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Abstract

The department of Applied Mathematics and Statistics at the Colorado School of Mines (Mines) is
exploring a variety of pedagogical strategies to (i) encourage active learning in multi-section core
mathematics courses and (ii) make the content of these courses more engaging and relevant to our
students. With support from the Office of Naval Research, we have piloted a Student-Centered
Active Learning Environment for Undergraduate Programs (SCALE-UP) version of our honors
course in Multivariate Calculus. This instructional model has been successfully implemented for
the delivery of multivariate calculus at Mines since the Fall 2015 term. Based on the background
of the students enrolled, and the nature of the materials presented, this course has provided a rich
environment in which to create group activities, with a focus on computation, application and
reflection relative to the engineering curriculum. As students transition from single variable to
multivariate mathematics, there is a significant opportunity to augment their learning experience
with technology and reflective group work in order to develop meaningful connections between
their existing mathematical background and the generalized versions of the calculus presented in
this course. We have reinforced our instructional activities with undergraduate teaching assistants
(UTAs) and Mathematica notebooks designed around the particulars of the weekly assignments
for the SCALE-UP environment. With four-years of delivery, we take a moment to look back on
the course and its accomplishments. In particular, we discuss our initial pilot, student feedback,
lessons learned, content design (and re-design), and the impacts of these efforts on the students,
UTAs and faculty who have participated in this model.

1 Introduction - Motivation and Background

The department of Applied Mathematics and Statistics at the Colorado School of Mines (Mines)
is exploring a variety of pedagogical strategies to (i) encourage active learning in multi-section
core mathematics courses and (ii) make the content of these courses more engaging and relevant
to our students. In the efforts described in this paper our focus is on creating a learning
environment for our multivariate calculus course. This course has traditionally been challenging
as it represents the students’ first formal exposure to higher-dimensional problems, leading to



difficulties with visualization of equations and functions as well as a significant increase in
notational and symbolic complexity. Moreover, problems and application in this course are more
nuanced by their nature, creating an opportunity to emphasize constructive collaboration and
precise communication.

Within the mathematics education research community, active learning efforts have generally
favored inverted (flipped) instruction. Although efforts to employ this pedagogical approach in
mutivariate mathematics have been documented in small liberal arts colleges1,2 and even within
the mathematics curriculum at Mines3, these efforts have generally assumed more faculty
resources and smaller class sizes than we see in our multivariate calculus classes.

Recognizing the significant opportunity to augment our students’ learning experience with
technology and reflective group work in order to develop meaningful connections between their
existing mathematical background and generalizations of calculus concepts presented in this
course, the authors have re-engineered the honors version of the course with the aim of harnessing
technological tools and pedagogical best practices to enhance the student experience and improve
student outcomes. Given the constraints on the problem (i.e., expected enrollments, faculty
resources, course content expectations, instructional space availability, and TA support), we
ultimately piloted the course with a mix of pedagogies, including traditional lecture and a weekly
extended day, employing SCALE-UP.

The SCALE-UP model, widely propagated in the Physics Undergraduate Research community by
Beichner et al.4 from North Carolina State University has its roots in active learning efforts in the
Physics community such as the Comprehensive Unified Physics Learning Environment (CUPLE)
studio model at the University of Maryland5,6 and Technology-Enabled Active Learning (TEAL)
model at MIT7. SCALE-UP has been implemented with significant positive impacts on the Mines
campus in the core physics curriculum under the moniker of “Studio Physics” since 2001 as
described by Furtak and Ohno8 and Kohl and Kuo9.

Since the Studio Physics model is well established at Mines, the authors were able to efficiently
develop a hybrid lecture/studio pilot for Studio Honors Calculus III, utilizing existing appropriate
instructional spaces as well as established student cultural norms and expectations for the
SCALE-UP environment. Supported by a grant from the Office of Naval Research, we further
enriched the Studio Honors Calculus III experience by incorporating activities and structure
aimed at encouraging effective group work, reinforcing a growth mindset toward the engineering
curriculum, and improving writing and communication, all within the context of a required
disciplinary course that engineering undergraduates are predisposed to take seriously.

