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Abstract

We present a class of numerical algorithms for simulating viscous fluid problems of incom-
pressible flow interacting with moving rigid structures. The proposed Cartesian grid embedded
boundary algorithms employ a slightly different idea from the traditional direct-forcing Im-
mersed Boundary Methods; i.e. the proposed algorithms calculate and apply the force-density
in the extended solid domain to uphold the solid velocity and hence the boundary condition
at the rigid-body surface. The principle of the embedded boundary algorithm allows us to
solve the fluid equations on a Cartesian grid with a set of external forces spread onto the grid
points occupied by the rigid structure. The proposed algorithms use MAC (Marker And Cell)
algorithm for solving the incompressible Navier-Stokes equations. Unlike projection methods,
the MAC scheme incorporates the gradient of force-density in solving the pressure Poisson
equation, so that the dipole force, due to the jump of pressure across the solid-fluid interface,
is directly balanced by the gradient of force-density. We validate the proposed algorithms
via the classical benchmark problem of flow past cylinder. Our numerical experiments show
that numerical solutions of the velocity field obtained by using the proposed algorithms are
smooth across the solid-fluid interface. Finally, we consider the problem of cylinder moving
between two parallel plane walls. Numerical solutions of this problem obtained by using the
proposed algorithms are compared with the classical asymptotic solutions. We show that the
two solutions are in good agreement.

keywords: viscous fluid, moving rigid structures, Cartesian grid, direct-forcing, Immersed Bound-
ary Method, MAC scheme, incompressible Navier-Stokes equations

1 Introduction

Geometrical complexity, due to time-varying boundaries, is one of the major difficulties for study-
ing mechanical motion of rigid structures in incompressible fluid flow. In order to accurately and
efficiently resolve the moving boundaries and their effects on fluid, numerical algorithms employ-
ing structured or unstructured body-fitting grids or moving meshes are commonly used. While
these algorithms are designed to resolve boundaries and their effects with high-order accuracy,
they often turn out to be only lower-order accurate due to the low-order dissipative spatial dis-
cretization (intended to reduce the large number of operations and high storage requirements).
Moreover, the body-fitting or moving mesh methods have a large computational overhead ow-
ing to constantly regenerating or deforming the grids. As a result, flow simulations for moving
boundary problems in three-dimensional space using body-fitting or moving meshes method are
computationally too expensive. This paper aims to offer a solution to overcome these difficulties
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of simulating fluid and solid structure interaction. We introduce a class of algorithms alterna-
tive to the traditionally time-consuming numerical methods for handling fluid dynamics problems
that involve time-varying complex geometries. The algorithms are robust and accurate. In par-
ticular, the algorithms are computationally economical, and their numerical implementations are
straightforward.

Among the alternative numerical procedures that can cope with the difficulty of a moving
boundary while retaining simplicity and efficiency, the immersed boundary (IB) method intro-
duced by Peskin in the 70s [28] is perhaps one of the most celebrated algorithms for simulation.
The IB method represents the moving boundary using Lagrangian markers at which force-densities
are computed, based on the position of the membrane, and spread to Cartesian fluid grids by a
set of discrete delta functions. The support of the delta function here is comparable to the mesh
width. The incompressible Navier-Stokes equations with this forcing term are then advanced one
time step on the Cartesian grid. The review papers by Peskin [29] and by Mittal and Iaccarino [24]
have good lists of references for the IB method and the related Cartesian grid embedded boundary
methods.

Although Peskin’s original IB method is robust and simple to implement for moving boundary
problems with moderate or large boundary deformation, the so-called direct-forcing IB method
introduced in [6,25] may be more desirable for flow simulations with complex rigid boundaries [24].
Rather than computing force-density from the spring model based on deformation of the boundary
and then spreading the force-density by a discrete delta function to nearby grid points, the direct-
forcing (discrete forcing) IB method computes the discrete-time force-density on the grid points
near the boundary by the following steps: first, interpolating the fluid velocity near the boundary
at the current time level with the boundary condition, and then using the momentum equations to
extract the force-density by assuming the interpolated velocity is the velocity near the boundary at
the next time level. This way of computing force-density eliminates the small time-step constraint
(due to the large spring constant to retain the rigid boundary) of the original IB method for rigid-
boundary flow simulations. We note that while the direct-forcing approach works nicely for flow
problems with complex stationary rigid boundaries, the velocity interpolation may need some
special care to prevent the computation of force-density from losing accuracy when the boundary
starts moving [19]. Hereafter we refer to the direct-forcing IB method and the related methods
as the “IB-based methods.”

