¶�YDOXHV�YDU\�KDV�GUDPDWLF�LPSOLFDWLRQV�IRU�
KRZ�RQH� FRQFHLYHV� VLWXDWLRQV� WKDW� HPERG\� YDULDWLRQ��7KH� WZR� VWXGHQWV� LQ�&DVWLOOR�*DUVRZ¶V�
WHDFKLQJ�H[SHULPHQW��ZKRP�KH�FDOOHG�7LIIDQ\�DQG�'HUHN�� VDZ�YDULDEOHV�YDU\LQJ� LQ� WZR�YHU\�
GLIIHUHQW�ZD\V��7LIIDQ\�VDZ�YDULDEOHV�YDU\LQJ�LQ�FRPSOHWHG�FKXQNV��'HUHN�KDG�D�PL[HG�YLHZ�RI�
YDULDWLRQ²YDULDEOHV�FRXOG�YDU\�LQ�FKXQNV��EXW�WKH\�DOVR�YDULHG�FRQWLQXRXVO\�ZLWKLQ�FRPSOHWHG�
FKXQNV��7LIIDQ\�KDG�GHYHORSHG�DQ�XQGHUVWDQGLQJ�RI�UDWH�RI�FKDQJH�WKDW�DPRXQWHG�WR�VHHLQJ�KRZ�
PXFK�VRPHWKLQJ�FKDQJHG�LQ�WRWDO��DQG�WKHQ�GLVWULEXWHG�WKDW�FKDQJH�WR�DQ\�VXE�LQWHUYDO�RI�WLPH�
DFFRUGLQJ�WR�WKH�IUDFWLRQ�WKDW�WKH�VXE�LQWHUYDO¶V�OHQJWK�ZDV�RI�WKH�RYHUDOO�LQWHUYDO��)RU�H[DPSOH��
LI�DQ�DFFRXQW�HDUQHG�LQWHUHVW�DW�WKH�UDWH�RI����SHU�\HDU��WKHQ�LQ���PRQWKV�WKH�DFFRXQW�ZRXOG�HDUQ�
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����RI�ZKDW�LW�ZRXOG�KDYH�HDUQHG�LQ�RQH�\HDU��%XW�WKH�RQH�\HDU�FKDQJH�ZDV�WKH�RQO\�FKDQJH�WKDW�
RFFXUUHG�LQ�7LIIDQ\¶V�WKLQNLQJ��,Q�7LIIDQ\¶V�WKLQNLQJ��WKH�DFFRXQW¶V�HDUQHG�LQWHUHVW�GLG�QRW�SDVV�
WKURXJK�WKH�����\HDU�DPRXQW�RQ�LWV�ZD\�WR�WKH�RQH�\HDU�DPRXQW��5DWKHU��WKH�����\HDU�DPRXQW�
ZDV�DQ�DPRXQW�WR�EH�FRPSXWHG�DG�KRF��'HUHN��ZKR�WKRXJKW�RI�WLPH�SDVVLQJ�FRQWLQXRXVO\�DQG�
WKRXJKW�RI�DQ�DFFRXQW�KDYLQJ�D�YDOXH�DW�HDFK�PRPHQW� LQ� WLPH�� WKRXJKW�PRUH� LQ� WHUPV�RI� WKH�
DFFRXQW�FKDQJLQJ�DW� WKH�UDWH�RI�D�QXPEHU�RI�GROODUV�SHU�\HDU� IRU�VRPH�QXPEHU�RI�\HDUV��DQG�
WKH�QXPEHU�RI�\HDUV�QHHGQ¶W�EH�D�ZKROH�QXPEHU��(DUQHG�LQWHUHVW�DFFUXHG�FRQWLQXRXVO\��7LIIDQ\�
FRXOG�QRW�VHH�WKDW�WKH�DFFRXQWV�UDWH�RI�FKDQJH�ZLWK�UHVSHFW�WR�WLPH�ZDV�SURSRUWLRQDO�WR�WKH�DF-
FRXQW¶V�YDOXH��'HUHN�VDZ�WKLV�UHODWLRQVKLS�LQWXLWLYHO\�
� 0RRUH¶V�������� WHDFKLQJ�H[SHULPHQW� LV� WKH�RQO\�VWXG\�RI�ZKLFK�,�DP�DZDUH� WKDW� ORRNHG�
FORVHO\� DW� VWXGHQWV¶� XQGHUVWDQGLQJ� RI� DQJOH� PHDVXUH� TXDQWLWDWLYHO\�� %\� WKLV� ,� PHDQ� WKDW�
LI� D� GHJUHH� RU� D� UDGLDQ� LV� D� PHDVXUH� RI� VRPHWKLQJ�� LW� PXVW� EH� VRPH� DWWULEXWH� RI� DQ� DQJOH��
0RUHRYHU�� WKH� TXDQWL¿FDWLRQ� SURFHVV�PXVW� UHVXOW� LQ� WKH� DWWULEXWH� DQG� WKH� XQLW� LQ�ZKLFK� LW� LV�
PHDVXUHG�EHLQJ� UHODWHG�QDWXUDOO\��DQG� LW�PXVW�PHDQ� WKDW�D�GHJUHH�DQG�D� UDGLDQ�DUH�HVVHQWLDO-
O\� WKH� VDPH� WKLQJ�� H[FHSW� RQH� LV� D� VFDOHG�YHUVLRQ�RI� WKH� RWKHU��0RRUH�EHJDQ�ZLWK� D� VXJJHV-
WLRQ�,�KDG�PDGH�LQ��3��:��7KRPSVRQ��&DUOVRQ��	�6LOYHUPDQ��������DQG�LQ��3��:��7KRPSVRQ��
�������ZKLFK�ZDV� WKDW� WR� VHH� DQJOH�PHDVXUH� DV� D� UHVXOW� RI� D�TXDQWL¿FDWLRQ�SURFHVV�� WKHQ� WKH�
DWWULEXWH� RI� DQ� DQJOH� KDG� WR� EH� VRPHWKLQJ� OLNH� ³RSHQQHVV´� DQG� LWV�PHDVXUH�PXVW� EH� D� VXE-