2 Methodology - Engineering Learning to SCALE-UP Honors Multivariate Calculus

When considering how best to construct our multivariate calculus course to facilitate active
learning, we were mindful of numerous constraints placed on our efforts:

• existing instructional spaces on campus

• existing technological resources (hardware and licensed software)



• existing faculty resources (faculty members willing to experiment)

• available TA resources

• identification of a student cohort (robust to new instructional approaches)

Based on our initial conditions, we decided that there was considerable merit to extending the
SCALE-UP model used in the Mines core Physics course sequence to our multivariate calculus
course. The long-term investment in and success of Studio Physics at Mines implied both the
existence of a handful of thoughtfully designed SCALE-UP instructional spaces on campus and
the existence of cultural norms among potential students and UTAs for this instructional model.
Our colleagues in the Physics department were happy to collaborate in these efforts and actively
participated in the acquisition of external funding from the Office of Naval Research in support of
our efforts, as well as a handful of additional SCALE-UP efforts on campus. Moreover, the model
is also understood, accepted and advocated by Campus leadership.

We identified the Honors version of our multivariate calculus course as the most appropriate
venue in which to pilot these efforts and refine this instructional model. This choice provided a
student cohort for the new instructional model similar to past cohorts for whom data exists prior
to our re-design. Additionally, this group of students is actively opting in to an “Honors” version
in which there is an expectation that things will be done differently, both in terms of instructional
methods and enhanced course outcomes, with a focus on enrichment to standard materials.

With a set of objectives and a collaborative team in place, we employed a process of course
re-design consistent with the Engineering Learning Methodology advocated by the Trefny
Innovative Instruction Center at Mines10 detailed in Figure 1.

Figure 1: Diagram of the Engineering Learning Process at Mines

2.1 Articulate Phase - Rationale, Relevance, and Added Value

In developing Studio Honors Calculus III we first identified key elements of the rationale for and
relevance of a re-engineer of the course that were particularly well-suited to the SCALE-UP
environment already in existence at Mines, which consists of a large flat learning space with



students arranged in groups around computers and adequate space to work collaboratively.
Namely,

(i) Students generally struggle to extend their visual intuition from R2 to R3, often leading to
misconceptions that would be easily resolved with the ability to accurately represent
equations and functions graphically in R3. Within the SCALE-UP environment we can use
Mathematica11 as a tool for visualization in R3.

(ii) The additional algebraic and symbolic intricacies inherent to problems in
higher-dimensional spaces often lead to frustrations that have more to do with algebraic
limitations and/or patience than with an appropriate understanding of new concepts in
Calculus and their applications in engineering and the applied sciences. Within the
SCALE-UP environment we can use Mathematica to verify work done by hand or handle
the algebra in its entirety.

(iii) Application of calculus to “real-world” examples often leads to expression for which
closed-form solutions do not exist, requiring the introduction of numerical methods to
generate solutions and build intuition. Within the SCALE-UP environment we can use
Mathematica as a tool for producing numerical approximations to problem solutions.

In addition, through our collaborations with colleagues in Physics and elsewhere on campus, we
identified the following additional opportunities for course enhancements in our re-design that are
specifically targeted at igniting student passions and adding value through an enriched “signature”
experience in honors version of the course. Specifically,

(iv) Applications in multivariate calculus are inherently messy. Honors Studio Calculus III
provides an opportunity to emphasize not just problem solutions, but problem formulation,
interpretation and communication of solutions, supported by group activities within the
SCALE-UP environment, ultimately leading to a group term project. The benefits of group
work in the learning process are well documented12, as is the importance of effective group
work in the training of engineers13,14.