In this paper, we develop a class of robust algorithms based on the principle of solid struc-
ture embedded on Cartesian grid to simulate two-dimensional viscous flow with immersed solid
structure moving in the fluid. The difference between the proposed algorithms and the traditional
direct-forcing IB methods is that our “force-density” is applied to the grid points occupied by
the solid structure to uphold the solid velocity (and hence the boundary condition). The force-
density in the proposed algorithms is computed by using the difference between the so-called
“unforced” and “forced” velocities, where the unforced velocity represents the velocity without
the solid structure in the domain and the forced velocity is obtained when the force-density is
applied. We employ a simple volume-fraction principle to interpolate the velocity field. Such an
interpolation method maintains the robustness of the algorithms for moving-structure problems.
One other novelty of the proposed algorithms is that unlike most IB-based methods which evolve
solutions of the incompressible Navier-Stokes (INS) equations using projection methods, the pro-
posed algorithms employ the MAC (Marker And Cell) scheme [11] as the underlying fluid solver
for the INS equations. Below we explain the advantages of choosing the MAC scheme over the
popular projection methods for the fluid solver.

It is known that for fluid-structure interaction velocity is continuous across the solid-fluid
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interface, while pressure and derivatives of velocity have jumps across the interface [35,37]. These
jumps are directly linked to the force employed in the embedded boundary algorithms. For
embedded boundary methods that use projection methods, no matter what projection method is
used (either the original algorithm developed by Chorin [3], the Kim and Moin scheme [16], or
the pressure increment scheme by Van Kan [38]) the ”singular” force only appears when solving
the momentum equation. In the projection step, the dipole force due to the second derivative
over the jump of pressure is indirectly balanced by the divergence of the intermediate velocity
obtained by solving the momentum equation. A recent paper by Guy and Hartenstine [9] showed
that direct-forcing methods with projection based on this principle could produce non-smooth
derivatives of velocity across the embedded boundaries. They suspected that it could be this lack
of smoothness that limited the accuracy of the methods.

One way to obtain a more accurate force balance for the projection methods is to locally
decompose the force into the tangential and normal components. The tangential component
of force goes into the momentum equation whereas the divergence of the normal component of
force is put on the right-hand-side of the Poisson pressure equation in the projection step. This
approach was implemented in the paper by Lee and LeVeque [18], and was proved to improve the
stability and accuracy of the projection method handing the fluid-structure interaction. For the
MAC scheme, on the other hand, such a force decomposition is naturally built into the algorithm.
In the first step of the MAC scheme, with the given velocity field and boundary conditions, a
divergence operator is applied to the momentum equations including the singular force (or force-
density vector in the context of IB-based method). A Poisson equation for pressure arises from
assuming the next-time-step velocity field is divergence-free. After solving for the pressure, its
gradient is put into the momentum equations, together with the force-density vector, to update
the next-time-step velocity field. Three different algorithms based on three different philosophies
are herein introduced: Algorithm-A is designed to based on the similar principle as the traditional
direct-forcing IB-based method, i.e. the velocity field is discrete divergence-free over the entire
computational domain at all time, but the velocity may (or may not – see the numerical results
in Section 3) be less smooth, due to the relaxation of the interfacial condition. Algorithm-B is
proposed to uphold the smoothness of the velocity across the interface, but relax the divergence-
free constraint near the solid-fluid interface. In Algorithm-C, we introduce a relaxation parameter
to calculate a more proper discrete force-density so that the accuracy will be improved by the
carefully chosen parameter.

In addition to the IB or IB-based methods, numerical methods that have the ability to deal
with moving solids in fluids, other than methods that use body-fitting grids or moving meshes,
include immersed interface methods [13,17,36,37], Cartesian grid cut-cell approaches [1,14,31,40],
lattice Boltzmann methods [2,12], fictitious domain approaches [7,27,39], ghost fluid methods [21,
26], the volume of fluid method (VOF) [30], mixed methods [23,32], and related methods cited in
all the references therein. Compared with these methods, the advantage of the Cartesian grid IB or
IB-based methods is that they are straightforward for implementation while retaining a reasonable
accuracy. This is an important property for three-dimensional complex flow simulations. The
rest of the paper is organized as follows: We describe the Cartesian grid embedded boundary
algorithms with the MAC scheme in detail in Section 2. In Section 3, we show numerical results.
Two types of problems are solved by using the proposed algorithms: The standard flow-past-
cylinder benchmarks and the problem of moving cylinder in two parallel plane walls. The results
are compared with experimental data and asymptotic solutions. Finally, the concluding remarks
are in the last section.
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2 Numerical Algorithms

The incompressible Navier-Stokes equations are the governing equations for the fluid motion in
our fluid-structure interaction problems:

ut +∇ · (uu) +∇φ = ν∇2u+ g + f ,

∇ · u = 0,
(2.1)

where g is some constant body force such as gravity; φ = p/ρ, where p is the hydrodynamic
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Figure 2.1: Staggered grid for the 2D MAC scheme.

pressure and ρ is the density; ν is the viscosity; and f denotes other spatially variant external
forces, which is the force-density in the context of the IB-based algorithms. The two-dimensional
(2D) MAC scheme computes the incompressible Navier-Stokes equations on a staggered grid shown
in Fig. 2.1. The pressure-related variable φ is computed at the cell center, and the velocities are
computed at the centers of cell edges in the 2D setup. For the three-dimensional (3D) algorithm,
the pressure-related variable φ is still computed at the center of the cubic cell, but the velocities
are now computed at the center of each cubic cell face. The MAC algorithm in two-dimensional
space is described as follows:

• Step M1: We are given the velocity field u = (u, v) at the time level tn and the ve-
locity boundary conditions. Applying the discrete divergence operator to the discretized
momentum equations, we obtain

Dn+1
i,j −Di,j

δt
=−Qi,j −

φi+1,j − 2φi,j + φi−1,j

δx2
+
φi,j+1 − 2φi,j + φi,j−1

δy2
+

ν

(
Di+1,j +Di−1,j − 2Di,j

δx2
+
Di,j+1 +Di,j−1 − 2Di,j

δy2

)
+ (∇h · f)i,j ,

(2.2)

where ∇h· is the discrete divergence operator, and Di,j is defined by

Di,j =
ui+1/2,j − ui−1/2,j

δx
+
vi,j+1/2 − vi,j−1/2

δy
. (2.3)
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Here Qi,j is given by

Qi,j =
(ui+1,j)

2 + (ui−1,j)
2 − 2(ui,j)

2

δx2
+

(vi,j+1)2 + (vi,j−1)2 − 2(vi,j)
2

δy2
+

2

δxδy

·
[
(ui+1/2,j+1/2)(vi+1/2,j+1/2) + (ui−1/2,j−1/2)(vi−1/2,j−1/2)

− (ui+1/2,j−1/2)(vi+1/2,j−1/2)− (ui−1/2,j+1/2)(vi−1/2,j+1/2)

]
,

(2.4)

where

ui+1/2,j+1/2 =
1

2

(
ui+1/2,j + ui+1/2,j+1

)
, vi+1/2,j+1/2 =

1

2

(
vi,j+1/2 + vi+1,j+1/2

)
,

ui,j =
1

2

(
ui+1/2,j + ui−1/2,j

)
, vi,j =

1

2

(
vi,j−1/2 + vi,j+1/2

)
.

(2.5)

If we assume that the velocity is divergence-free at time level tn+1, i.e. Dn+1
i,j = 0 in (2.2),

then we obtain the pressure equation for φ:

φi+1,j − 2φi,j + φi−1,j

δx2
+
φi,j+1 − 2φi,j + φi,j−1

δy2
= −Ri,j + (∇h · f)i,j , (2.6)

where Ri,j is given by

Ri,j = Qi,j −
Di,j

δt
− ν
(
Di+1,j +Di−1,j − 2Di,j

δx2
+
Di,j+1 +Di,j−1 − 2Di,j

δy2

)
. (2.7)

The boundary condition for Eq. (2.6) is the Neumann condition [8]:

n · ∇φ = n ·
(
−∇ · (uu) + ν∇2u+ g + f

)
, (2.8)

where n denotes the outward unit normal to the boundary.

• Step M2: Use φ from Step M1 to update the new velocity at tn+1 by solving the momen-
tum equation explicitly:

un+1 − u
δt

= −∇ · (uu)−∇φ+ ν∇2u+ g + f , (2.9)

where ∇ · (uu), ∇φ and ∇2u are discretized with the second-order compact difference
operators.

To solve fluid-solid-structure interaction problems by using the IB-based methods is to solve the
fluid equations on a Cartesian grid where the fluid domain is embedded in a larger domain that
contains a physical solid domain (in addition to that of the fluid). A spatially variant discrete
force-density, i.e. the f in Eq. (2.1), is employed in the fluid equations. The discrete force-density
is nonzero only on the grid points occupied by the solid to uphold the solid velocity. The discrete
force-density f can be applied at different time levels, or updated by different means; for example,
(1) f is applied in between two time levels, i.e. f = fn+1/2, (2) f is applied at the time level tn,
i.e f = fn, or (3) f is applied at the time level tn, but fn+1 is updated by the force increment,
such as

fn+1 − fn

γ
=
un+1 − u∗

δt
,

where γ is the relaxation constant. un+1 and u∗ will be defined later. Based on how the force-
density is applied and updated, three algorithms are introduced in the following sections.
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2.1 Algorithm-A: f = fn+1/2

Suppose the discrete force-density is applied at the time level tn+1/2. If we define the solid-volume-
fraction η is defined as

η = 0, if the virtual cell is entirely in the fluid region,

η = 1, if the virtual cell is entirely in the solid region,

0 < η < 1, indication of how much of the virtual cell is solid,

where a virtual cell is of the same size as the grid cell with a velocity node at the center, then
below we describe the algorithm.

• Step A1: Compute the fluid velocity without force-density by computing Step M1 with
(∇h · f)i,j = 0, and Step M2 with f = 0. The resulting velocity field is denoted û.