WHQGHG�DUF� OHQJWK�PHDVXUHG�LQ�D�XQLW�RI�DUF� WKDW� LV�SURSRUWLRQDO� WR�D�FLUFOH¶V�FLUFXPIHUHQFH�18 

0RRUH�EXLOW�DQ�LQVWUXFWLRQDO�XQLW�XSRQ�WKH�SUREOHPDWLTXH�RI�ZKDW�RQH�PHDVXUHV�WR�³PHDVXUH�DQ�
DQJOH´��DQG�WKDW�SUREOHPDWL]HG�WKH�TXHVWLRQ�RI�ZKDW�VXFK�D�PHDVXUH�PHDQV��+LV�WDUJHWHG�PHDQ-

LQJ�RI�DQJOH�PHDVXUH�ZDV�WKDW�RQH�PHDVXUHV�DQ�DQJOH¶V�openness�E\�PHDVXULQJ�WKH�DUF�WKDW�LW�VXE-

WHQGV�LQ�D�FLUFOH�FHQWHUHG�DW�LWV�YHUWH[��7KH�PDWWHU�RI�XQLW�LV�LPSRUWDQW��EHFDXVH�D�XQLW�RI�DEVROXWH�
OHQJWK��H�J���FP��GRHV�QRW�ZRUN��&LUFOHV�RI�GLIIHUHQW�UDGLL�ZLOO�JLYH�GLIIHUHQW�PHDVXUHV�RI�RSHQ-

QHVV�IRU�WKH�VDPH�DQJOH��DQG�ZH�GR�QRW�ZDQW�WKDW��:H�ZDQW�WKH�VL]H�RI�WKH�FLUFOH�WR�EH�LPPDWHULDO��
0RRUH¶V�VROXWLRQ�ZDV�WR�WDNH�DUF�OHQJWK�PHDVXUHG�LQ�DQ\�XQLW�WKDW�LV�SURSRUWLRQDO�WR�D�FLUFOH¶V�
FLUFXPIHUHQFH�DV�WKH�XQLW�RI�DUF�OHQJWK��$UF�OHQJWKV�WKDW�DUH������th�D�FLUFOH¶V�FLUFXPIHUHQFH�DUH�
WUDGLWLRQDOO\�FDOOHG�RQH�GHJUHH��(XURSHDQV�VRPHWLPHV�XVH�DQ�DUF�OHQJWK�WKDW�LV������th�D�FLUFOH¶V�
FLUFXPIHUHQFH��FDOOHG�D�JUDG���$UF�OHQJWKV�WKDW�DUH�WKH�OHQJWK�RI�D�FLUFOH¶V�UDGLXV�DOVR�ZRUN�19 