(v) Given the format of the SCALE-UP environment, students may interact with one another
within or between groups. Additionally, they have access to UTAs and faculty members
while working though engaging and challenging exercises and applications. This variety of
feedback allows us to emphasize the growth midset, as articulated by Dweck15 within the
context of a disciplinary course in which the students are intrinsically interested and
motivated. Specific attention can be paid to providing opportunities for students to take
risks, fail, assess their efforts, learn, and grow.

2.2 Design Phase - Course Goals and Learning Objectives

Beyond the learning outcomes identified for the standard version of our multivariate calculus
course, we identified additional learning outcomes associated with higher-order learning
objectives according to Bloom’s Taxonomy over the cognitive domain16 in our initial re-design of
the honors course. While the standard course learning outcomes tend to target higher levels of this



taxonomy, like application and analysis, the studio activities and term project allow us to target
the highest levels (i.e., evaluation and creation), as visualized in Figure 2.

Figure 2: Visualization of Bloom’s Taxonomy over the Cognitive Domain17

Given the attributes of the SCALE-UP environment, we were able to meaningfully extend the
learning outcomes for the course, as demonstrated by Table 1 which provides a side-by-side
comparison of the course-level learning outcomes for Studio Honors Calculus III and the standard
Calculus III course.

Table 1: Learning Outcomes: Studio Honors Calculus III vs. Calculus III at Mines

Studio Honors Calculus III Calculus III
1. Graph functions of two variables in three-dimensions by using formulaic function knowl-

edge, traces, and contour maps and extend this understanding to functions of three variables.

1. Graph functions of two variables in three-dimensions by using formulaic function knowledge,

traces, and contour maps and extend this understanding to functions of three variables.

2. Calculate partial derivatives and apply them to solve problems associated with instantaneous

rates of change, linear approximations, extreme values, and constrained optimization. Extend

these applications to design solutions to similar problems in Rn .

2. Calculate partial derivatives and use them to solve applied problems.

3. Construct and evaluate multiple integrals in appropriate coordinate systems such as rectan-

gular, polar, cylindrical and spherical coordinates and apply them to solve problems involving

volume, surface area, flux, density, and/or center of mass.

3. Construct and evaluate multiple integrals in appropriate coordinate systems such as rectan-

gular, polar, cylindrical and spherical coordinates and apply them to solve problems involving

volume, surface area, flux, density, and/or center of mass.

4. Distinguish between single and multivariate differential/integral calculus and, when applica-

ble, weigh the consequences of these differences.

5. List the operators of vector analysis, apply them to solve problems related to the fundamental

theorem of calculus for vector-valued multivariate functions and interpret them in the context

of physical applications.

6. Investigate and use key theorems from vector calculus such as the Fundamental Theorem for

Line Integrals, Green’s Theorem, Stokes’ Theorem, and/or the Divergence Theorem and select

them as appropriate to solve applied problems and develop key physical relationships.

4. Identify and use key theorems from vector calculus such as the Fundamental Theorem for

Line Integrals, Green’s Theorem, Stokes’ Theorem, and/or the Divergence Theorem as appro-

priate to solve applied problems.



2.3 Enact Phase - Novel Curricular Elements

While the lecture meetings for the Studio Honors Calculus III course are not remarkably different
from those in a typical lecture-only course, the studio day does allow us to present detailed
examples and interesting problems in an active-learning environment. Reinforced by a single
extended studio day in which students can explore a rich set of examples and applications,
supported by peers, UTAs, and faculty, we are able to cover in three days of conventional lecture
what we would typically cover in four.

With respect to implementation, the requirements for our SCALE-UP space include:

• A space with adequate capacity for the enrollment in the class (up to 80 students);

• A space with no specific direction (i.e., no front of the room) so that students are
encouraged to interact with one another, rather than follow the lead of an instructor;

• A sufficient number of computers to allow groups of 3-4 students to work together with
access to at least one computer to assist with visualization, computation, and algebra.

As these requirements are met by several computing labs – as well as a studio space designed for
upper-division Physics courses on campus – a suitable space was easily identified.