• Step A2: Interpolate the velocities between solid and fluid to obtain un+1/2 on grid points
by

un+1/2 = (ηus)
n+1/2 + (1− η)û, (2.10)

where u
n+1/2
s is the prescribed velocity of solid and η is the solid-volume-fraction vector at

the time level tn. The notation (ηus)
n+1/2 = (ηui−1/2,jus, η

v
i,j−1/2vs)

n+1/2, where ηui−1/2,j
denotes the solid-volume-fraction for the node ui−1/2,j . Note that this simple interpolation
method is used to illustrate the algorithm. The volume-fraction interpolation method can
be replaced by more accurate and sophisticated interpolation schemes in this step.

• Step A3: To compute the discrete force-density fn+1/2 on grid points, we realize that since
un+1/2 is assumed to satisfy

un+1/2 − un

δt
+∇ · (unun) +∇φn = ν∇2un + g + fn+1/2, (2.11)

and û satisfies
û− un

δt
+∇ · (unun) +∇φn = ν∇2un + g, (2.12)

Eq. (2.11) − Eq. (2.12) yields the force-density at tn+1/2:

fn+1/2 =
un+1/2 − û

δt
. (2.13)

• Step A4: Compute un+1 by the MAC scheme (Step M1 and Step M2) with the discrete
force-density fn+1/2 found in Step A3.

• Step A5: Update the position of the solid by rigid body translation and rotation. Since
the center of mass and the angle of rotation satisfy

δxc
δt

= us,
δθ

δt
= ω, (2.14)

where ω is the prescribed angular velocity, the solid’s position is updated by xn+1
c and θn+1,

where

xn+1
c − xnc
δt

= us
n+1/2,

θn+1 − θn

δt
= ωn+1/2.

(2.15)
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After Step A5, go back to Step A1.

Remark 1: Algorithm-A is an explicit method. The force-density is obtained by using the solid
location at the previous time level tn . If the trapezoidal rule is used to include the solid location
at next time level xn+1

c , then the algorithm becomes fully implicit. The resulting implicit scheme
can be solved by a quasi-Newton iterative method such as BFGS or the symmetric rank 1 (SR1)
method. Such an implicit scheme was implemented in the paper by Lee and LeVeque [18] for
moving elastic boundary problems.
Remark 2: In Step A4, the divergence-free constraint is enforced across the interface, but the
velocity interpolation between solid and fluid velocities is relaxed, i. e. the velocity field obtained
by this algorithm is not manually extended to the solid velocity inside the solid (extended) domain.
Nevertheless the derivative of the velocity obtained by using Algorithm-A is still smooth across
the solid-fluid interface, according to our numerical results in Section 3. We note the discrete-
divergence free property in this algorithm is at the expense of solving the MAC scheme twice,
which makes the algorithm computationally more expensive. This condition is relaxed in the next
algorithm.
Remark 3: Note that the algorithm can be extended to solve non-prescribed motion problems,
for which the velocity us velocity and the angular velocity ω in the rigid-body motion equation,
Eq. (2.15), are explicitly computed once the force density is obtained. The extended algorithms
are currently under investigation.

2.2 Algorithm-B: f = fn

Algorithm-B applies the discrete force-density at the time level tn in the momentum equations.
The initial discrete force-density f0 is assumed to be a zero vector. We describe the algorithm as
follows:

• Step B1: Compute the MAC steps (Step M1 and Step M2) with the gradient force-
density ∇h · fn in Step M1 and the discrete force-density fn in Step M2 to obtain u∗.

• Step B2: Find the fluid velocity û without the force-density by the following steps: Suppose
û satisfies

û− un

δt
+∇ · (unun) +∇φn = ν∇2un + g, (2.16)

and since u∗ satisfies

u∗ − un

δt
+∇ · (unun) +∇φn = ν∇2un + g + fn, (2.17)

Eq. (2.22) − Eq. (2.23) yields

fn =
u∗ − û
δt

, (2.18)

or
û = u∗ − δtfn. (2.19)

• Step B3: Interpolate the velocities between solid and fluid to obtain un+1 on grid points
by

un+1 = (ηus)
n+1 + (1− η)û, (2.20)

where, similar to the steps in Algorithm-A, un+1
s is the prescribed solid velocity at the time

level tn+1.
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• Step B4 The discrete force-density fn+1 is updated by

fn+1 =
un+1 − û

δt
, (2.21)

since un+1 is assumed to satisfy

un+1 − un

δt
+∇ · (unun) +∇φn = ν∇2un + g + fn+1, (2.22)

and û satisfies
û− un

δt
+∇ · (unun) +∇φn = ν∇2un + g, (2.23)

Eq. (2.22) − Eq. (2.23) yields Eq. (2.21).

• Step B5: The final step of Algorithm-B is the same as Step A5 in Algorithm-A. The
position of the solid is updated by rigid body translation and rotation. After Step B5, go
back to Step B1.

Remark 1: Algorithm-B is an explicit method. Similar to Algorithm-A, we can make Algorithm-
B a fully implicit scheme. Algorithm-B only solves the MAC scheme once and hence is computa-
tionally more economical than Algorithm-A.