�,Q�HIIHFW��0RRUH¶V�SURSRVDO�IRU�FRQFHSWXDOL]LQJ�DQJOH�PHDVXUH�DV�PHDVXUHG�DUF��LQ�HIIHFW��WXUQV�
HYHU\�FLUFOH�LQWR�D�XQLW�FLUFOH�
� 7KH�LGHD�RI�YDULDWLRQ�LQ�DQ�DQJOH¶V�PHDVXUH�WXUQV�RXW�WR�EH�QRQWULYLDO�IRU�PDQ\�VWXGHQWV�DQG�
WHDFKHUV��,�DVNHG�D�JURXS�RI�WHDFKHUV�ZLWK�ZKRP�,�ZRUNHG��DQG�ZKR�WKRXJKW�RI�WULJRQRPHWU\�
in terms of SOH-CAH-TOA20��WR�VKRZ�DQ�DQJOH�RI����GHJUHHV��,�WKHQ�DVNHG�WKHP�WR�VKRZ�KRZ�
WR�WKLQN�DERXW�WKDW�DQJOH�LQFUHDVLQJ�LQ�PHDVXUH��)LJXUH���VKRZV�WKH�GLDJUDPV�WKH\�GUHZ��7KH�
WULDQJOH�RQ�WKH�OHIW�LV�RQH�ZLWK�D�����DQJOH��7KH�¿JXUH�RQ�WKH�ULJKW�LV�WKHLU�GHSLFWLRQ�RI�WKDW�DQJOH�
YDU\LQJ��1RWLFH�WKDW�WR�YDU\�WKH�DQJOH¶V�PHDVXUH�WKH\�YDULHG�WKH�OHQJWK�RI�WKH�VLGH�RSSRVLWH�WKH�
DQJOH��7KLV�JURXS�RI�WHDFKHUV�DOVR�FRXOG�QRW�VD\�ZKDW�ZDV�EHLQJ�PHDVXUHG�ZKHQ�DQ�DQJOH�LQ�WKHLU�
WULDQJOH�KDV�D�PHDVXUH�RI������&OHDUO\��WKLV�FRQFHSWLRQ�RI�DQ�DQJOH¶V�YDULDWLRQ�ZLOO�FDXVH�WKHLU�
VWXGHQWV�LPPHQVH�SUREOHPV�ZKHQ�DWWHPSWLQJ�WR�HQYLVLRQ�WKH�EHKDYLRU�RI��VD\��VLQ�[��DV�WKH�YDOXH�
RI�[�YDULHV��,QGHHG��WKH\�ZLOO�KDYH�D�KDUG�WLPH�EXLOGLQJ�D�FRKHUHQW�PHDQLQJ�RI�ZKDW�[�UHSUHVHQWV�

18� $IWHU�SXEOLVKLQJ�WKHVH�DUWLFOHV��,�OHDUQHG�IURP�'DYLG�%UHVVRXG�WKDW�ZKDW�,�SURSRVHG�ZDV��LQ�IDFW��WKH�
FRQFHSWXDOL]DWLRQ�RI�DQJOH�PHDVXUH�WKDW�KDG�SUHGRPLQDWHG�XQWLO�WKH�HDUO\�����¶V��ZKHQ�WULDQJOH�WULJRQRP-

HWU\�JDLQHG�DVFHQGDQFH��%UHVVRXG��������
19� ,W�LV�LQFRUUHFW�WR�FDOO�WKLV�XQLW�D�UDGLDQ��$�UDGLDQ�LV�DQ�HTXLYDOHQFH�FODVV�RI�DUF�OHQJWKV�HDFK�VXEWHQGHG�
E\�DQ�DQJOH�WKDW�VXEWHQGV�DQ�DUF�RI�OHQJWK�RQH�UDGLXV�RQ�DQ\�RQH�RI�WKHP�
20 SOH-CAH-TOA: Sine is Opposite over H\SRWHQXVH��Cosine is AGMDFHQW�RYHU�H\SRWHQXVH��Tangent 

is Opposite over AGMDFHQW�
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� )LJXUH����7HDFKHUV¶�YHUVLRQ�RI�DQ�DQJOH�RI�����DQG�KRZ�WR�HQYLVLRQ�LQFUHDVLQJ�LW�

 0RRUH��������FRQGXFWHG�KLV�WHDFKLQJ�H[SHULPHQW�ZLWK�WKUHH�SUHFDOFXOXV�VWXGHQWV�ZKR�KDG�
QR�GLVFHUQDEOH�FRQFHSW�RI�DQJOH�PHDVXUH�RU�FRYDULDWLRQ�RI�TXDQWLWLHV��+LV�LQWHQVH�IRFXV�RQ�DQJOH�
PHDVXUH�KDG�WKH�HIIHFW�WKDW�WZR�VWXGHQWV�GHYHORSHG�VWURQJ�XQGHUVWDQGLQJV�RI�VLQH�DQG�FRVLQH�DV�
IXQFWLRQV�RI�DQ�DQJOH�PHDVXUH��0RRUH�DUJXHG�WKDW�LW�ZDV�WKHLU�H[SOLFLW�DWWHQWLRQ�WR�TXDQWLWLHV�DQG�
FRYDULDWLRQ�RI�TXDQWLWLHV�WKDW�HQDEOHG�WKHP�WR�EXLOG�D�FRKHUHQW�ERG\�RI�PHDQLQJV�E\�ZKLFK�WKH\�
HQYLVLRQHG�VLQH�DQG�FRVLQH�DV�D�UHODWLRQVKLS�EHWZHHQ�DQJOH�PHDVXUH�DQG�YHUWLFDO�DQG�KRUL]RQWDO�
GLVSODFHPHQW�IURP�D�FLUFOH¶V�FHQWHU��+LV�IRFXV�RQ�TXDQWLWDWLYH�UHDVRQLQJ�DOVR�UHYHDOHG�WKDW�WKH�
RQH�VWXGHQW�ZKR�GLG�QRW�WKULYH�IDLOHG�WR�GR�VR�EHFDXVH�RI�D�SHUVLVWHQW�LQDWWHQWLRQ�WR�TXDQWLWLHV�LQ�
settings.