Furthermore, with support from external funding as well as modest cost savings as a result of
scaling our class-sizes, we have been able to hire a small team of UTAs to support activities in the
studio. This allows students access to help from both student peers and instructors within the
studio environment. Additionally, our UTAs focus grading feedback on reflection and
communication to support achievement of higher-level learning outcomes.

By exploiting the the extended student contact time, as well as the students’ access to
technological and TA resources in the studio, have been able to design activities that support the
achievement of higher-level learning outcomes through regular studio assignments that emphasize
reflection and communication equally with computational acumen. Having established norms for
collaborative group explorations, communication, reflection on connections between Calculus III
and other curricular content, we are now able to assign a term project, aimed at a deeper
exploration of the application of differential calculus to solve optimization problems that extend
beyond those typically explored in the core Calculus sequence.

Materials and assignments that have been curated and/or designed specifically for the studio to
support the learning outcomes include:

• Mathematica notebooks tailored to the specifics of the course;

• Mathematica tutorials relevant to the notebooks developed for the course;

• A growth mindset activity designed to explore the concept within the context of the course;

• Studio modules that can be rearranged into weekly studio activities, depending on the
particulars of the schedule in any given semester;

• A term project focused on the application of differential calculus to solve optimization
problems that extend beyond those typically addressed in similar courses.



2.4 Reflect Phase - Changes Prompted by Student Feedback

At the end of each term in which we have offered the SCALE-UP version of Calculus III, we have
reviewed grade distributions, student performance on learning outcomes, student feedback on
end-of-term course evaluations, and one-on-one interviews with students and our UTAs. Due to
the nature of the students who opt into this course, the vast majority of enrolled students meet our
targets for performance on the learning objectives and the grade distributions are strongly skewed
toward the high-end. As a consequence, we have found student responses to the open-ended
questions on our end-of-term course evaluations and the one-on-one interviews to be the most
helpful in identifying improvements in subsequent offerings of the course.

Based on this feedback, we have have made the following improvements over time:

• Our initial Mathematica notebooks included additional narrative that tended to confuse the
students regarding the purpose of these files. We have revised them to present new
commands in a concise form, with an example of the of the command’s application.

• We now ask the students to construct a “Mathematica Journal”, to include (i) commands
they have used and the structure of those commands; (ii) their interpretation of what the
command does; and (iii) a worked and annotated example in support of this interpretation.

• We clarified problem statements in studio modules and made adjustments to ensure
tractability of studio activities given reasonable expectations for time commitments.

• We clarified and adjusted to the term project to ensure its tractability.

• We increased UTA training and support to ensure that they are better prepared to help in
studio and give meaningful feedback in support of writing and reflection goals.

• We have employed students and UTAs to develop additional course content, including (i) a
Mathematica tutorial specific to the use of notebooks for this course; (ii) studio module
materials; and (iii) components of term project assignments.

2.5 Collaborate Phase - Sharing our Experiences

As we have refined Studio Honors Calculus III at Mines, we have shared our experiences with
colleagues at Mines, as well as with the broader undergraduate mathematics education
community. At the department level, we have reported out to our undergraduate committee and
have encouraged others to try the model in courses for which SCALE-UP is well suited. As of
this writing modified efforts at SCALE-UP have been attempted in our Probability and Statistics
course and are being developed for a Studio Honors Calculus II pilot course in the Fall 2019 term.
At the campus level, we have collaborated through our grant on larger efforts to extend the
SCALE-UP model to a wider array of the curriculum and have led panel discussions on
SCALE-UP at the Mines Engineering Learning Conference as well as new faculty orientations.
We have presented our preliminary experiences with the model at regional and national
conferences of the Mathematical Association of America, and were invited to give a TEDx talk
on campus by students who here both organizing the event and enrolled in our course.