Remark 2: In contrast to Algorithm-A, Algorithm-B maintains smooth interpolation between
the solid and fluid velocities, but the interpolated velocity is expected to be non-divergence-
free near the solid-fluid boundary. We investigate the non-divergence-free quantities in the next
section, but more careful study is required to understand how much the non-divergence quantities
near the the solid-fluid boundary will affect the overall accuracy.

2.3 Algorithm-C: relaxation parameter γ

Alternatively in Step B4 of Algorithm-B, an optimal discrete force fn+1 can be obtained by
introducing a relaxation parameter γ. Assuming that the velocity un+1 satisfies

un+1 − un

δt
+∇ · (unun) +∇φn = ν∇2un + fn+1; (2.24)

since u∗ satisfies
u∗ − un

δt
+∇ · (unun) +∇φn = ν∇2un + fn, (2.25)

Eq. (2.24) − Eq. (2.25) yields

un+1 − u∗

δt
=
(
fn+1 − fn

)
. (2.26)

Eq. (2.26) can be relaxed by introducing a parameter γ so that

un+1 − u∗

δt
=

(
fn+1 − fn

)
γ

. (2.27)
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Eq. (2.27) implies that the discrete force fn+1 can be computed by

fn+1 = γ

(
un+1 − u∗

δt

)
+ fn. (2.28)

Note that when γ = 1, Algorithm-C is equivalent to Algorithm-B. However, by properly choosing
the parameter γ, an optimal discrete forcing may be found to gain overall accuracy in Algorithm-B.

3 Numerical Results

3.1 Taylor decaying vortices

We validate our MAC implementation (without solid structure) by solving the problem of Taylor
decaying vortices. The exact solution of the problem that satisfies Eq. (2.1) is

u(x, y, t) = − cos(x) sin(y) exp(−2t/Re),

v(x, y, t) = cos(y) sin(x) exp(−2t/Re),

p(x, y, t) = −0.25(cos(2x) + cos(2y)) exp(−4t/Re),

(3.1)

where Re denotes the Reynolds number. Fig. 3.1(a) and (b) show the contour plots of the

(a)

q(1)   at time t = 0
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(b)

q(1)   at time t = 1
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2

3

4

5

6

Figure 3.1: The computed Taylor decaying vortices (u-component). (a) t = 0. (b) t = 1. The
Reynolds number Re = 10.

u-velocities of the Taylor decaying vortices at t = 0 and t = 1, respectively. The computational
domain is [0, 2π] × [0, 2π]. The Reynolds number is Re = 10. The grid resolution is δx = δy =
2π × 2−7 and the time step δt = 10−4. The necessary stability condition for the MAC scheme
is (4νδt/δx2) < 1 [11], where ν is 1/Re for the dimensionless version of Eq. (2.1). In (a), 30
contour lines are equally selected between −0.9991 and 0.9991 (cell-centered values), while in (b)
30 contour lines are equally selected between −0.81802 and 0.81802. Table 3.1 shows that the
method is second order accurate for velocities in the 2-norm and the maximum norm.

3.2 Flow past cylinder

In this section, some results of the 2D flow-past-cylinder benchmark problem (no motion of solid
structures yet) by using the proposed algorithms are presented. The setup of the computational
domain for the first example is as follows: inflow velocities are constant, u = 1 and v = 0. Free-slip
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Table 3.1: Grid refinement for MAC scheme.

δx = δy = 2π/32 rate 2π/64 rate 2π/128 rate 2π/256 rate 2π/512

||u− uex||2 1.750e-3 4.0 4.376e-4 4.0 1.094e-4 4.0 2.735e-5 4.0 6.838e-6

||u− uex||∞ 3.466e-3 3.97 8.731e-4 3.99 2.187e-4 4.0 5.470e-5 4.0 1.367e-5

||v − vex||2 1.750e-3 4.0 4.376e-4 4.0 1.094e-4 4.0 2.735e-5 4.0 6.838e-6

||v − vex||∞ 3.466e-3 3.97 8.731e-4 3.99 2.187e-4 4.0 5.470e-5 4.0 1.367e-5

wall boundary conditions are applied at top and bottom, i e. v = 0 and ∂u/∂y = 0. The outflow
conditions are convective boundary conditions, ut + cux = 0 and vt + cvx = 0 with the convective
speed c = 1. The dimensions of the channel are [0 , 30]× [−7.5 , 7.5], while the cylinder is centered
at (0 , 5). The diameter of the circular cylinder is 1.
Fig. 3.2 shows the streamline plot of a calculation with Reynolds number Re = 40 (after non-
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Figure 3.2: Streamline plot for Re=40. Result is obtained by using Algorithm-B.

dimensionalizing Eq. (2.1)) at t = 200. The calculation was done using the proposed Algorithm-B
with δx = δy = 0.05. The data observed from the simulation are: the length of the circulation
bubbles is Lw = 2.26; the distance from the center of the bubbles to the edge of cylinder is
a = 0.72; the distance between the centers of the bubbles is b = 0.60; the separation angle is
θ = 53.5◦. These measurements are in good agreement with well-established experimental and
simulation data, e.g. those found in the literature [4, 20,40].