� ,� DP� SX]]OHG� WKDW�PDWKHPDWLFLDQV� VHHP� WR� KDYH� VR� OLWWOH� LQWHUHVW� LQ� WKH� LGHD� RI� FRYDUL-
DWLRQ�� ,� VXVSHFW� WKDW� RQH� UHDVRQ� LV� WKHLU� DELGLQJ� LQWHUHVW� LQ� VWUXFWXUH�� DQG� FRYDULDWLRQ�� RQ� LWV�
IDFH�� FDQ� VHHP� XQVWUXFWXUDO�� ,� VXVSHFW� DOVR� WKDW� WKHLU� SHUVRQDO� GHYHORSPHQW� RI� FRYDULDWLRQDO�
UHDVRQLQJ�KDSSHQHG�ZLWKRXW� WKHLU� DZDUHQHVV�DQG�VLPSO\�EHFDPH�D� OHJDF\�ZD\�RI� WKLQNLQJ�21 

)LQDOO\��PDWKHPDWLFDO�UHIRUPV�RI�IURP������WR������EDQLVKHG�LGHDV�RI�PRWLRQ��WLPH��DQG�LQ¿QL-
WHVLPDOV�IURP�WKH�FRQFHSW�RI�IXQFWLRQ��,��.OHLQHU��������,VUDHO�.OHLQHU���������7KH�UHDVRQ�WR�EDQ-

LVK�PRWLRQ�DQG�WLPH�ZDV�WR�DFFRPPRGDWH�WKH�FUHDWLRQ�RI�IXQFWLRQV�WKDW�SXVKHG�WKH�ERXQGDULHV�
RI�WKHQ�FXUUHQW�GH¿QLWLRQV��VXFK�DV�IXQFWLRQV�WKDW�DUH�FRQWLQXRXV�HYHU\ZKHUH�EXW�GLIIHUHQWLDEOH�
QRZKHUH�DQG�IXQFWLRQV�WKDW�DUH�FRQWLQXRXV�RQ�WKH�LUUDWLRQDO�QXPEHUV�EXW�GLVFRQWLQXRXV�RQ�WKH�
UDWLRQDO�QXPEHUV��7KHVH�IXQFWLRQV�DUH�GH¿QHG�XVLQJ�OLPLWV��DQG�VXFK�OLPLW�IXQFWLRQ�FDQQRW�EH�
LPDJLQHG�LQ�WHUPV�RI�FRYDU\LQJ�TXDQWLWLHV�

Generalization

,�DOUHDG\�PHQWLRQHG�WKH�ZRUN�RI�$P\�(OOLV��6KH�LV�LQYHVWLJDWLQJ�WKH�UROH�WKDW�TXDQWLWDWLYH�UHD-
VRQLQJ� SOD\V� LQ� VWXGHQWV¶� DELOLWLHV� WR�PDNH�PDWKHPDWLFDO� JHQHUDOL]DWLRQV� IURP� WKHLU�ZRUN� LQ�
DSSOLHG� VHWWLQJV� �H�J���(OOLV�� �������+HU�ZRUN� KDV� WKH� SRWHQWLDO� RI� H[SODLQLQJ� WKH� KLVWRULFDOO\�
PL[HG�UHVXOWV�WKDW�RWKHUV�KDYH�IRXQG�ZKHQ�LQYHVWLJDWLQJ�WKH�LPSDFW�RI�VWXGHQWV¶�XVH�RI�FRQFUHWH�
PDQLSXODWLYHV� RQ� WKHLU�PDWKHPDWLFDO� OHDUQLQJ� �&DJOD\DQ�	�2OLYH�� ������&REE�� ������ ,]VDN��
7LOOHPD��	�7XQF�3HNNDQ��������.UDW]HU�	�:LOORXJKE\��������0HLUD��������6RZHOO��������3��

21� ,�PHDQ�D�³OHJDF\´�ZD\�RI�WKLQNLQJ�LQ�WKH�VDPH�ZD\�WKDW�RQFH�SHRSOH�FRQVHUYH�TXDQWLW\�LQ�WKH�
3LDJHWLDQ�VHQVH��WKH\�QR�ORQJHU�WDNH�QRWLFH�RI�WKH�ZD\�RI�WKLQNLQJ�WKDW�FRQVHUYHV�TXDQWLW\��7KH\�MXVW�VHH�
TXDQWLW\�EHLQJ�FRQVHUYHG��DQG�QHYHU�ERWKHU�WR�LPDJLQH�WKDW�DQ\RQH�FRXOG�VHH�LW�GLIIHUHQWO\�
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:��7KRPSVRQ��������:HDUQH�	�+LHEHUW���������,Q�HVVHQFH��LW�FRXOG�EH�WKDW�WKH�HIIHFWLYHQHVV�RI�
XVLQJ�FRQFUHWH�PDWHULDOV�GHSHQGV�XSRQ�WKH�H[WHQW�WR�ZKLFK�VWXGHQWV�DUH�UHDVRQLQJ�TXDQWLWDWLYHO\�
ZKLOH�XVLQJ�WKHP��WKH�QDWXUH�RI�WKHLU�TXDQWL¿FDWLRQ�RI�WKH�PDWHULDOV��L�H���WKH�NLQGV�RI�TXDQWL-
WLHV�WKH\�FRQVWUXFW���DQG�WKH�H[WHQW�WR�ZKLFK�WKH\�IRUP�JHQHUDOL]DWLRQV�IURP�WKHLU�TXDQWLWDWLYH�
UHDVRQLQJ��0RUH�EURDGO\��(OOLV¶�ZRUN�RQ�JHQHUDOL]DWLRQ�LQ�DOJHEUD�KDV�LPSOLFDWLRQV�IRU�WKLQNLQJ�
DERXW�PDWKHPDWLFDO�PRGHOLQJ��$�PDWKHPDWLFDO�PRGHO�LV�D�JHQHUDOL]DWLRQ�RI�RQH¶V�XQGHUVWDQGLQJ�
RI�D�VLWXDWLRQ¶V�LQQHU�PHFKDQLFV²RI�³KRZ�LW�ZRUNV´��
� 7KH� LGHD�RI� WUDQVIHU�RI� OHDUQLQJ� LV� LQWHJUDO� WR� WKH� LGHD�RI�JHQHUDOL]DWLRQ�� -RDQQH�/REDWR�
KDV� H[DPLQHG� WKH� DJH�ROG� LVVXH� RI� WUDQVIHU�RI�OHDUQLQJ�� EXW� IURP� D� DFWRU�FHQWHUHG� SHUVSHF-
WLYH��/REDWR��������/REDWR�	�6LHEHUW��������LQVWHDG�RI�IURP�D�SUREOHP�FHQWHUHG�SHUVSHFWLYH��
/REDWR¶V�ZRUN�LV�WLJKWO\�FRQQHFWHG�WR�WKH�LGHD�RI�TXDQWLWDWLYH�UHDVRQLQJ�DV�GHVFULEHG�KHUH��PRVW�
VSHFL¿FDOO\�ZLWK�UHJDUG�WR�VWXGHQWV¶�XQGHUVWDQGLQJ�RI�UDWLR�DV�PHDVXUH��/REDWR�	�7KDQKHLVHU��
�������+HU�DSSURDFK�WR�WUDQVIHU�LV�PRUH�WKDQ�VLPSO\�DQ�DSSOLFDWLRQ�RI�D�WKHRU\�RI�TXDQWLWDWLYH�
UHDVRQLQJ��5DWKHU��VKH�WDNHV�WKH�VWDQFH�WKDW�LW�LV�ZKHQ�D�NQRZHU¶V�ZD\V�RI�WKLQNLQJ�UHPDLQ�LQ-

YDULDQW�DFURVV�VHWWLQJV�WKDW�WKH\�KDYH�³WUDQVIHUUHG´�WKHLU�OHDUQLQJ�IURP�RQH�VHWWLQJ�WR�DQRWKHU��
7KH�WUDGLWLRQDO�VWDQFH�RQ�WUDQVIHU�LV�WKDW�RQH�WUDQVIHUV�VXFFHVVIXOO\�E\�DSSO\LQJ�D�VROXWLRQ�PHWK-