3 Results

Due to the nature of the student enrolling in our honors courses, quantitative metrics such as
DFW rates (i.e., the percentage of students earning a grade of D or F, or withdrawing from the
course), grade distributions, and assessment of course-level learning outcomes are insufficient to
demonstrate an improved student experience. As we can see in Figure 3, this cohort of students
performed extremely well in terms of grade distribution over similar time periods before and after
the implementation of the Studio Honors Calculus III. Relative performances on other
quantitative metrics is consistent with these results. We note that the slight skew toward a higher
grade distribution after implementation is largely attributable to our increased emphasis on growth
mindset, supported by an emphasis on process oriented grading that allows students to revise,
retry and work toward mastery, rather than simply testing at fixed points in the calendar.

Figure 3: Student Grade Distributions Before and After SCALE-UP

In Figure 4, we see progress in student perceptions of the model as measured by quantitative
responses to the statement “The teaching methods for this course are effective for promoting
student learning” on end-of-term evaluations, corresponding to changes made in the Reflect
Phase. This question is scored from 1 (strongly disagree) to 5 (strongly agree). After our initial
recalibrations, Studio Honors Calculus III has consistently outperformed the the campus.

Figure 4: Student Evaluations of the Effectiveness of SCALE-UP over Time



Perhaps the most compelling evidence of the impact and efficacy of SCALE-UP in this course are
qualitative metrics, such as student responses to open ended end-of-term course evaluation
questions and the long-term academic trajectories of students involved in Studio Honors Calculus
III. The following are a representative sample of the constructive feedback received from students
regarding the implementation of SCALE-UP in the course:

“The studios where we did challenging problems and then could see a representation of
what we were doing was very helpful.” - Fall 2016

“I really enjoyed the studio portion of this course. I think this is one of the most
effective ways to learn the material, and it was a lot of fun to do it in a group. I also had
a lot of fun doing the term project...” - Spring 2017

“The additional studio element of this course was very helpful. It provided an
environment that helped us visualize problems and enabled us to have group
discussions. The ability to visualize material and discuss work and answers helped [me
learn] the material and increased retention...” - Fall 2017

“Studio is by far the best aspect of this course. It really helps me understand the
material.” - Fall 2018

Another measure of the efficacy of Studio Honors Calculus III, both for students and UTAs, is the
academic trajectory of those who have participated. Although intrinsically motivated as a group,
the level of involvement in campus honors programs and undergraduate research by students who
have participated in Studio Honors Calculus III over the past several years is remarkable. In
addition to becoming UTAs for the course, a large number participate in Honors programs at
Mines beyond their first-year mathematics course. Additionally, a number have distinguished
themselves through undergraduate research and general academic excellence. The lists of
students earning campus-wide honors and awards is densely populated by students who
participated in Studio Honors Calculus III during their first-year studies at Mines. The majority of
our UTAs move on to undergraduate research, and often to graduate studies. One of our first
UTAs was a member of the first cohort of Knight-Hennessy scholars at Stanford University.

4 Discussion and Next Steps

On balance, the SCALE-UP redesign of our Honors Calculus III course has been beneficial to all
involved. Students enrolled in the course have provided strong feedback in support of the
effectiveness of the studio portion of the class. Higher-level learning outcomes have been defined
and achieved, relative to the lecture-only version of the course that predated this effort. We were
able to employ UTAs to the benefit of the students, the UTAs themselves, and the instructors. In
addition to supporting active learning in the studio, this group of students has aided in the creation
of course content, gained valuable experience, and excelled relative to their peers at the
institution. Instructors have been able to engage the students and the subject matter in an enriched
environment, leading to a deeper exploration of the multivariate calculus curriculum.

Subsequent to our initial efforts, additional courses in Applied Mathematics and Statistics at



Mines have experimented with instruction in the SCALE-UP environment. As of this writing,
aspects of the SCALE-UP environment have been piloted in our Honors Differential Equations
course and our introductory course in Probability and Statistics. We will also be piloting a Studio
Honors Calculus II course in the Fall 2019 term.
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