Fig. 3.3 is a vorticity plot for flow past cylinder by using the proposed Algorithm-A. The
setup for this problem is the same as the previous example, but the Reynolds number is now
at 80. The figure shows that the vorticity is shedding behind the cylinder. Fig. 3.3 is in good
agreement with the result ( Fig. 13) reported in the paper by Ye et al. [40].

For flow-past-cylinder benchmarks, the dimensionless drag coefficient is defined by

CD =
FD

1
2u∞D

, (3.2)

where Fd is the drag force that is equal to the negative of the force applied to the boundary, by
Newton’s third law of motion. For the IB-based methods, including the algorithms developed
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vorticity at t = 84
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Figure 3.3: Re=80 vorticity plot. Result is obtained by using Algorithm-A.

here, the drag force can be computed by

FD = −
∫

Ω
fx dx, (3.3)

where fx is the x-component force-density, u∞ is the x-component far field velocity (we assume
that the y-component far field velocity is zero), D is the diameter of the cylinder, and Ω is a
domain enclosing the cylinder. Similarly, the dimensionless lift coefficient is defined by

CL =
FL

1
2u∞D

, (3.4)

where the lift force can be computed by

FL = −
∫

Ω
fy dx, (3.5)

where fy is the y-component force-density. Using the same setup as the previous examples (Figs.
3.2 and 3.3), we compute the drag and lift coefficients at Reynolds number Re = 100, while
assuming the far field velocity u∞ = 1, the same as the inflow velocity.

Fig. 3.4 shows the plots of drag and lift coefficients versus time at Re = 100 for Algorithms A,
B, and C, respectively. Two relaxation parameters, γ = 0.5 and γ = 1.5, are tested for Algorithm-
C. The grid resolution for all calculations are δx = δy = 0.05. At the first glance, the figures show
that all three algorithms produce almost an identical patten for both drag and lift coefficients
(including both results of Algorithm-C). However, when we zoom in the figures, we observe the
differences.

Fig. 3.5 is magnification of the drag and lift coefficients in Fig. 3.4. For both (a) and (b), the
solid line is Algorithm-A. The dot-dash line is Algorithm-B. The thick dash line is Algorithm-C
with γ = 0.5 and the thin dash line is Algorithm-C with γ = 1.5. From Fig. 3.5, we observe that
all three algorithms produce almost the same magnitude of lift forces, but the phases are different.
Similarly, for the drag coefficient, the phases of the drag forces produced by three algorithms are
different, while Algorithm-A produces a slightly stronger drag than the other two algorithms.
Algorithm-C with parameter value γ = 1.5 has similar phase with that of Algorithm-A. The
figures indicate that by adjusting the value of relaxation parameter γ, Algorithm-C adjusts the
phases of drag and lift forces for Algorithm-B. It is worth noting that such a relaxation parameter
can be applied to Algorithm-A. We also note that for most numerical experiments we have tested,
the values for the relaxation parameter need to be 0 ≤ γ ≤ 2 to prevent the solutions from blowup.
Finally, the drag coefficient is ∼ 1.41±0.008 for Algorithm-A, and is ∼ 1.40±0.008 for Algorithm
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Figure 3.4: Drag and lift coefficients versus time at Re = 100. (a) Algorithm-A, (b) Algorithm-B,
(c) Algorithm-C,γ = 0.5, (d) Algorithm-C,γ = 1.5.
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Figure 3.5: Magnification of drag and lift coefficients in Fig. 3.4 for 180 < t < 185, (a) drag
coefficients, (b) lift coefficients. The solid line is Algorithm-A. The dot-dash line is Algorithm-B.
The thick dash line is Algorithm-C with γ = 0.5 and the thin dash line is Algorithm-C with
γ = 1.5.
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B and C. The lift coefficient is ∼ ±0.3 for all three algorithms. Both drag and lift coefficients
produced by the proposed algorithms are comparable with the literature data [13,37].

In Fig. 3.6(a), we show a plot of divergence quantities near the solid-fluid boundary for
numerical solution obtained by using Algorithm-B. The setup of this example is similar to the
previous problems, except the dimensions of the domain are now [0, 8]× [−2, 2], and the cylinder
is centered at (0, 4). Reynolds number is 40 for this simulation, and the final time is t = 100 (by
which time the quasi steady state was reached). The grid resolution is δx = δy = 0.02. Fig. 3.6(b)
is the magnification of (a). The figures show that there are pairs of “large” discrete-divergence
values near the solid boundary. The distribution of these values is symmetric, and in particular
one negative value is surrounded by (at least) three smaller positive values in the neighboring
cells, while the sum of these values is small (10−3 to 10−4). It is worth noting that these “large”
values are located mostly inside the solid domain.