RG�XVHG�WR�VROYH�RQH�SUREOHP�WR�D�SUREOHP�WKDW�LV�LVRPRUSKLF�WR�LW��LVRPRUSKLF�PRGXOR�VROXWLRQ�
PHWKRG���/REDWR�IRXQG�WKDW�ZD\�RI�WKLQNLQJ�SUREOHPDWLF�ZLWK�UHJDUG�WR�WUDQVIHU�DV�D�OHDUQLQJ�
PHFKDQLVP�DQG�DV�D�FRQVWUXFW�WR�XVH�LQ�¿QH�JUDLQHG�DQDO\VHV�RI�VWXGHQWV¶�WKLQNLQJ��,QVWHDG��VKH�
GH¿QHV� WUDQVIHU�DV� WDNLQJ�SODFH�ZKHQ� WKH�VWXGHQW�VHHV� WZR�VLWXDWLRQV�DV�EHLQJ�HVVHQWLDOO\� WKH�
VDPH��7R�VHH�WKH�GLIIHUHQFH�EHWZHHQ�/REDWR¶V�DQG�WKH�WUDGLWLRQDO�ZD\�RI�WKLQNLQJ�DERXW�WUDQVIHU�
,¶OO�UHIHU�WR�D�SKHQRPHQRQ�DSSHDULQJ�LQ�WZR�GLIIHUHQW�VWXGLHV�RI�TXDQWLWDWLYH�UHDVRQLQJ��3��:��
7KRPSVRQ������E��3��:��7KRPSVRQ�	�7KRPSVRQ���������,Q�ERWK�VWXGLHV�FKLOGUHQ�ZHUH�SUHVHQW-
HG�ZLWK�VLWXDWLRQV�WKDW�DVNHG�WKHP�WR�GHWHUPLQH�DQ�DPRXQW�RI�WLPH�WR�FRYHU�D�JLYHQ�GLVWDQFH�DW�D�
JLYHQ�VSHHG��2QH�FRXOG�VD\�WKDW�VWXGHQWV�GLYLGHG�GLVWDQFH�E\�VSHHG�WR�JHW�WLPH��%XW�ZH�GLVFRY-

HUHG�WKDW�WKLV�FKDUDFWHUL]DWLRQ�LV�LQDFFXUDWH��:KDW�WKH�FKLOGUHQ�GLG�ZDV�WR�LPDJLQH�PHDVXULQJ�WKH�
JLYHQ�GLVWDQFH�LQ�XQLWV�RI�D�VSHHG�OHQJWK��7KH�QXPEHU�RI�VSHHG�OHQJWKV�FRQWDLQHG�LQ�WKH�JLYHQ�
GLVWDQFH�WROG�WKHP�WKH�QXPEHU�RI�VHFRQGV�WKDW�DQ�REMHFW�WUDYHOHG��RQH�VHFRQG�IRU�HDFK�VSHHG�
OHQJWK���7KXV��WKH\�GLYLGHG�WR�¿QG�WKH�QXPEHU�RI�VSHHG�OHQJWKV�LQ�WKH�JLYHQ�GLVWDQFH��:KHQ�QH[W�
JLYHQ�WKH�WDVN�RI�¿QGLQJ�D�VSHHG�WKDW�ZRXOG�KDYH�D�PRYLQJ�REMHFW�FRYHU�D�JLYHQ�QXPEHU�RI�IHHW�
LQ�D�JLYHQ�QXPEHU�RI�VHFRQGV��FKLOGUHQ�UHVRUWHG�WR�JXHVVLQJ�D�VSHHG�DQG�WHVWLQJ�WR�VHH�KRZ�ZHOO�
LW�ZRUNHG��
� )URP�D� WUDGLWLRQDO�SHUVSHFWLYH�� WKLV�VWRU\�KDV�QRWKLQJ� WR�GR�ZLWK� WUDQVIHU��7KH�SUREOHPV�
ZHUH�QRW�LVRPRUSKLF�DQG�WKH�VWXGHQWV�GLG�QRW�XVH�WKH�VDPH�VROXWLRQ�PHWKRG��%XW�IURP�D�TXDQWLWD-
WLYH�SHUVSHFWLYH�WKLV�VWRU\�KDV�HYHU\WKLQJ�WR�GR�ZLWK�WKH�LGHD�RI�WUDQVIHU��,Q�ERWK�FDVHV�FKLOGUHQ�
DVVLPLODWHG� WKH�VLWXDWLRQ�RI� UHODWLQJ�GLVWDQFH�� WLPH��DQG�VSHHG� WR�D�VFKHPH�RI�RSHUDWLRQV� WKDW�
HQWDLOHG�PHDVXULQJ�D�GLVWDQFH�ZLWK�DQRWKHU�GLVWDQFH�WR�JHW�D�WLPH��,Q�WKH�ODWWHU�FDVH��WKHLU�JRDO�
ZDV�WR�¿QG�D�VSHHG�OHQJWK�WKDW�ZRXOG�PDNH�DQ�REMHFW�WUDYHO�D�JLYHQ�GLVWDQFH�LQ�D�JLYHQ�WLPH��,Q�
WKH�VHUYLFH�RI�WKDW�JRDO��WKH�FKLOGUHQ�LPDJLQHG�PHDVXULQJ�WKH�JLYHQ�GLVWDQFH�LQ�XQLWV�RI�D�JXHVVHG�
VSHHG�OHQJWK��WKH�JXHVV�EHLQJ�JXLGHG�E\�DQ�HVWLPDWH�RI�KRZ�PDQ\�VSHHG�OHQJWKV�LW�ZRXOG�WDNH�WR�
FUHDWH�WKH�JLYHQ�QXPEHU�RI�VHFRQGV��,Q�D�VHQVH��WKH\�ZHUH�VHDUFKLQJ�IRU�D�UXOHU�RI�WKH�ULJKW�OHQJWK�
E\�ZKLFK�WR�PHDVXUH�WKH�WR�EH�WUDYHOHG�GLVWDQFH��7KH�ODUJHU�SRLQW��KRZHYHU��LV�WKDW�WKH�FKLOGUHQ�
VDZ�WKH�WZR�VLWXDWLRQV�DV�HVVHQWLDOO\�LGHQWLFDO��7KH\�WUDQVIHUUHG�WKHLU�ZD\�RI�WKLQNLQJ�DERXW�GLV-
WDQFH��VSHHG��DQG�WLPH�IURP�WKH�¿UVW�VHWWLQJ�WR�WKH�VHFRQG�E\�XVLQJ�WKDW�VDPH�ZD\�RI�WKLQNLQJ�WR�
XQGHUVWDQG�WKHP�ERWK��/REDWR¶V�UHFRQFHLYHG�YLHZ�RI�WUDQVIHU�KDV�WUHPHQGRXV�LPSOLFDWLRQV�IRU�
WKH�GHVLJQ�RI�LQVWUXFWLRQ�DQG�FXUULFXOD�WKDW�DLP�DW�ERWK�UHVSHFWLQJ�DQG�IRVWHULQJ�VWXGHQWV¶�DELOL-
ties to see mathematical similarity across settings.
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Quantitative Reasoning and Modeling