(a) (b) (c)

Figure 3.6: (a) Plot of the discrete-divergence quantities over the whole domain for the velocity
field obtained by using Algorithm-B. The Reynolds number is Re=40. (b) Magnification of the
top of the cylinder in (a). (c) Similar to (a), but Algorithm-A is used.

Fig. 3.6(c) is the same type of plot as Fig. 3.6(a) for Algorithm-A. The discrete-divergence
quantities are uniformly small over the whole domain as expected.

In the paper by Guy and Hartenstine [9], it was shown that the IB-based direct-forcing ap-
proach with projection methods produces a large jump in the derivative at the second point
inside the extended domain, if the extended velocity was not set to zero.The proposed Algorithm-
A shares similar features to the approach used in [9], except the MAC scheme is used, for which
the gradient of the discrete direct-forcing is incorporated into the pressure Poisson equation.

The result (Fig. 9.) in the paper by Guy and Hartenstine [9] used periodic boundary conditions
in the horizontal direction and no-slip boundary conditions on the top and bottom of the channel.
A stationary cylinder with diameter 0.4 is located at (1, 0.4) in the channel. The dimensions of
the channel is [0, 3]× [0, 1]. Two different meshes, δx = 1/32 and δx = 1/128, were used in their
calculations. A constant background forcing f = (8, 0) is applied in the x−direction. The final
time is t = 0.1. The Reynolds number is Re = 50.

We preform similar numerical experiments as that in [9] with slightly different setups for more
realistic flow conditions. The inflow is constant velocity in the x−direction (u = 1, v = 0). The
outflow condition is a convective boundary condition with speed equal to one. Free-slip boundary
conditions on the top and bottom of the channel are applied. The center of the stationary cylinder
is at (1, 0.5). The diameter of the cylinder is 0.4. The channel has dimensions [0, 4] × [0, 1], and
the final time is t = 10. Two different meshes, δx = δy = 1/32 and δx = δy = 1/128, are used in
our calculations, the same as that in [9]. The Reynolds number is 50 as well.

The derivative of velocity ux for the proposed Algorithm-A is shown in Fig. 3.7(a). The
velocity was not extended to zero inside the solid region in this case. Unlike the result reported in
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[9], the derivative ux is smooth in Fig. 3.7(a). Fig. 3.7(b) is the plot of ux by using the Algorithm-
B. Since Algorithm-B is equivalent to extending zeros inside the solid (extended) domain, as
expected, ux in (b) is very smooth. Finally, we remark that Guy and Hartenstine [9] reported
that the IB-based direct-forcing approach with projection methods produces a solution that is
not smooth across the embedded boundaries, and it is this lack of smoothness which limits the
accuracy of the methods. We, however, did not find such non-smooth solutions for flow that
reaches the quasi-steady state in the flow-past-cylinder benchmarks. Since the final time for the
numerical experiments in [9] is t = 0.1, we suspect that the flow in their numerical experiments
might still be in the transient state.
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Figure 3.7: (a) Plot of ux computed by using Algorithm-A. (b) Similar to (a), but Algorithm-B
was used. The dashed lines are the physical locations of the cylinders. Two different meshes
δx = 2−5 and δx = 2−7 were used in both (a) and (b).

3.3 Moving cylinder with constant speed

a

l

l

U

x

y

Figure 3.8: Definition sketch for cylinder moving parallel to walls.

Now, we turn our attention to problems of moving solid structures in incompressible fluid
flow. The example we use to validate our algorithms is a 2D problem of cylinder moving between
two parallel plane walls: a circular cylinder moving perpendicular to the y-axis, with the x-
axis midway between an parallel to the walls. We compare numerical velocity field (using small
Reynolds numbers, e.g. Re = 0.1) with the theoretical predictions arising from the creeping
motion equations.

The definition sketch, Fig. 3.8, depicts the geometry of the problem, where U is the cylinder
moving speed, a is the radius of the cylinder, and 2l is the height of the channel. Faxén worked
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this problem out in great detail [5, 10].
The stream function that satisfies the creeping motion equation:

∇4ψ = (
∂2

∂x2
+

∂2

∂y2
)(
∂2

∂x2
+

∂2

∂y2
)ψ = 0 (3.6)

and the boundary conditions
ψ → 0 as |x| → ∞, (3.7)

ψ = Uy,
∂ψ

∂y
= 0 on the cylinder x2 + y2 = a2, (3.8)

are

ψ(x, y) =

∫ ∞
0

(A0 +A1α
2 +A2α

4 + · · · )
[
ye−α|y|

+
(2αl − 1 + e−2αl)y coshαy − 2αl2 sinhαy

sinh 2αl − 2αl

]
cosαx

α
dα

+

∫ ∞
0

(B0 +B1α
2 +B2α

4 + · · · )
[
y

|y|
e−α|y|

+
2αy coshαy − (1 + 2αl + e−2αl) sinhαy

sinh 2αl − 2αl

]
cosαxdα.

(3.9)

We truncate the terms that are higher than α2 in Eq. (3.9) to obtain an approximate solution.
To find the coefficients A0, A1, B0, and B1, we use the parameter values: a = 0.5 and l = 2. We
assume that the cylinder is centered at the origin (0, 0). Substituting two points on the cylinder,
(x1, y1) = (a cosπ/3, a sinπ/3) and (x2, y2) = (a cosπ/2, a sinπ/2), into Eq. (3.9) and using the
boundary condition of Eq. (3.8), we obtain a 4× 4 linear system for the coefficients. Solving the
4× 4 linear system, we obtain the coefficients:

A0 = 1.748, A1 = 0.011, B0 = −0.213, and B1 = −4.586× 10−4. (3.10)

Using Eqs. (3.9), (3.10), and the velocity formula

u =
∂ψ

∂y
, v = −∂ψ

∂x
, (3.11)

we can find approximate velocities of the creeping flow at any point (x, y) in the channel. Fig.
3.9(a) is the approximate u-velocity in the vicinity of cylinder, [−1.5, 1.5]×[−1.5, 1.5], obtained by
using the asymptotic formula. Fig. 3.9(b) is the numerical solution computed by using Algorithm-
B with the Reynolds number Re = 0.1. The numerical solution and the asymptotic solution
are in good agreement. The same fourteen contour values between −0.2 and 0.2 are selected
for both contour plots. The boundary conditions for computing solution in (b) are convective
boundary conditions on the left and right of the channel with speed −1 and 1, respectively, and
no-slip boundary conditions on the top and bottom of the channel. The computational domain is
[−12, 8]× [−2, 2]. The channel has no fluid motion initially. The cylinder starts from the location
(−10, 0) and moves with a constant speed U = 1. We output the velocity when the cylinder moves
to the origin (0, 0). The grid resolution is δx = δy = 0.05.

Table 3.2 is the grid refinement study of the numerical solution. The table shows the differ-
ences, in the maximum norm, between numerical solutions obtained by using three different grids
and the corresponding approximate solutions. The coordinates of grid points used in this study
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Figure 3.9: Velocity contour plots. (a) is the approximate u-velocity obtained by using the
asymptotic formula. (b) is the numerical solution computed by Algorithm-B with Reynolds
number Re = 0.1.

satisfy 1 <
√
x2 + y2 < 1.5. The table shows that the difference decreases roughly in a rate of

one. Although this could be an indication that the algorithm might be first order accurate, we
think that the evidence is not strong enough to draw such a conclusion, since (1) the error of
the approximate solution due to the truncation is not clear, and (2) the asymptotic solution is
derived from the creeping motion equations, while the numerical solutions are solutions of the
incompressible Navier-Stokes equations with a low Reynolds number, and hence to understand
the implication of the difference between these two solutions will require further investigation.

Table 3.2: Grid refinement.

δx = δy = 0.2 rate 0.1 rate 0.05

||unumerics − uasymptotic||∞ 0.08257255 .79 0.04792425 1.0 0.02385194

4 Discussion and conclusion

We developed a class of Cartesian grid embedded boundary algorithms for solving problems of
fluid-structure interaction in incompressible flow. The algorithms employ the MAC (Marker And
Cell) algorithm as the fluid solver for the incompressible Navier-Stokes equations. The MAC
algorithm incorporates the gradient of force-density in the Poisson pressure equation to balance
the dipole force induced by the jump of pressure across the solid-fluid interface. Numerical
results of the flow-past-cylinder benchmark problem are compared with experimental data and
the literature results. In contrast to the algorithm that combines the direct-forcing approach and
the projection method [9], our numerical experiments show that the proposed algorithms produce
smooth velocity across the solid-fluid interface. We also consider the problem of cylinder moving
between two parallel plane walls. The numerical results obtained by using a small Reynolds
number are compared with the asymptotic solution derived from the creeping motion equations.
While the two solutions show good agreements with each other in this numerical example, further
investigation, such as using even smaller Reynolds numbers in the numerical experiments or
including more terms in the asymptotic solution, is required to determine the order-of-accuracy
of the proposed algorithms.
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There are few things that are currently under our investigation: The first is to implement
an implicit scheme for solving the momentum equations to relax the stability constrained due to
the diffusion term, so that we can use smaller Reynolds numbers in our numerical experiments.
The second is to implement fully implicit algorithms by incorporating the next-time-level cylinder
location in the processes of solving all other variables, using the trapezoidal method. This may
allow us to use larger time steps for the simulations. The third is to include more terms in the
asymptotic solution to increase the accuracy of the theoretic prediction. In addition, we are
pursuing to extend the algorithms to problems of unprescribed structure motion, such as particle
sedimentation. It is known that the dynamics of rigid-body motion are heavily affected by the
surrounding medium. For instance, in the ocean and atmosphere, ambient density stratification
plays a major role in the dynamics of sedimenting particles. Particulate matter is normally found
to aggregate in regions of sharp stratification. Extension of the current algorithms for studying
such phenomena requires an accurate way to compute the rigid-body translation and rigid-body
rotation by using the force-density, and this is currently under our investigation.
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