0DWKHPDWLFDO�PRGHOLQJ�LV�VLPSO\�PDWKHPDWLFV�LQ�WKH�FRQWH[W�RI�TXDQWLWDWLYH�UHDVRQLQJ��,W�LV�WKH�
XVH�RI�PDWKHPDWLFDO�QRWDWLRQ�DQG�PHWKRGV�WR�H[SUHVV�DQG�WR�UHDVRQ�DERXW�UHODWLRQVKLSV�DPRQJ�
TXDQWLWLHV��,QGHHG��TXDQWLWDWLYH�UHDVRQLQJ�WRJHWKHU�ZLWK�SURSDJDWLRQ�RI�IRUPXODV�FRYHUV�PRVW�RI�
ZKDW�FDQ�EH�FDOOHG�PRGHOLQJ�LQ�.����PDWKHPDWLFV��%XW�ERWK�VFKRRO�DQG�XQLYHUVLW\�WH[WV�LQ�WKH�
8QLWHG�6WDWHV�JLYH�OLWWOH�DWWHQWLRQ�WR�TXDQWLWDWLYH�UHDVRQLQJ�DV�,¶YH�GHVFULEHG�LW�KHUH��/HW�PH�JLYH�
D�IHZ�H[DPSOHV�RI�ZD\V�WKH�WZR�FDQ�EH�XVHG�UHÀH[LYHO\�

x� ,Q�DOJHEUD��VLPSOH�HTXDWLRQV�DUH�WDXJKW�DV�IRUPV�WR�RSHUDWH�XSRQ��[��� �����IRU�H[-

DPSOH�LV�RIIHUHG�DV�DQ�RSSRUWXQLW\�WR�PXOWLSO\�ERWK�VLGHV�E\����$SSURDFKHG�TXDQWLWD-
WLYHO\��LW�ZRXOG�EH�DQ�RSSRUWXQLW\�WR�UHDVRQ�DERXW�UHODWLYH�VL]H��³���LV�RQH�¿IWK�DV�ODUJH�
as [. This means that [��EHLQJ���RQH�¿IWKV�RI�[��LV�¿YH���¶V��RU�[� ��
���´

x� ,Q�P\�HDUOLHU�GLVFXVVLRQ�RI�TXDQWLWDWLYH�UHDVRQLQJ�DQG�DOJHEUD��FRPSOH[�H[SUHVVLRQV�
EHFRPH�PRGHOV� RI� WKH� TXDQWLWDWLYH� UHODWLRQVKLSV� WKDW� JLYH� ULVH� WR� H[SUHVVLRQV� DQG�
HTXDWLRQV�WKURXJK�WKH�SURSDJDWLRQ�RI� LQIRUPDWLRQ�ZLWKLQ�D�TXDQWLWDWLYH�VWUXFWXUH��$�
FRPSOHWH�H[SUHVVLRQ�RU�HTXDWLRQ��WR�D�VWXGHQW�PLQGIXO�RI�KRZ�VKH�JRW�LW��WKHQ�UHSUH-
VHQWV�WKH�TXDQWLWDWLYH�UHODWLRQVKLSV�VKH�FUHDWHG�LQ�FRPSUHKHQGLQJ�WKH�VLWXDWLRQ�

� ,W�LV�RIWHQ�XQUHFRJQL]HG�WKDW�TXDQWLWDWLYH�UHDVRQLQJ�SOD\V�DQ�LPSRUWDQW�UROH�LQ�XVLQJ�FDO-
FXOXV� LQ�DSSOLHG�VHWWLQJV��)RU�H[DPSOH��0RRUH��:HEHU��DQG�&DUOVRQ� �LQ�SUHSDUDWLRQ��GHVFULEH�
VWXGHQWV�VROYLQJ�³WKH�ER[�SUREOHP´��)LJXUH�����D�VWDQGDUG�FDOFXOXV�RSWLPL]DWLRQ�SUREOHP��2QH�
UHVXOW�ZDV�WKDW�PDQ\�VWXGHQWV�ZHUH�VW\PLHG�IURP�WKH�RXWVHW�EHFDXVH�WKH\�GLG�QRW�XQGHUVWDQG�KRZ�
RQH�FRXOG�PDNH�D�ER[�E\�IROGLQJ�WKH�VKHHW�RI�SDSHU��0RUH�FRPPRQO\��VWXGHQWV�GLG�QRW�NQRZ�KRZ�
WR�ZULWH�DQ�H[SUHVVLRQ�WKDW�UHSUHVHQWHG�WKH�OHQJWK�DQG�ZLGWK�RI�WKH�ER[¶V�EDVH��6RPH�VWXGHQWV�

FRXOG�ZULWH�WKH�H[SUHVVLRQ�V  x(11� 2x)(8.5 � 2x) �DV�WKH�ER[¶V�YROXPH�JLYHQ�D�FXWRXW�
RI�VL]H�[��EXW�WKH\�FRXOG�QRW�VD\�ZKDW�LQ�WKH�ER[�YDULHV�DQG�ZKDW�VWD\V�WKH�VDPH�LI�\RX�YDU\�WKH�
YDOXH�RI�[��)LQDOO\��DQG�,�IRXQG�WKLV�PRVW�VXUSULVLQJ��VRPH�VWXGHQWV�ZKR�VHW�XS�WKH�SUREOHP�DS-

SURSULDWHO\��DQG�GHWHUPLQHG�WKH�PD[LPXP�YROXPH��QHYHUWKHOHVV�WKRXJKW�WKDW�FXWWLQJ�D�VTXDUH�
IURP�HDFK�FRUQHU�ZDV�VLPSO\�D�FRQGLWLRQ�RI�WKH�SUREOHP��WKDW�\RX�QHHGQ¶W�FXW�VTXDUHV�LQ�RUGHU�
WR�PDNH�D�ER[��7KH\�GLG�QRW�UHDOL]H�WKDW�FXWWLQJ�DQ\WKLQJ�RWKHU�WKDQ�D�VTXDUH��RU�FXWWLQJ�GLIIHUHQW�
VL]HG�VTXDUHV��ZRXOG�SURGXFH�D�³ER[´�ZKRVH�VLGHV�ZRXOG�QRW�¿W�WRJHWKHU��0RRUH�HW�DO��DUJXH�WKDW�
DOO�WKHVH�GLI¿FXOWLHV�DUH�FOHDUO\�JURXQGHG�LQ�SUREOHPV�RI�TXDQWLWDWLYH�UHDVRQLQJ��

)LJXUH����7KH�%R[�3UREOHP
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2WKHU�VWXGLHV�LQ�RXU�JURXS�DUH�¿QGLQJ�LQWHUHVWLQJ�FRQQHFWLRQV�EHWZHHQ�VWXGHQWV¶�GLI¿FXO-
WLHV� LQ� FDOFXOXV� DQG� WKHLU� LPSRYHULVKHG�TXDQWLWDWLYH� UHDVRQLQJ��&DUOD�6WURXG� �LQ� SUHSDUDWLRQ��
IRXQG�WKDW�VWXGHQWV¶�XQGHUVWDQGLQJ�RI�LQVWDQWDQHRXV�UDWH�RI�FKDQJH�KDV�QR�FRQQHFWLRQ�ZKDWVR-
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